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Abstract

The set of (feedback) circuits of a complex system is the machinery that allows the system to be aware of the lev
crucial constituents. Circuits can be identified without ambiguity from the elements of the Jacobian matrix of the system
are two types of circuits: positive if they comprise an even number of negative interactions, negative is this number is
two types of circuits play deeply different roles: negative circuits are required for homeostasis, with or without oscil
positive circuits are required for multistationarity, and hence, in biology, for differentiation and memory. In non-linear sy
a circuit can positive or negative (an ‘ambiguous circuit’, depending on the location in phase space. Full circuits a
circuits (or unions of disjoint circuits) that imply all the variables of the system. There is a tight relation between circu
steady states. Each full circuit, if isolated, generates steady state(s) whose nature (eigenvalues) is determined by the
the circuit. Multistationarity requires the presence of at least two full circuits of opposite Eisenfeld signs, or else, an am
circuit. We show how a significant part of the dynamical behaviour of a system can be predicted by a mere examinat
Jacobian matrix. We also show how extremely complex dynamics can be generated by such simple logical structures
(full and ambiguous) circuit.To cite this article: M. Kaufman, R. Thomas, C. R. Biologies 326 (2003).
 2003 Académie des sciences/Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

L’ensemble des circuits de rétroaction (feedback) d’un système complexe est la machinerie qui permet au systèm
réguler les niveaux de ses éléments cruciaux. Ces circuits peuvent être identifiés sans ambiguïté à partir des élém
matrice jacobienne du système. Il y a deux types de circuits : un circuit est positif s’il comporte un nombre pair d’inte
négatives, négatif si ce nombre est impair. Ces deux types jouent des rôles très contrastés : les circuits négatifs sont
réaliser l’homéostasie (avec ou sans oscillations), les circuits positifs, pour la multistationnarité, et, partant, en biologie
différenciation et la mémoire. Dans les systèmes nonlinéaires, un même circuit peut être positif ou négatif (circuit « am
selon la localisation dans l’espace des phases. Les circuits pleins sont les circuits (ou unions de circuits disjoints) qui im
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doi:10.1016/S1631-0691(03)00063-5
tions scientifiques et médicales Elsevier SAS. Tous droits réservés.
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in, s’il est
circuit. La
n circuit

le examen
endrées par
toutes les variables du système. Il existe une relation étroite entre circuits et états stationnaires. Chaque circuit ple
isolé, engendre un ou des états stationnaires, dont la nature (valeurs propres) est déterminée par la structure du
multistationnarité requiert la présence d’au moins deux circuits pleins de signes d’Eisenfeld opposés, ou sinon d’u
ambigu. Nous montrons comment une part significative de la dynamique d’un système peut être prévue par un simp
de sa matrice jacobienne. Nous montrons aussi comment des dynamiques extrêmement complexes peuvent être eng
des structures logiques aussi simples qu’un circuit de rétroaction unique (plein et ambigu).Pour citer cet article : M. Kaufman,
R. Thomas, C. R. Biologies 326 (2003).
 2003 Académie des sciences/Éditions scientifiques et médicales Elsevier SAS. Tous droits réservés.
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1. The concept of feedback circuit

Regulation can be defined as the process
adjusts the rate of production of the elements o
system to the state of the system itself and of relev
environmental constraints. In order to realise th
adjustments, the system must comprise a networ
interactions that allows its machinery to be aware
the level of the elements that have to be synthesise
degraded.

When one thinks of biological regulation, on
almost always refers to the mechanisms involved
homeostasis, which stabilises our body temperat
blood pressure, etc., and induces the concentratio
hormones to oscillate, each with its own periodic
Homeostasis functions like a thermostat and te
to keep the level of the variables (with or witho
oscillations) at or near a supposedly optimal val
usually far from both the lower boundary level th
would prevail if the machinery were maintained o
and from the higher boundary level that would prev
if it were kept on without control.

There is, however, another type of regulatio
which, instead of forcing a level to remain in a
intermediate range, forces it, on the contrary, to
lasting choice between two extreme boundaries
biology, the most obvious example is found in t
crucial process of cell differentiation. It has beco
clear for some time that in higher living beings ea
cell (with few exceptions) contains all the gen
of the organism. Different cell types do not diff
by which genes they posses, but by which of th
genes are ‘on’ and which are ‘off’: one says th
differentiation is due to ‘epigenetic’ differences. A
first suggested by Delbrück [1], epigenetic differenc
f

including those involved in cell differentiation, can
understood in terms of a more general concept, w
known to chemists and physicists, multistationar
More concretely, a given cell can persist lastingly
any of many steady states, which differ essenti
from each other by the genes that are on and those
are off.

A proper regulation of the operation of a syste
is achieved byfeedback circuits, which will be the
main subject of this paper. The concept of feedb
circuits was developed long ago by biologists as s
of oriented cyclic interactions. Ifx1 acts onx2, which
acts onx3, which in turn acts onx1, one says that ther
is a feedback circuit, or, for short, a circuitx1 → x2 →
x3 → x1 (the word ‘feedbackloop’ is more frequently
used by biologists; we prefer using ‘feedbackcircuit’,
because in graph theory ‘loop’ is used only for on
element circuits). In a circuit, each element exert
direct action on the next element in the circuit, b
also an indirect action on all other elements, includ
itself. More concretely, the present concentration o
element exerts, via the other elements of the circuit
influence on the rate of synthesis of this element,
hence on its future level.

There are two types of feedback circuits. Althou
this may not be obvious, either each element o
circuit exerts a positive action (activation) on its ow
future evolution, or each element exerts a nega
action (repression) on this evolution. According
one speaks of apositive or of a negative circuit,
respectively. Whether a circuit is positive or negat
simply depends on the parity of the number of nega
interactions in the circuit; a circuit with an eve
number of negative interactions is positive, while
this number is odd the circuit is negative. The sign o
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circuit is thus defined as(−1)q , whereq is the number
of negative interactions in the circuit.

The properties of the two types of feedback circu
are strikingly different. As a matter of fact, they a
responsible, respectively, for the two types of regu
tion described above. A negative circuit can funct
like a thermostat and generate homeostasis, wit
without oscillations. Positive circuits can force a sy
tem to choose lastingly between two or more sta
of regime; they generate multistationarity (or multis
bility). This contrasted behaviour of the two types
circuits can be justified without any difficulty if on
formalises the circuits in terms of systems of ordin
differential equations or by ‘logical’ methods [2,3].

The above points to the notion that negative c
cuits are involved in homeostasis and positive circ
in multistationarity. However, it has progressively b
come apparent that one can be much more precis
was conjectured by Thomas [4] that (i) a positive c
cuit is a necessary condition for multistationarity a
(ii) a negative circuit is a necessary condition for sta
periodicity. These statements were further analy
and subject to formal demonstrations [5–9].

To briefly come back to the biological role o
circuits, we would like to point out that the regulato
interactions found in biology (and as well in oth
disciplines) are almost invariably non-linear, and m
often of a sigmoid shape. For sigmoid or stepw
interactions, a positive circuit can generate three,
only three, steady states, one of them unstable and
two others stable, whatever the number of eleme
in the circuit. In this perspective, one can wond
how living systems could succeed in generating
many steady states required to account for the m
cell types observed in higher organisms. The ans
is simple. In order to have many steady states,
needs several positive circuits. For sigmoid or stepw
nonlinearities, m positive circuits can generate up
3m steady states, 2m of which stable. Thus, eigh
genes, each subject to positive autocontrol, wo
suffice to account for 28 = 256 different cell types.

2. Description of circuits in terms of the elements
of the Jacobian matrix

When a system is described in terms of ordin
differential equations, circuits can be defined in ter
of the elements of the Jacobian matrix of the sys
(see, for example, [5,9,10]). The idea of describ
the interactions in complex systems in terms of
signs of the terms of the Jacobian matrix had b
described already long ago by the economists Qu
and Ruppert [11], without, however, explicit referen
to feedback circuits, and by May [12] and Tyson [1

Consider the Jacobian matrix of a system of
dinary differential equations (ODE’s). If termaij =
(∂fi/∂xj ) is non-zero, it means that variations of va
able j influence the time derivative of variablei. In
this case, we say for short that variablej acts on vari-
ablei and we writexj → xi . This action is defined a
positive or negative according to the sign ofaij .

Consider now a sequence of non-zero terms of
Jacobian matrix, such asa13, a21, a32, in which the
i(row) indices 1, 2, 3 and thej (column) indices 3,
1, 2 are circular permutations of each other. Non-z
a13 meansx3 → x1, non-zeroa21 meansx1 → x2 and
non-zeroa32 meansx2 → x3; thus, we have the three
element circuitx1 → x2 → x3 → x1. In this way, all
the circuits that are present in a system can be rea
its Jacobian matrix. Fig. 1 shows the circuits that
possible for a three-variable system.

Note that the matricial and graph descriptions
circuits are dual of each other: a non-zero elemen
the matrix corresponds to an arrow (not a vertex)
the graph. The circuit itself can be symbolised eit
by the graph or by the product of the relevant terms
the matrix.

Unions of disjoint circuits are sets of circuits th
fail to share any variable. For example, if termsa12,
a21 and a33 are non-zero, we have a union of tw
disjoint circuits: a two-element circuit between va
ablesx1 and x2 and a one-element circuit involvin
variablex3. A general and elegant definition sugges
by M. Cahen (personal communication) applies b
to circuits and unions of disjoint circuits. A circuit o
union of disjoint circuits can be identified by the e
istence of a set of non-zero terms of the matrix, s
that the sets of theiri (row) andj (column) indices
are equal. The equality of the two sets of indices can
checked, for example, for the sets of terms:a12 a23 a31
(a three-element circuit),a12 a21 (a two-element cir-
cuit), a11 (a one-element circuit), ora12 a21 a33 (a
union of two disjoint circuits).

Those circuits and unions of disjoint circuits th
involve all the variables of the system play a spec
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Fig. 1. The circuits in three-variable systems.
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Fig. 2. The ‘full circuits’ (circuits and unions of disjoint circuits which involve all the variables) in three-variable systems.
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role in the relation between circuits and steady sta
For this reason, we show them here (Fig. 2) in the c
of three-variable systems. For the sake of brevity,
will call them ‘full circuits’, irrespective of whethe
they are circuits or unions of disjoint circuits. In fac
there is a very simple algorithm for extracting
the full circuits from the Jacobian matrix: it simp
consists of computing the determinant of the Jacob
matrix. This determinant is a sum of products, ea
of which corresponds to one of the ‘full circuits’ o
the system. For example, for a two-variable syst
the determinant of the Jacobian matrix is (a11 a22
−a12 a21) and the two full circuits are the two-eleme
circuit symbolised by the producta12 a21 and the
union of two one-element circuits, symbolised by t
producta11 a22.

Note that in a system that has no full circuits, t
determinant of the Jacobian matrix is zero everywh
in phase space. In this condition (in which the mat
is singular and one or more eigenvalue is zero),
system of steady-state equations is underdeterm
This has been shown already by others [10,12], us
another terminology.

3. A tight relation between feedback circuits and
steady states

All the circuits of a system (and not only the ‘fu
circuits’) are present in the characteristic equation
.

the Jacobian matrix. Conversely, by definition of t
characteristic equation of a matrix, it is easy to see
only those terms of the Jacobian matrix that belo
to a circuit are found in its characteristic equatio
The terms that do not take part in a circuit belong
products that vanish because they contain one or m
zero terms. Thus, the coefficients of the character
equation depend explicitly only on the circuits of t
system.

The off-circuit terms of the Jacobian matrix pr
vide a one-directional connection between otherw
disjoint circuits; as a result, they may influence
steady-state values of the variables. Although they
not present in the Jacobian matrix, constant term
the ODEs also influence the location of the stea
states. Thus, both off-circuit terms of the Jacobian m
trix and constant terms in the ODEs may play a r
in the system’s dynamics. However, their role is o
indirect via their effect on the location of the stea
states.

How the coefficients of the characteristic equat
determine the stability properties of steady states
been studied for many years. Our main contribut
is the recognition that there is a tight relation betwe
the ‘logical structure’ (or circuitry) of a system and t
number and stability of its steady states.

As a matter of fact [14], a system that reduc
to a single full circuit has a steady state that can
qualified ‘characteristic of the circuit’ in the sen
that its nature can be predicted from the structure
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the circuit. For example, in three variables, it is ea
to show analytically that an isolated three-elem
circuit will generate a saddle-focus, whatever
detailed nature of its components and the param
values. This saddle-focus will be of type (+/−−) or
(−/++), depending only on whether the circuit
positive or negative (in our notation,+/−− means
that there is one real, positive, eigenvalue and a
of complex conjugated eigenvalues with negative r
parts, etc.).

Note that when a system is non-linear, a circ
can be positive or negative, depending on its lo
tion in phase space. If there is more than one ste
state, the nature of each steady state will depend
the structure of the circuit at that location. For exa
ple, the very simple system{dx/dt = y, dy/dt = z,
dz/dt = 1 − x2} has a single, three-element, circ
which is positive forx < 0 and negative forx > 0.
There are two steady states, a saddle-focus of
(+/−−), characteristic of the positive modality of th
3-circuit and a saddle-focus of type (−/++) charac-
teristic of the negative modality of the 3-circuit.

‘Nontrivial behaviour’ such as multistationarit
stable periodicity or deterministic chaos, system
cally requires both appropriate circuits and an app
priate non-linearity. In particular, multistationarity r
quires, in addition to an adequate non-linearity,
presence of two full-circuits of opposite signs or e
an ambiguity in a simple circuit (full or not) – the sig
of a union of disjoint circuits is given by(−1)p+1,
wherep is the number of positive circuits in the unio
[10]. In practice, a union is positive if it has an od
number of positive circuits. This statement is sligh
at variance with that given in [14], in which we write
“Multistationarity requires the presence of two full c
cuits of opposite signs, or of an ambiguous full circu
The reason for the modification is that in the meanti
we have identified a system:x = xy − 1, y = x2 − 1,
whose unique full circuit is positive everywhere (it is
peculiar type of circuit, also present in the Lorenz s
tem, which is (++) for positive values ofx and (−−)
for negative values ofx). Yet, this system has tw
steady states. At first view, it is not obvious wheth
this multistationarity must be ascribed to the prese
of an ambiguous circuit (the diagonal terma11 = y)
or to the peculiar character of the full circuit. That t
first reason is presumably correct is suggested by
fact that the related system:x = xy −1,y = x2−1 (in
which the circuit ina11 is not ambiguous) has a sing
steady state.

As for the non-linearity, it has to be located on
full circuit, but not necessarily on the positive circu
responsible for this nontrivial behaviour.

4. Emergence of complex behaviour by the mere
decrease of the dissipative parameter

The considerations above have been used to
visit the well-known Rössler equations [15–17].
short, we have deciphered the logical structure of
Rössler system and built systems of similar structu
using a wide variety of different nonlinearities. It h
been found that, provided an appropriate structur
present, chaotic dynamics is extremely robust tow
changes in the precise nature of the nonlinearities u
[18,19].

From analysing a number of chaotic systems, it w
surmised [19,20] that a minimal logical requireme
for the chaotic systems we have studied is the pres
of negative circuit(s) to generate a stable periodic
and the presence of a positive circuit to ensure ful
partial multistationarity (‘partial multistationarity’ in
say,yz, refers to a situation in which there is a ran
of values ofx such that the steady-state equations
y andz have more than one real solution. For examp
the system{dx/dt = −y, dy/dt = x + ay − z, dz/dt

= y3 − cz} has a single ‘full’ steady state (x = y = z

= 0) for any value ofa andc. It can however be show

that for −2
√

ca3

3
√

3
< x < +2

√
ca3

3
√

3
, there are three stead

state solutions in subspaceyz.
However, as briefly described in Section 5, a sin

circuit can also generate a chaotic dynamics provi
this circuit is positive or negative depending on
location in phase space.

Let us first consider a system still comprisi
diagonal terms in addition to a three-element circ
(note that one-element circuits cannot generate
periodicity by themselves):

dx

dt
= −bx + y − y3

(1)
dy

dt
= −by + z − z3,

dz = −bz + x − x3
dt
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Fig. 3. Chaotic and multiperiodic attractors in system (1). (a) Coexistence of six limit cycles values (b = 0.30). (b) Coexistence of two complex
limit cycles (b = 0.29). (c) Coexistence of two chaotic attractors (b = 0.28). (d) A single chaotic attractor (b = 0.27). (e) Coexistence of three
limit cycles (b = 0.24). (f) A single chaotic attractor (b = 0.235). For the intermediate values,b = 0.26 andb = 0.25, the system exhibits,
respectively, a single, highly complex limit cycle and a single chaotic attractor (not shown).
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Fig. 4. Chaotic attractors and labyrinth chaos in system
(a, b) Chaotic attractor forb = 0.18 andb = 0.01, respectively.
(c) Labyrinth chaos forb = 0.
This system is related to but even slightly simp
than that described in Thomas [20]. The Jacob
matrix is:( −b 1− 3y2 0

0 −b 1− 3z2

1− 3x2 0 −b

)

Each of the three elements of type(1−3u2) is pos-
itive for |u| < 1/

√
3, negative for|u| > 1/

√
3. Thus,

the three-element circuit itself is positive or negat
according to a three-dimensional quincunx struct
comprising 27 (33) domains. Forb > 1, there is a
single stable steady state of the type (−/−−). As b

decreases, the number of steady states increase
to 27, one per box and all unstable. In agreem
with the previous comments about the relationship
tween feedback circuits and steady states, thes
steady states are saddle foci of two types, (+/−−) or
(−/++), depending on whether the circuit is positi
or negative in the box considered. Trajectories pe
late between these many steady states. As illustr
in Fig. 3, for values of parameterb lower than ca 0.29
the dynamics is chaotic (one or two coexistent cha
attractors) with windows of complex periodic beha
iour (one to six stable and more or less complex li
cycles).

5. Labyrinth chaos: a single circuit can generate a
chaotic dynamics provided the nonlinearities are
such that the circuit can be positive or negative

The function (u − u3) used in Section 4, can b
viewed as a caricature of(sinu), as the first two terms
of the Taylor development of(sinu) are(u − u3/3!).
In agreement with the observation that nonlineari
which are only roughly and locally similar in shap
can generate similar trajectories, the behaviour
system:

dx

dt
= −bx + siny

(2)
dy

dt
= −by + sinz

dz

dt
= −bz + sinx

is similar to Eq. (1) except that the number of box
into which phase space is partitioned is no m
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limited to 27. Forb > 1, there is again one stab
steady state. The number of boxes and of ste
states increases steadily and tends to infinity asb →
0. Simultaneously, one proceeds from a simple
a chaotic dynamics, with periodic or multiperiod
windows and, for some ranges of values ofb, the
coexistence of two chaotic attractors (Fig. 4a, b).

Strikingly, the mere decrease of the unique pa
meterb results in a steady increase of the size a
complexity of the attractor(s). In the limit caseb = 0,
phase space is entirely filled with an infinite thre
dimensional lattice of unstable steady states wit
which trajectories draw a chaotic (but not rando
walk (Fig. 4c). In this conservative system, the chao
trajectories can cover the whole phase space: the
thus no attractor in the usual sense of the word. T
system is described in more details in [20].

Noteworthy, this type of systems can be generali
from 3 to 5, 7 or more dimensions. In five dime
sions, the system yields a hyperchaos with 2 posi
Lyapunov exponents (Thomas, Eiswirth, Kruel a
Rössler, in preparation) and it can be anticipated t
more generally in 2n + 1 dimensions, it will yield hy-
perchaos of ordern.

6. Discussion

In this paper we define feedback circuits in ter
of the elements of the Jacobian matrix of a system.
stress the fact that the signs of the circuits may dep
on their location in phase space. In this context,
main interest is to investigate to what extent it
possible to relate the partition of phase space
domains homogeneous as regards the signs of
circuits to a partition according to the eigenvalu
of the Jacobian matrix. Relatively simple relatio
between these two partitions have been derived
a number of typical cases (Kaufman and Thomas
preparation). For these cases, we know the nature
or complex eigenvalues, signs of their real parts)
any steady state that might be present in a given p
space compartment on the basis of the circuit struc
of the system, independently of the mathematical fo
of the elements of these circuits.

Let us briefly come back to the conjectures p
posed by one of us [4]. Initially, the formal demo
strations of the conjecture that a positive circuit is
l

necessary (but not sufficient) condition for multis
tionarity implied a condition of monotonicity of th
functions describing the interactions involved in t
circuits. This condition of monotonicity has now be
relaxed and the demonstration extended [8] to incl
the more general statement that “a necessary cond
for multistationarity is the presence of a circuit that
positivesomewhere in phase space”. As regards the n
cessity of a negative circuit for stable periodicity, th
conjecture should also be formulated in a more gen
way: “the presence of a negative circuit of length� 2
is required for stable periodicity [6,7], and the pre
ence of a negative circuit (of whatever length) is
quired for stability [5], i.e. the existence of an attra
tor”.

From the biological viewpoint, the conjectures d
cussed above imply the following laws for biologic
processes:

– insofar as differentiation and memory can
considered as the biological modalities of t
more general concept of multistationarity [1], a
process involving differentiative development
the storing or invocation of memory must have
least one positive circuit in its underlying logic;

– homeostasis largo sensu (i.e., with or with
oscillations), an extremely frequent situation
nature, requires the presence of a negative circ

As regards the potential biological interest of d
terministic chaos, several phenomena, such as
waves observed in electrocardiograms (see, for
stance, [21]) seem to provide experimental evide
for the occurrence of deterministic chaos in biolo
However, there is certainly a deep qualitative diff
ence between the intrinsic complexity of behavio
that can be generated by simple logical structure
the complete absence of external fluctuations (de
ministic chaos stricto sensu), and the complexity
behaviour which is, if only partly, dependent on va
able external input.

On the other hand, the logical structure of ma
well-documented regulatory systems or subsyst
is significantly more complex than that required
obtain chaotic dynamics. It would thus be surpris
not to find biological systems susceptible to genera
chaotic dynamics in some range of parameter valu
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Even though such behaviour can occur, it c
be expected to develop and persist only if it c
provide some selective advantage. But what mi
be the selective advantage conferred by a cha
behaviour? We feel that chaos (which is a kind
higher complex order – cf. the ‘Chaos’ which serv
as a prologue inDie Schöpfung of Josef Haydn) is
an extension of multiple periodicity, in which (i) th
trajectories explore extensively some regions of ph
space, (ii) the trajectories have occasionally acc
to ‘odd’ regions and yet (iii) stability is achieved
the sense that, even after the farthest excursions
trajectories bring the system back into a limited reg
of the phase space. In this sense, deterministic c
might display the selective advantages of an exten
homeostasis.
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