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Abstract

The set of (feedback) circuits of a complex system is the machinery that allows the system to be aware of the levels of its
crucial constituents. Circuits can be identified without ambiguity from the elements of the Jacobian matrix of the system. There
are two types of circuits: positive if they comprise an even number of negative interactions, negative is this number is odd. The
two types of circuits play deeply different roles: negative circuits are required for homeostasis, with or without oscillations,
positive circuits are required for multistationarity, and hence, in biology, for differentiation and memory. In non-linear systems,
a circuit can positive or negative (an ‘ambiguous circuit’, depending on the location in phase space. Full circuits are those
circuits (or unions of disjoint circuits) that imply all the variables of the system. There is a tight relation between circuits and
steady states. Each full circuit, if isolated, generates steady state(s) whose nature (eigenvalues) is determined by the structure
the circuit. Multistationarity requires the presence of at least two full circuits of opposite Eisenfeld signs, or else, an ambiguous
circuit. We show how a significant part of the dynamical behaviour of a system can be predicted by a mere examination of its
Jacobian matrix. We also show how extremely complex dynamics can be generated by such simple logical structures as a singl
(full and ambiguous) circuiflo citethisarticle: M. Kaufman, R. Thomas, C. R. Biologies 326 (2003).
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Résumé

L'ensemble des circuits de rétroactiofeedback) d’'un systeme complexe est la machinerie qui permet au systeme de
réguler les niveaux de ses éléments cruciaux. Ces circuits peuvent étre identifiés sans ambiguité a partir des éléments de
matrice jacobienne du systeme. Il y a deux types de circuits : un circuit est positif s'il comporte un nombre pair d’interactions
négatives, négatif si ce nombre est impair. Ces deux types jouent des rbles trés contrastés : les circuits négatifs sont requis po
réaliser ’homéostasie (avec ou sans oscillations), les circuits positifs, pour la multistationnarité, et, partant, en biologie, pour la
différenciation et la mémoire. Dans les systéemes nonlinéaires, un méme circuit peut étre positif ou négatif (circuit « ambigu »),
selon la localisation dans I'espace des phases. Les circuits pleins sont les circuits (ou unions de circuits disjoints) qui impliquent
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toutes les variables du systéme. Il existe une relation étroite entre circuits et états stationnaires. Chaque circuit plein, s'il est
isolé, engendre un ou des états stationnaires, dont la nature (valeurs propres) est déterminée par la structure du circuit. L
multistationnarité requiert la présence d’au moins deux circuits pleins de signes d’Eisenfeld opposés, ou sinon d’'un circuit
ambigu. Nous montrons comment une part significative de la dynamique d’un systéme peut étre prévue par un simple examel
de sa matrice jacobienne. Nous montrons aussi comment des dynamiques extrémement complexes peuvent étre engendrées

des structures logiques aussi simples qu’un circuit de rétroaction unique (plein et arRbigujiter cet article: M. Kaufman,

R. Thomas, C. R. Biologies 326 (2003).
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1. The concept of feedback cir cuit

including those involved in cell differentiation, can be
understood in terms of a more general concept, well-

Regulation can be defined as the process thatknown to chemists and physicists, multistationarity.

adjusts the rate of production of the elements of a

More concretely, a given cell can persist lastingly in

system to the state of the system itself and of relevant any of many steady states, which differ essentially
environmental constraints. In order to realise these from each other by the genes that are on and those that

adjustments, the system must comprise a network of are off.

interactions that allows its machinery to be aware of

A proper regulation of the operation of a system

the level of the elements that have to be synthesised oris achieved byfeedback circuits, which will be the

degraded.
When one thinks of biological regulation, one
almost always refers to the mechanisms involved in

homeostasis, which stabilises our body temperature,

main subject of this paper. The concept of feedback
circuits was developed long ago by biologists as sets
of oriented cyclic interactions. i1 acts onx,, which
acts onxz, which in turn acts on1, one says that there

blood pressure, etc., and induces the concentrations ofis a feedback circuit, or, for short, a circuit — x2 —

hormones to oscillate, each with its own periodicity.

x3 — x1 (the word ‘feedbackoop’ is more frequently

Homeostasis functions like a thermostat and tends used by biologists; we prefer using ‘feedbabicuit’,

to keep the level of the variables (with or without
oscillations) at or near a supposedly optimal value,
usually far from both the lower boundary level that
would prevail if the machinery were maintained off
and from the higher boundary level that would prevalil
if it were kept on without control.

There is, however, another type of regulation,
which, instead of forcing a level to remain in an
intermediate range, forces it, on the contrary, to a
lasting choice between two extreme boundaries. In
biology, the most obvious example is found in the
crucial process of cell differentiation. It has become
clear for some time that in higher living beings each
cell (with few exceptions) contains all the genes
of the organism. Different cell types do not differ
by which genes they posses, but by which of their
genes are ‘on’ and which are ‘off’. one says that
differentiation is due to ‘epigenetic’ differences. As
first suggested by Delbriick [1], epigenetic differences,

because in graph theory ‘loop’ is used only for one-

element circuits). In a circuit, each element exerts a
direct action on the next element in the circuit, but

also an indirect action on all other elements, including
itself. More concretely, the present concentration of an
element exerts, via the other elements of the circuit, an
influence on the rate of synthesis of this element, and
hence on its future level.

There are two types of feedback circuits. Although
this may not be obvious, either each element of a
circuit exerts a positive action (activation) on its own
future evolution, or each element exerts a negative
action (repression) on this evolution. Accordingly,
one speaks of gositive or of a negative circuit,
respectively. Whether a circuit is positive or negative
simply depends on the parity of the number of negative
interactions in the circuit; a circuit with an even
number of negative interactions is positive, while if
this number is odd the circuit is negative. The sign of a
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circuit is thus defined as-1)?, whereg is the number of the elements of the Jacobian matrix of the system
of negative interactions in the circuit. (see, for example, [5,9,10]). The idea of describing
The properties of the two types of feedback circuits the interactions in complex systems in terms of the
are strikingly different. As a matter of fact, they are signs of the terms of the Jacobian matrix had been
responsible, respectively, for the two types of regula- described already long ago by the economists Quirck
tion described above. A negative circuit can function and Ruppert [11], without, however, explicit reference
like a thermostat and generate homeostasis, with orto feedback circuits, and by May [12] and Tyson [13].
without oscillations. Positive circuits can force a sys- Consider the Jacobian matrix of a system of or-
tem to choose lastingly between two or more states dinary differential equations (ODE’s). If termy; =
of regime; they generate multistationarity (or multista- (9f;/dx;) is non-zero, it means that variations of vari-
bility). This contrasted behaviour of the two types of able j influence the time derivative of variable In
circuits can be justified without any difficulty if one this case, we say for short that varialjlacts on vari-
formalises the circuits in terms of systems of ordinary ablei and we writex; — x;. This action is defined as
differential equations or by ‘logical’ methods [2,3]. positive or negative according to the signagf.
The above points to the notion that negative cir- Consider now a sequence of non-zero terms of the
cuits are involved in homeostasis and positive circuits Jacobian matrix, such ags, a21, as2, in which the
in multistationarity. However, it has progressively be- i(row) indices 1, 2, 3 and thg (column) indices 3,
come apparent that one can be much more precise. It1, 2 are circular permutations of each other. Non-zero
was conjectured by Thomas [4] that (i) a positive cir- a13 meanscz — x1, NON-zerap; Meanse; — x2 and
cuit is a necessary condition for multistationarity and non-zeraiz,> meanscy — x3; thus, we have the three-
(i) a negative circuit is a necessary condition for stable element circuitt; — x2 — x3 — x1. In this way, all
periodicity. These statements were further analysed the circuits that are present in a system can be read on
and subject to formal demonstrations [5-9]. its Jacobian matrix. Fig. 1 shows the circuits that are
To briefly come back to the biological role of possible for a three-variable system.
circuits, we would like to point out that the regulatory Note that the matricial and graph descriptions of
interactions found in biology (and as well in other circuits are dual of each other: a non-zero element of
disciplines) are almost invariably non-linear, and most the matrix corresponds to an arrow (not a vertex) of
often of a sigmoid shape. For sigmoid or stepwise the graph. The circuit itself can be symbolised either
interactions, a positive circuit can generate three, and by the graph or by the product of the relevant terms of
only three, steady states, one of them unstable and thethe matrix.
two others stable, whatever the number of elements  Unions of disjoint circuits are sets of circuits that
in the circuit. In this perspective, one can wonder fail to share any variable. For example, if terans,
how living systems could succeed in generating the a2; and az3z are non-zero, we have a union of two
many steady states required to account for the many disjoint circuits: a two-element circuit between vari-
cell types observed in higher organisms. The answer ablesx; andxz and a one-element circuit involving
is simple. In order to have many steady states, one variablexs. A general and elegant definition suggested
needs several positive circuits. For sigmoid or stepwise by M. Cahen (personal communication) applies both
nonlinearities, m positive circuits can generate up to to circuits and unions of disjoint circuits. A circuit or
3" steady states,”2 of which stable. Thus, eight union of disjoint circuits can be identified by the ex-
genes, each subject to positive autocontrol, would istence of a set of non-zero terms of the matrix, such
suffice to account for®= 256 different cell types. that the sets of their (row) and;j (column) indices
are equal. The equality of the two sets of indices can be
checked, for example, for the sets of teragi a3 ass
2. Description of circuitsin terms of the elements (a three-element circuitii2 a1 (a two-element cir-
of the Jacobian matrix cuit), a11 (a one-element circuit), ot12 az1 aszs (a
union of two disjoint circuits).
When a system is described in terms of ordinary ~ Those circuits and unions of disjoint circuits that
differential equations, circuits can be defined in terms involve all the variables of the system play a special
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Matricial description Graph description
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Fig. 1. The circuits in three-variable systems.
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Fig. 2. The ‘full circuits’ (circuits and unions of disjoint circuits which involve all the variables) in three-variable systems.

role in the relation between circuits and steady states. the Jacobian matrix. Conversely, by definition of the
For this reason, we show them here (Fig. 2) in the case characteristic equation of a matrix, it is easy to see that
of three-variable systems. For the sake of brevity, we only those terms of the Jacobian matrix that belong
will call them ‘full circuits’, irrespective of whether  to a circuit are found in its characteristic equation.
they are circuits or unions of disjoint circuits. In fact, The terms that do not take part in a circuit belong to
there is a very simple algorithm for extracting all products that vanish because they contain one or more
the full circuits from the Jacobian matrix: it simply  zero terms. Thus, the coefficients of the characteristic
consists of computing the determinant of the Jacobian equation depend explicitly only on the circuits of the
matrix. This determinant is a sum of products, each system.
of which corresponds to one of the ‘full circuits’ of The off-circuit terms of the Jacobian matrix pro-
the system. For example, for a two-variable system vide a one-directional connection between otherwise
the determinant of the Jacobian matrix g1 az2 disjoint circuits; as a result, they may influence the
—a12 az1) and the two full circuits are the two-element  steady-state values of the variables. Although they are
circuit symbolised by the produet;> a1 and the not present in the Jacobian matrix, constant terms in
union of two one-element circuits, symbolised by the the ODEs also influence the location of the steady
productasj az. states. Thus, both off-circuit terms of the Jacobian ma-
Note that in a system that has no full circuits, the trix and constant terms in the ODEs may play a role
determinant of the Jacobian matrix is zero everywhere in the system’s dynamics. However, their role is only
in phase space. In this condition (in which the matrix indirect via their effect on the location of the steady
is singular and one or more eigenvalue is zero), the states.
system of steady-state equations is underdetermined. How the coefficients of the characteristic equation
This has been shown already by others [10,12], using determine the stability properties of steady states has
another terminology. been studied for many years. Our main contribution
is the recognition that there is a tight relation between
the ‘logical structure’ (or circuitry) of a system and the
number and stability of its steady states.

As a matter of fact [14], a system that reduces
to a single full circuit has a steady state that can be
All the circuits of a system (and not only the ‘full  qualified ‘characteristic of the circuit’ in the sense
circuits’) are present in the characteristic equation of that its nature can be predicted from the structure of

3. Atight relation between feedback circuitsand
steady states



210 M. Kaufman, R. Thomas/ C. R. Biologies 326 (2003) 205-214

the circuit. For example, in three variables, it is easy which the circuit ina11 is not ambiguous) has a single
to show analytically that an isolated three-element steady state.

circuit will generate a saddle-focus, whatever the  As for the non-linearity, it has to be located on a
detailed nature of its components and the parameterfull circuit, but not necessarily on the positive circuit
values. This saddle-focus will be of type (— —) or responsible for this nontrivial behaviour.

(=/++), depending only on whether the circuit is

positive or negative (in our notatior;/— — means

that there is one real, positive, eigenvalue and a pair 4. Emergence of complex behaviour by the mere

of complex conjugated eigenvalues with negative real decrease of the dissipative parameter

parts, etc.).

Note that when a system is non-linear, a circuit ~ The considerations above have been used to re-
can be positive or negative, depending on its loca- visit the well-known Réssler equations [15-17]. In
tion in phase space. If there is more than one steady short, we have deciphered the logical structure of the
state, the nature of each steady state will depend onRéssler system and built systems of similar structures,
the structure of the circuit at that location. For exam- ysing a wide variety of different nonlinearities. It has
ple, the very simple systerfdx/dr = y, dy/df =z, been found that, provided an appropriate structure is
dz/dt = 1 — x?} has a single, three-element, circuit present, chaotic dynamics is extremely robust toward

which is positive forx < 0 and negative fox > 0.

changes in the precise nature of the nonlinearities used

There are two steady states, a saddle-focus of type[18,19].

(+/— —), characteristic of the positive modality of the
3-circuit and a saddle-focus of type (+ +) charac-
teristic of the negative modality of the 3-circuit.
‘Nontrivial behaviour’ such as multistationarity,
stable periodicity or deterministic chaos, systemati-
cally requires both appropriate circuits and an appro-
priate non-linearity. In particular, multistationarity re-
quires, in addition to an adequate non-linearity, the
presence of two full-circuits of opposite signs or else
an ambiguity in a simple circuit (full or not) — the sign
of a union of disjoint circuits is given by—1)?*1,
wherep is the number of positive circuits in the union
[10]. In practice, a union is positive if it has an odd
number of positive circuits. This statement is slightly
at variance with that given in [14], in which we write:
“Multistationarity requires the presence of two full cir-
cuits of opposite signs, or of an ambiguous full circuit.
The reason for the modification is that in the meantime
we have identified a system:=xy — 1, y =x2 — 1,
whose unique full circuit is positive everywhere (it is a
peculiar type of circuit, also present in the Lorenz sys-
tem, which is ¢ +) for positive values of and  —)
for negative values ok). Yet, this system has two
steady states. At first view, it is not obvious whether
this multistationarity must be ascribed to the presence
of an ambiguous circuit (the diagonal teuny = y)
or to the peculiar character of the full circuit. That the

first reason is presumably correct is suggested by the dz

fact that the related system=xy — 1,y =x2—1 (in

From analysing a number of chaotic systems, it was
surmised [19,20] that a minimal logical requirement
for the chaotic systems we have studied is the presence
of negative circuit(s) to generate a stable periodicity
and the presence of a positive circuit to ensure full or
partial multistationarity (‘partial multistationarity’ in,
say, yz, refers to a situation in which there is a range
of values ofx such that the steady-state equations for
y andz have more than one real solution. For example,
the system{dx /df = —y, dy/df = x + ay — z, dz/dt
= y3 — ¢z} has a single ‘full’ steady stata & y =z
= 0) for any value ot: andc. It can however be shown

that for ‘gg <x< +":;:/[5 there are three steady-

state solutions in subspage.

However, as briefly described in Section 5, a single
circuit can also generate a chaotic dynamics provided
this circuit is positive or negative depending on its
location in phase space.

Let us first consider a system still comprising
diagonal terms in addition to a three-element circuit
(note that one-element circuits cannot generate any
periodicity by themselves):

dx

~—_p _ 3

ar xX+y—y

d

—y:—by—i—z—z (1)
——:—M+x—ﬁ

dr
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Fig. 3. Chaotic and multiperiodic attractors in system (1). (a) Coexistence of six limit cycles viakae®30). (b) Coexistence of two complex
limit cycles (b = 0.29). (c) Coexistence of two chaotic attractobs={ 0.28). (d) A single chaotic attractob & 0.27). (e) Coexistence of three
limit cycles (b = 0.24). (f) A single chaotic attractorb(= 0.235). For the intermediate valugs= 0.26 andb = 0.25, the system exhibits,
respectively, a single, highly complex limit cycle and a single chaotic attractor (not shown).
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L (a) This system is related to but even slightly simpler
§ o T than that described in Thomas [20]. The Jacobian
2 | I matrix is:
‘T - b 1-3y2 0
: i ( 0 b 1- 312>
i . 1-3x2 0 —b
|

Each of the three elements of tyfle— 3u?) is pos-
| itive for |u| < 1/+4/3, negative forlu| > 1/+/3. Thus,
the three-element circuit itself is positive or negative
‘ according to a three-dimensional quincunx structure
comprising 27 (8) domains. Forb > 1, there is a
single stable steady state of the type/¢ —). As b
decreases, the number of steady states increases up
to 27, one per box and all unstable. In agreement
with the previous comments about the relationship be-
3o s tween feedback circuits and steady states, these 27
5 | TS steady states are saddle foci of two types/€ —) or
-5, | T (—=/++), depending on whether the circuit is positive
54 [ /| or negative in the box considered. Trajectories perco-
5 ! late between these many steady states. As illustrated
in Fig. 3, for values of parametérlower than ca 0.29,
the dynamics is chaotic (one or two coexistent chaotic
| attractors) with windows of complex periodic behav-
/ iour (one to six stable and more or less complex limit
cycles).

5. Labyrinth chaos: a single circuit can generatea
10 chaotic dynamics provided the nonlinearitiesare
such that thecircuit can be positive or negative

I The function ¢ — «3) used in Section 4, can be
20 S | viewed as a caricature ¢$inu), as the first two terms

‘ of the Taylor development aiinu) are (u — u3/3!).
‘ In agreement with the observation that nonlinearities
AL which are only roughly and locally similar in shape
| can generate similar trajectories, the behaviour of

10

. system:
| dr bx +sin
— = _bx
. dr Y
i ' ~ d .
g i = —by + sinz (2)
'-::::7_‘ J _I"'f,':;' dt
B el dz
? elo 4 = betsinx
Fig. 4. Chaotic attractors and labyrinth chaos in system (2). d o
(a, b) Chaotic attractor fob = 0.18 andb = 0.01, respectively. is similar to Eq. (1) except that the number of boxes

(c) Labyrinth chaos fob = 0. into which phase space is partitioned is no more
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limited to 27. Forb > 1, there is again one stable
steady state. The number of boxes and of steady
states increases steadily and tends to infinity as
0. Simultaneously, one proceeds from a simple to
a chaotic dynamics, with periodic or multiperiodic
windows and, for some ranges of values igfthe
coexistence of two chaotic attractors (Fig. 4a, b).
Strikingly, the mere decrease of the unique para-
meterb results in a steady increase of the size and
complexity of the attractor(s). In the limit cage= 0,
phase space is entirely filled with an infinite three-
dimensional lattice of unstable steady states within
which trajectories draw a chaotic (but not random)
walk (Fig. 4c). In this conservative system, the chaotic
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necessary (but not sufficient) condition for multista-
tionarity implied a condition of monotonicity of the
functions describing the interactions involved in the
circuits. This condition of monotonicity has now been
relaxed and the demonstration extended [8] to include
the more general statement that “a necessary condition
for multistationarity is the presence of a circuit that is
positivesomewherein phase space”. As regards the ne-
cessity of a negative circuit for stable periodicity, this
conjecture should also be formulated in a more general
way: “the presence of a negative circuit of lengtt?

is required for stable periodicity [6,7], and the pres-
ence of a negative circuit (of whatever length) is re-
quired for stability [5], i.e. the existence of an attrac-

trajectories can cover the whole phase space: there is;q,»

thus no attractor in the usual sense of the word. This
system is described in more details in [20].

Noteworthy, this type of systems can be generalised
from 3 to 5, 7 or more dimensions. In five dimen-
sions, the system yields a hyperchaos with 2 positive
Lyapunov exponents (Thomas, Eiswirth, Kruel and
Rossler, in preparation) and it can be anticipated that,
more generally in 2+ 1 dimensions, it will yield hy-
perchaos of ordet.

6. Discussion

In this paper we define feedback circuits in terms
of the elements of the Jacobian matrix of a system. We
stress the fact that the signs of the circuits may depend
on their location in phase space. In this context, our
main interest is to investigate to what extent it is
possible to relate the partition of phase space into

From the biological viewpoint, the conjectures dis-
cussed above imply the following laws for biological
processes:

— insofar as differentiation and memory can be
considered as the biological modalities of the
more general concept of multistationarity [1], any
process involving differentiative development or
the storing or invocation of memory must have at
least one positive circuit in its underlying logic;

— homeostasis largo sensu (i.e., with or without
oscillations), an extremely frequent situation in
nature, requires the presence of a negative circuit.

As regards the potential biological interest of de-
terministic chaos, several phenomena, such as the
waves observed in electrocardiograms (see, for in-
stance, [21]) seem to provide experimental evidence

domains homogeneous as regards the signs of thefor the occurrence of deterministic chaos in biology.

circuits to a partition according to the eigenvalues

However, there is certainly a deep qualitative differ-

of the Jacobian matrix. Relatively simple relations €nce between the intrinsic complexity of behaviour
between these two partitions have been derived for that can be generated by simple logical structures in
a number of typical cases (Kaufman and Thomas, in the complete absence of external fluctuations (deter-
preparation). For these cases, we know the nature (realMinistic chaos stricto sensu), and the complexity of
or complex eigenvalues, signs of their real parts) of behaviour which is, if only partly, dependent on vari-
any steady state that might be present in a given phaseable external input.
space compartment on the basis of the circuit structure  On the other hand, the logical structure of many
of the system, independently of the mathematical form well-documented regulatory systems or subsystems
of the elements of these circuits. is significantly more complex than that required to
Let us briefly come back to the conjectures pro- obtain chaotic dynamics. It would thus be surprising
posed by one of us [4]. Initially, the formal demon- not to find biological systems susceptible to generate a
strations of the conjecture that a positive circuit is a chaotic dynamics in some range of parameter values.
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Even though such behaviour can occur, it can [5] E. Plahte, T. Mestl, S. Omholt, Feedback loops, stability and
be expected to develop and persist only if it can multistationarity in dynamical systems, J. Biol. Syst. 3 (1995)
provide some selective advantage. But what might _ 409-413.

. . [6] E.H. Snoussi, Necessary conditions for multistationarity and
be the selective advantage conferred by a chaotic stable periodicity, J. Biol, Syst. 6 (1998) 3-9.

behaviour? We feel that chaos (which is a kind of (7] 5.-L. Gouzé, Positive and negative circuits in dynamical sys-
higher complex order — cf. the ‘Chaos’ which serves tems, J. Biol. Syst. 6 (1998) 11-15.

as a prologue iDie Schopfung of Josef Haydn) is [8] C. Soulé, Graphic requirements for multistationarity (submit-
an extension of multiple periodicity, in which (i) the ted).

traiectories explore extensively some regions of bhase [9] R. Thomas, The role of feedback circuits: positive feedback
J ' Xp X Ively gl P circuits are a necessary condition for positive real eigenvalues

space, (ii) the trajectories have occasionally access in the Jacobian matrix, Ber. Bunzenges. Phys. Chem. 98 (1994)
to ‘odd’ regions and yet (iii) stability is achieved in 1148-1151.

the sense that, even after the farthest excursions, thel10] J. Eisenfeld, C. DeLisi, On conditions for qualitative instability
trajectories bring the system back into a limited region of regulatory circuits with applications to immunological

f th h In thi n deterministi h control loops, in: J. Eisenfeld, C. De Lisi (Eds.), Mathematics
0 € phase space. S sense, aete Stic chaos and Computers in Biomedical Applications, Elsevier, 1985,

might display the selective advantages of an extended pp. 39-53.
homeostasis. [11] J.P. Quirck, R. Ruppert, Qualitative economics and the stability
of equilibrium, Rev. Econ. Stud. 32 (1965) 311-326.
[12] R. May, Stability and Complexity in Model Ecosystems,
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