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Abstract

A theoretical analysis of the distinguishability problem of two rival models of the single enzyme-single substrate reaction, the
Michaelis—Menten and Henri mechanisms, is presented. We also outline a general approach for analysing the structural indis
tinguishability between two mechanisms. The approach involves constructing, if possible, a smooth mapping between the two
candidate models. Evans et al. [N.D. Evans, M.J. Chappell, M.J. Chapman, K.R. Godfrey, Structural indistinguishability between
uncontrolled (autonomous) nonlinear analytic systems, Automatica 40 (2004) 1947-1953] have shown that if, in addition, either
of the mechanisms satisfies a particular criterion then such a transformation always exists when the models are indistinguishabl
from their experimentally observable outputs. The approach is applied to the single enzyme-single substrate reaction mechanisn
In principle, mechanisms can be distinguished using this analysis, but we show that our ability to distinguish mechanistic models
depends both on the precise measurements made, and on our knowledge of the system prior to performing the kinetics experiment
To citethisarticle: S. Schnell et al., C. R. Biologies 329 (2006).
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Résumé

Différenciation des mécanismes en cinétique biochimique : é&ude delaréaction d’un substrat catalysée par une enzyme.

Nous présentons une analyse théorique du probléme de la différenciation de deux modeéles pour la réaction d’un substrat catalys:
par une enzyme, soit les mécanismes de Michaelis—Menten et d’'Henri, a partir de données expérimentales provenant d'expérienc
cinétiques. Nous proposons une méthode d’'analyse qui permet, le cas échéant, de prouver I'impossibilité de distinguer deux mé
canismes par certaines mesures expérimentales. En bref, on tente de construire une application lisse qui relie les deux modele
Evans et al. [N.D. Evans, M.J. Chappell, M.J. Chapman, K.R. Godfrey, Structural indistinguishability between uncontrolled (auto-

nomous) nonlinear analytic systems, Automatica 40 (2004) 1947-1953] ont, de plus, démontré que si chaque mécanisme satisfs
a un certain critére, une telle transformation existe toujours quand les modeles ne peuvent pas étre distingués dans le cadre d’'u
expérience donnée. La méthode est mise en pratique par une étude approfondie des deux mécanismes de catalyse enzymatique n
més précédemment. En principe, on peut distinguer le modéle de Michaelis et Menten de celui d’'Henri, mais, en pratique, cette
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différenciation dépend et des mesures prises et de nos connaissances antérieures duPsysteiee.cet article: S. Schnell et
al., C. R. Biologies 329 (2006).
0 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.
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1. Introduction In the second mechanism, which is known as the Henri
(H) mechanisn10] or Nuisance—Complex mechanism
Chemical kinetics entails the measurement of con- [11,12] C is formed but it does not have a catalytic role
centrations as a function of time with the aim of under- in the reaction (nonproductive enzyme-substrate com-
standing and characterising the reaction mechafi$m  plex). The latter is represented schematically as:
The term mechanism refers to the complete set of ele- . 5
mentary steps that specifies how a reaction takes place. ';1 S+ E Fop +E 2)

Elementary reaction steps are those that cannot be de- &

composed to reveal reaction intermediates that might Henri discovered that both schemes (MM and H) are

themselves be identified as separate chemical entities orkinetically indistinguishable after the application of the

a biochemically relevant timescale. _ equilibrium (or alternatively the quasi-steady-state) ap-
Constructing a reaction mechanism remains some- proximation, because the rate equations for the reaction

thing of an art[2]. One of the major problems is that yelocities have the same form. Although he never com-
several different mechanisms are often consistent with mjtted to a particular mechanism, Henri leaned towards

the available data, or may even give the same mathe-the MM mechanism in his 1903 bod&].

matical representatidi3,4]. This is sometimes referred We now know (and Henri clearly suspected) that in
to as the fundamental dogma of chemical kineflls  the vast majority of biochemical reactions, the com-
that is, it is not possible to prove that a reaction mech- plex ¢ is on the pathway from reactants to products.
anism is correct. We can only disprove mechanisms by |ndeed, the H mechanism is rarely even mentioned in
showing inconsistency with data, or with theoretical re- chemical and enzyme kinetics booK<]. In the oxi-
quirements for a model. However, the problem often gation of p-cresol by horseradish peroxidase however,
remains that some models are indistinguishable in the the variation of the kinetic constants witiH suggests
context of a given experiment or set of experiments. 5 nonproductive complex, i.e. the H mechanifi].
This is precisely the problem that Henri raised in 1902 Moreover, the MM and H mechanisms are seriously
when he considered two different reaction schemes asqqnsidered as alternatives in solvolyEi§] and in re-
tentative explanations for the single enzyme—substrate gctions involving a charge-transfer comp[é®,17]
reaction[6]. o _ Clearly, the MM and H mechanisms have prominent
Victor Henri, a man of extraordinarily diverse genius  features at the microscopic levél.is an intermediate in
(seeAppendix Afor a short biography), submitted his  the MM mechanism, while in the H mechanism it sim-
thesis for the degree of ‘Docteur és sciences’ in 1902. ply reduces the active mass of enzyme. These mecha-
The topic of his thesis was on the general theory of nisms are certainly distinguishable with the appropriate
enzyme action, which was later published in 1903 in experimental design. Admittedly, this particular contro-
his book entitledLois générales de I'action des dias- ygrsy arises rarely in enzymological investigations. In
f[ases[?]. In a paper published in a pr_edecessor o_f this general, however, knowing which experimental designs
journal, Henri[8] proposes two reaction mechanisms may pe used to distinguish rival mechanisms is a central
between an enzymg and the substrat8, forming an  concern of chemical kinetics. Revisiting Henri's prob-

enzyme-substrate compleéx Both reactions yield the  |em is thus an excellent way to sharpen the conceptual
productP. The first mechanism is known nowadays as gq|s available for this task.

the Michaelis—Menten (MM) mechanism of enzyme ac-

tion[9], although these authors clearly recognised Henri 1 1. Governing equations of the two reaction
as the originator. In this schemg, and S combine to mechanisms

form C, which yieldsP:

ki ko Before proceeding further with our discussion, let us
S+ Ek: C—P+E @) consider the governing equations for the reaction mech-
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anisms. The time evolution of the MM reaction is ob-
tained by applying the law of mass action to yield the

set of coupled nonlinear differential equations

ds

P _ K

& ki(—es + Ksc) 3
% =ki(—es + Kmc) (4)
dc

R - K

g = kales —Kue) (5)
dp

- —k 6
3 = ke (6)

with initial conditions(s, e, ¢, p) = (so, €, 0, 0) at time
t = 0. In this systemKs = k_1/k1 is the equilibrium

dissociation constant for the enzyme—substrate complex

and Ky = (k_1 + k2)/k1 is known as the MM con-
stant (see Schnell and Maifil8] for a review). The

lower-case letters represent concentrations and the sub-

script 0 denotes initial concentration. This mechanism
obeys two conservation laws: the enzyme conservation
law obtained by addin¢}) and (5)

eo = e(t) + c(t) (7

and the substrate conservation law obtained by adding
(3). (5) and (6)

so=s(t) +c(t) + p(1) 8

The H mechanism obeys the same mass conservation

laws as the MM mechanism, namgy)—(8). The full
set of differential equations for this mechanism is given
by:

ds

Fri (121 + /;2) (—eS + IZHC) 9)
% = k1(—es + Ksc) (10)
de - -

Fl kl(es - Kgc) (11)
d—p = koes (12)

with initial conditions(s, e, ¢, p) = (5o, €o, 0, 0) at time
t = 0. Note that we have added a tilde in both the initial
substrate and enzyme concentrations for the H mech-
anism. In this systemKs = k_1/k1 is the equilibrium
dissociation constant for the enzyme-substrate complex
andKy = k_1/(k1 + k»), which we call the H constant.
Mathematical biochemists usually reduce these sys-
tems to only two differential equations, farand c,
which together with the conservation laws fully describe
the reaction mechanisms. For the MM mechanism, the
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system of differential equations becomes

ds

T kl(—(eo —0o)s + Ksc) (13)
dc

Fri kl((eo —c¢)s — Km c) (14)

with initial conditions(s, ¢) = (sg, 0) at timer = 0. The
mass action rate equations for the H mechanism are:

ds

Fri (kl + 122) (—(éo —c)s + IeHc) (15)
d - ~
d—j = kl((éo —C)s — Ksc) (16)

with the initial conditions(s, ¢) = (5g, 0) at timer = 0.

1.2. Kinetic indistinguishability of the two reaction
mechanisms

These two mechanisms can be considered kinetically
equivalent under two criteria.

I. Roussel[12] has shown that they are equivalent
under the linear transformation criterion of Pri-
gogine[19]. By noting that the MM mechanisifi)
can be written in its elementary steps:

S+ES ¢ 7
cXi 51k (18)
cX pyE (19)
Adding stepg17) and (19)ields the step

S+EX PyE (20)

The H mechanism can therefore be obtained by lin-
ear transformation of the MM mechanism. Specif-
ically, the H mechanism consists of MM reac-
tions(17) and (18)long with reactior{20), which

is just the sum of reactiond7) and (19) Mecha-
nisms generated from one another by linear trans-
formation preserve the Onsager reciprocity rela-
tions[19], a necessary condition for kinetic equiva-
lence.

Two mechanisms are said to be homeomorfitic

p. 18]and kinetically equivaleriR1], if the reduced
systems of differential equations describing their
time evolution are of the same form, but the individ-
ual rate constants are differdttl]. It can clearly be
noticed by comparing the systefh3)—(14)for the

MM mechanism with the systeifi5)—(16)for the

H mechanism that the two mechanisms are homeo-
morphic and kinetically equivalent.
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In his seminal paper, Henf8] warned against the

dangers of homeomorphism when he derived, for
both mechanisms with the aid of the equilibrium ap-
proximation, a reaction rate expression of the form

Umax$

V= ——
K12+

where vmax is the maximum velocity an&y, is

the concentration of the substrate required for half-
maximal velocity{10]. Roussel and Fras§gt3] and
Rousse[12] show that this is not a surprising result
as the equilibrium expression is an approximation
to the slow manifold in the positivés, ¢) phase
plane described with the reduced system of differ-
ential equationg13)—(14) and (15)-(16)Roussel
and Frasef13] found that the behaviour of the
MM and H mechanisms is identical in thg, ¢)
phase plane. The only notable difference between
the phase plane descriptions of the two mecha-
nisms is the identification of the nullclines. In the
MM mechanism, the nullcline corresponds to the
quasi-steady-state approximation, while sheull-
cline represents the equilibrium approximation. For
the H mechanism, theands nullclines correspond,
respectively, to the equilibrium and quasi-steady-
state approximations.

Under these two kinetic criteria, we are led to the
impression that the two reaction mechanisms are in-
distinguishable. While the MM and H mechanisms are
kinetically equivalent, they are distinguishable.

One of the earliest efforts to distinguish these two
reaction mechanisms was made by Viflle]. He pre-
sented a specific distinguishability criterion by studying
the transient kinetics of the reaction. Viale noted that
d?p/dr? is positive during the initial transient for the
MM mechanism, while for the H mechanism it is nega-
tive. Hiromi[11] discovered that the increase of product
concentration starts with a lag period after the initiation
of the MM reaction mechanism. In contrast, the product
formation occurs immediately after the beginning of the
reaction in the H mechanism. More recently, the distri-
bution of the delay between reactant mixing and prod-

uct formation in enzyme-catalysed reactions has been

suggested22] as a criterion for generally distinguish-
ing reaction mechanisms. On the other hand, Czerlin-
ski [23] showed that relaxation kinetics studies can also
be employed for distinguishing between the MM and H
mechanisms.

Itis interesting to note that some of the distinguisha-
bility criteria presented above involv@, but previous

authors have missed the fact that it is necessary to ex-
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plicitly include the rate of product formationpgds or

the time course of the product formation to distinguish
between the MM and H mechanisrfi]. This is ev-
ident from the full set of governing differential equa-
tions describing both reaction schemes, tha3i)s-(6)

and (9)—(12) Earlier work of Roussel and Frasgi3]
shows that the steady-state kinetics of the two mecha-
nisms can lead to quantitatively differenp tbz curves
using Eadie—Hofstee plots if higher-order terms are in-
cluded in the approximations.

While we are able to distinguish between the MM
and H mechanisms employing these criteria, they have
specifically been developed for distinguishing between
these reaction schemes. From time to time an article ap-
pears in the literature emphasising the importance of de-
veloping general principles for distinguishing reaction
mechanismg3,4]. Most available methods are empir-
ical and rely on establishing a detailed understanding
of the dynamical differences between the proposed re-
action mechanisms, as is the case for the MM and H
schemes.

1.3. Structure of the paper

In the present work, we briefly describe three of the
four kinds of experiments commonly used for enzyme
kinetic studies (Sectiog). In Appendix B we outline
an approach for analysing the structural indistinguisha-
bility between two reactions governed by autonomous
analytic systems. The approach involves constructing,
if possible, a smooth mapping between the trajectories
of two candidate model mechanisms. Evans ef24]
showed that if, in addition, either of the models satis-
fies an appropriate criterion, then the mechanisms are
indistinguishable from their experimentally observable
outputs only when this mapping between trajectories
exists. The approach is applied to the two rival sin-
gle enzyme-substrate reaction mechanisms in Se8tion
This is followed by a discussion (Sectidh

2. Experimental approaches used to study reaction
Kinetics

To set the stage, we need first to understand the
experimental approaches employed to study reaction
mechanisms and measure the kinetic parameters. In typ-
ical biochemical experiments, concentrations are mea-
sured by the absorbance of light at one or more wave-
lengths[24,25] If the molar absorptivities of the mea-
sured components at these wavelengths are known, then
biochemists use Beer’s law to determine the concentra-
tions. Thus, in matrix notation,

y=¢x (21)
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where y is the vector of observed absorbances at dif-

ferent wavelengths is the vector of concentrations of
species absorbing at these wavelengthsgasd matrix

of molar absorptivities. If the wavelengths are appro-

priately selected, then is an invertible square matfix
and we can recover from y by solving the linear sys-
tem(21).

In favourable casest, S, C and P all absorb at

sions for the species concentrations as a function of
time. The concentration of the substrate or product
is recorded in time after the initial fast transient and
for a sufficiently long period to allow the reaction
to approach equilibrium. We note in passing that,
while they are less common now, progress curve ex-
periments were widely used in the early period of
enzyme kinetics when Henri was active in the field.

wavelengths where the others have negligible absorp-(3) Transient kinetics experiment$n these experi-

tivities and the matrix is diagonal. Since” is an in-

termediate in the single-enzyme-catalysed reactions, its

concentration(c) is usually quite small and, unless it

ments, reaction behaviour is tracked during the ini-
tial fast transient as the intermediate reaches the
QSS period. These experiments are more difficult

has large absorptivity, its absorption can often be ne-
glected. To illustrate the use of a formal structural indis- cause they require rapid mixing and observation
tinguishability analysis, let us then consider the simplest techniques.

case, namely that of an absorbance measurement at §4) Relaxation experimentsn these experiments, an

to perform than either of the above two classes be-

single wavelength; we have:

y(t, p) =h(x, p) =¢ss(t, p) + epp(t, p) (22)

In this equation}: is the corresponding output structure
for the reaction ang is a constant parameter vector (see
Appendix Bfor more details). In general, the substrate

(es) and productep) absorptivities are significantly dif-
ferent.

equilibrium mixture of enzyme, substrate and prod-
uct is perturbed, for instance by a temperature, pres-
sure or pH jump, and the return to equilibrium is
monitored. The analysis of these experiments re-
quires consideration of the fully reversible reaction.
Moreover, relaxation experiments are relatively in-
sensitive to mechanistic details and are thus not typ-
ically used for mechanism identification, although

Biochemists usually study enzyme-catalysed reac-
tions using four types of experimerj4,25}

they can be under appropriate conditig@a8]. We
therefore do not consider them further in this article.

(1) Initial rate experimentsWhen an enzyme is mixed 3. Structural indistinguishability analyses for
with a large excess of the substrate, the enzyme- proposed reaction schemes
substrate intermediate builds up in a fast initial
transient. Then the reaction achieves a quasi-steady The process of deducing a reaction mechanism en-
state (QSS) in which remains approximately con-  tails several steps. One of them is to recognise all the
stant over time and the reaction rate changes rela- possible reaction mechanisms that are consistent with
tively slowly. Rates are measured for a short period the data and devise experimental tests to rule out cer-

after the attainment of the quasi-steady state, typ- tain of the candidate reaction schemes. These are known

ically by monitoring the accumulation of product  as falsifying tests. In this section, we explore the ex-
with time. Because the measurements are carried perimental procedures that can be employed to distin-
out for a very short period and because of the large guish between the two reaction schemes give(il3)y—

excess of substrate, the approximatior so can (14) and (15)—(16)ising a structural indistinguishability

be made. The initial rate experiment is the sim- analysis. (Seédppendix Bfor the theoretical underpin-
plest to perform and analyze, being relatively free nings.)

from complications such as back-reaction and en-
zyme degradation. It is therefore by far the most 31 |nitial rate experiments
commonly used type of experiment in enzyme ki-

netics. _ _ The initial rate experiments are carried out in QSS
(2) Progress curve experiments these experiments,  conditions, implying that the intermediates enter a

the kinetic parameters are determined from expres- slowly changing regime (see Roussel and Fr42e,
Schnell and Main[28] for recent studies). For the one-
1 |f there aren chemical species and observation wavelengths,  iNtermediate mechanisms studied here,
thene is anm x n matrix. If m > n, the concentrations can be recov- de

ered from the absorbances using the pseudo-inversgagprocedure a0
that is equivalent to least-squares fitt{i26]. dr
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Applying the QSS approximation to the MM mech-
anism, yields
eos
Km +s
We can easily obtain an equation for the evolution of the
observabley by substituting(13), (6) and (23)nto the
derivative with respect to time ¢22).

~
~

(23)

Umax$
Ky +s

y=¢s§ +epp = (ep — €5) (24)

W|th VUmax = kzeo.
Proceeding similarly for the H mechanism, we get:

eos
cr —
s+ Ks
Therefore
§ = (ep— eg) X (25)
s+ Km

whereimax = k2K séo.

Egs.(24) and (25)re of identical form, thus clearly
indistinguishable because the outputsigfix = vmax
and Ky = Ky are indistinguishabfe Therefore, our
analysis indicates that the underlying evolution @f-
plied by the two reduced sets of equations is also indis-
tinguishable. Note that this is true even if we know the
absorptivities a priori.

3.2. Progress curve experiments

As we mentioned in Sectia? the substratesg) and
product (ep) absorptivities in(22) are generally sig-
nificantly different, but it may be difficult to select a
wavelength where they have different orders of mag-
nitude. If a wavelength can be found where one com-
pound absorbs while the other does not, this problem
reduces to measurements of quantities proportional to
or to p. Otherwise, it will be necessary to study the case
in which boths and p contribute to the absorbance.

3.2.1. Measuring substrate concentration
Suppose that it is only possible to measure the ab-
sorbance of substrate in the experiment. ket p) de-

S. Schnell et al. / C. R. Biologies 329 (2006) 51-61

k1(—(eo — x2)x1 + Ksx2)
k1((eo — x2)x1 — Kmx2) ) (26)
2w = [ (ki + ko) (—(@0 — X2) %1 + Kni2)

F& = ( 1((Go — 271 — Ksi) ) @7

The corresponding output structures for the reaction
schemes are given by:

f(x,p)=<

h(x, p) =esx1 (28)
and
h(%, p) = &s¥1 (29)

so that the observable outputs are given by:

y(t, p) =¢ss(t, p), y(t, p) =¢€ss(t, p)

The parameter vectors are given by:

p= (k1 k_1.k2, s, 50,€0)" and

P = (k1. k_1, k2, s, S0, 50)T

Suitable spaces of admissible parameter vectors for the
two schemes ar® = 2 = RS . Let A(¥) = (11151 +

110%2, 121%1 + 122%2) T be a general linear map. This map
satisfieqB.5) if and only if:

h(A(F), p) = es(t11¥1 + t10%2) = EsF1 = h(F, p)

o5t + Ks(t21%1 +122%2))

Esy
£s

k1(—(eq — (t21X1 + 122%2))

for all x, which can only be the caserify = £s/es and
t12 = 0. Therefore\ satisfiegB.4)if and only if:
— Km(121%1 + 122%2)) )

f(A@), p)
(30)

B ( k1((eg — (12171 + 122%2))

= ("5 ) (

- 122
ON _ o~ . .

=8—~(x)f(x,p)
X

for all x. Considering the first component, this is the
case only if:

(k1 + ko) (= (é0 — ¥2)¥1 + Kni2)
k1((ep — X2)x1 — Ks¥2)

gs/es
21

(tark—165 + (k1 + k2)Eséo — eok1s)F1

+ (t2ok—165 — 127153)372

note the state vector for the reaction scheme given by (tzzklés — (k1 + /22)53);1}2 + tﬂklgs;zf =0

(13)—(14)andx (¢, p) that for(15)—(16) so that
_ (5@ p) -, = _ (5@ p)
x(t,p)_<c(t’p)) and x(t,p)_(c(t’ﬁ)>

wherep andp are the corresponding parameter vectors.
The right-hand sides of the two models are given by:

2 This analysis can also be extended to the individual parameters in
Umax, Vmax, Km andKy.

for all ¥, which means that each of the coefficients of
this polynomial must be zero. From the coefficient of
if it follows (sincek1 # 0 andés # 0 by definition of

2 = Q) thatry; = 0, giving the following resulting ex-
pressions for the remaining coefficients:

(]21 + /;2)50 = egk1, took_165= 12_155, and

took1 = (k1 + /;2)
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which together imply that
koigs _kit+ke _eo
k_ies ki éo

For the second component (#0) to be satisfied, in ad-
dition, it is necessary that

(31)

kies -~ \. eo,- -
eo(— - k1>x1 + — (k=1 — (k—1+ k2))X2
£s )
eo [ ~
+ ~—O (kl
éo

for all x, which implies for the corresponding coeffi-
cients that

ki1gs\ . .
— — )x1x2=0
&s

. .~ kqF
k_1=k_1+ky and k;= xies
£s
For A to satisfy the remaining equation ftheorem 1
namely Eq(B.3), it is necessary and sufficient that the

following be satisfied:

o) = (C597°%) = (75) =50
which implies that

£s50

S0= ——
€s

Combining the relations i(B1), (32) and(33) gives the

following:

(32)

(33)

- ki€ ~ ~ k1koe
k1=l—s, k_1=k_1+ko, ko = 17278
£s k-_1es
- £s50 5 k_1&se0
so=—, and gg=—-—"-— 34
£s (k—1+k2)és ( )

Thus for generigp € 2, any p € 2 that satisfieg34)
has a pair(V;,) such thatTheorem 1lis satisfied,
where

5 w2 _ ( (sox1)/50
V=R, and A(x)= <(eox2)/50)

Conversely, for generip € £2 choosess > 0 arbitrarily
and then set

é ~ o~
k1=£>0, so=@>0

€S €S

k_1k
k_1== 1} >0

k1 + k2

kok_ eois(k1 + k
k2:~2 ~1>O, and 6026088(~41+2)>0

k1 + ko kies

to obtain ap € 2 such that there is a pamf/i,, A) satis-
fying Theorem 1where

Y _( (sox1)/50
V=R, and A(x) = ((eom)/éo)

Therefore it is seen from this analysis that the two re-

action schemes are structurally indistinguishable from

experiments that only measure the concentration of sub-
strate.

3.2.2. Measuring product concentration

Suppose that it is only possible to measure the con-
centration of product in the experiment to be performed.
To allow for the corresponding output structure, the dif-
ferential equation governing the temporal evolution of
the concentration of the product is included in both
models,(13)—(14) and (15)—(16)The resulting right-
hand sides of the two models are given by

k1(—(eo — x2)x1 + Ksx2)
) (35)

fx.p)= ( ki((eg — x2)x1 — Kmx2)
kax2
(k1 + k2)(—(eo — X2)x1 + KnX2)
k1((ég — ¥2)¥1 — Ks¥2) ) (36)
kax1(eo — X2)
and the corresponding output structures for the reaction
schemes are given by

f(i,iﬂ:(

h(x, p) =epx3 and (37)

h(%, p) = &pi3 (38)
so that the observable outputs are given by

y(t, p)=¢epp(t,p), ¥, p)=Epp(t, p)

For givenp € £2 and p € £2, the observable outputs for
the two reaction schemes are identical if and only if
y(t, p)=yt,p) forallt >0

Since the observable outputs are analytic functions
aboutr = 0, this is equivalent to the following equa-
tions:

yO©t, py=3D©", p) foralli=0,1,2,... (39)

where

i . dy

D ©t, p)=lim — and
y(@Q", p) i (r.p)

© ot — (0
y (07, p)=y(@, p)
Eqg. (39) is satisfied fori = 0 since both observable
outputs are zero at= 0 (zero initial concentration of
product). Fori = 1, we have:
yP (0", p) = epkoc(0, p) =0 and
FP (0, p) = Epkas (0, p) (%0 — (0, p)) = Epkaioco
Therefore, since all of the parameters are positive, there
are no parameter vector pairg, p), p € 2 andp €
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2, such thaty(¢, p) = 3(t, p) for all t > 0. The two
reaction schemes are therefore distinguishable from the
proposed experiment.

3.2.3. Measuring both the substrate and product
concentrations

Now let us consider the case in which we are mea-
suring both the substrate and product in the observable
output. Typically, progress curve experiments are car-
ried out during the slow transient of the reaction, and
relatively slow recording equipment is employed for de-
termining the progress curves. Accordingly, we would
record data along the slow manifdli3].

As shown by Roussel and Fras@r3] and Rous-
sel[12], the slow manifold can be determined by solv-
ing a functional equation parameteriseddgy Km, and
the branching probability = k_1/(k_1 + k2) for the
MM mechanism. The corresponding parameters for the
H mechanism aréy, Ks = k_1/k1, anda = k1/ (k1 +
k»). Because of the homeomorphism mentioned ear-
lier, the two manifolds have equations of identical form,
which may be expressed as= C4(s; eo, Km, ) Or
¢ = Cp(s; é0, Ks, @). The rate equations of the MM
mechanism on the slow manifold reduce to

ds

7= —kis[eo — Cpq(s: €0, Km, @) ]
+k_1Cpq(s; €0, Ky, )

((jj—l: =koCprq(s; €0, Km, @)

Similarly, for the H mechanism,

ds ~ o~ - 5~

= — (k1 + k2)[e0 — Crq(s; €0, Ks, @)]
+ I€_1CM(S; eo, 153, a)

((jj_; = Izzs[éo — Cpm(s; é0, Ks, a)]

Suppose that we knowg andep. Then, substituting into
(22), the observable outpugsandy satisfy the expres-
sions
dy

— = —¢ggk1s

4 [eo — Cq(s: o, Km. @) ]

+ Crm(s; eo, K, o) (k—1e85 + koep)

dy _ oL . .

d—f = s[eo — Cpm(s; €0, K, a)][—ss(kl + ko) + Epkz]
+k_185C A4 (s 20, Ks, &)

If higher-order approximations for the slow manifolds

are calculated, matching the mechanisms requires:

eo=¢, Ku=Ks, a=a
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k1es = 85(/;1 + ]22) — lgzep, and

k_16s+ koep = k_165

Note that there are five linearly independent conditions
and only four free parametereg( k1, k—1 andky). Ac-
cordingly, we cannot match the two observable outputs
for all time, and therefore the reactions may be kinet-
ically distinguishable. This is consistent with the ear-
lier work of Roussel and Fras§t3] and Rouss€l12],
where they found that the MM and H reaction mecha-
nisms are distinguishable if both the substrate and prod-
uct are measured in the observable output of progress
curve experiments.

The above result holds if we knawg andep a priori
and are thus not allowed to use them as fitting parame-
ters. Ifes andep are in fact unknown, we instead get the
matching conditions

eo=2¢, Km=Ks a=a

kies= 53(121 + /;2) — ka#p,

k_16s+ koep = k_15s

and

These conditions may be satisfiable with physically re-
alistic positive constants if:
Es(k1 + k2) > kozp (40)

If this is not the case at the particular wavelength cho-
sen, then the two models will be distinguishable. If in-
equality(40) is satisfied, we can choose

_ 1. - - ~
eo=e0, k1= os [Es(k1 + k2) — k2Ep]
N
k_1=— =———=|&s(k1+k2) — koép
€s k1 + ko [ ]
1 ];,1122 o~ ~ ~
k2 = — === ES(kl + kz) — k28P
€s ki(k1+k2) [ |
and
kiép
ep=¢

ST—=——= =
es(k1 + ko) — koép

with the choice oks being free.

3.3. Transient kinetics experiments

In transient kinetics experiments, measurements are
made early during the pre-steady-state phase. Under

typical in vitro conditions £p >> ¢p), the substrate con-

centration will change little during this phase as the
enzyme-substrate compleX accumulates toward its
QSS value.
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It is possible to show that the observable outputs of  We focussed our attention on the classical example
transient kinetics experiments are distinguishable, that of the two rival models of simple enzyme catalysis: the
is y cannot be superimposed @ffior all z, even if we are MM and the H mechanisms. Using the structural in-
able to control the parameters of the dynamical system. distinguishability approach outlined #&ppendix B we
In typical experiments, the initial substrate concentra- find that it is possible to distinguish between the MM

tion and molar absorptivities are known. Thus, and H mechanisms if the reaction under consideration is
o studied using progress curves or initial transient kinetics
(0. p) =5(0. p) =ess0 experiments, and the reaction observable output mea-
For the MM reaction, we can easily obtain an equa- sures both the substrate and the product concentrations
tion for the evolution of the observable by substitut- or only the product concentration. In the progress curve
ing (13), (6) and the initial conditionss, ¢, p)(t =0) = experiments, if we know the molar absorptivities of the
(s0, 0, 0) into the derivative with respect to time (£2): observable outputs and measure the mixed (substrate
) and product) signa{22), then we can distinguish be-
¥(0, p) = —eskeoso (41) tween the two models. This is in agreement with previ-
Proceeding similarly for the H mechanism, we get: ous work by Roussel and FragéB] and Roussd12].
P JOVE However, if the substrate and product absorptivities are
¥(0, p) = —sstoso[ k1 + ka(1 - ep/e9)] (42) unknown, we may not be able to distinguish between
If ep < es, theny andy have the same sign and can be them, depending on whether or not inequali@#p) is
matched: satisfied. Similarly, for transient kinetics experiments,
.. distinguishability between the two mechanisms depends
kieo = éolk1 + k2(1 — ep/es)] (43) on the molar absorptivities of the substrate and product.
On the other hand, .EfP is Significanﬂy |arger thaBS, 5} ThUS, our abl'lty to distinguish between models WI“,

may increase at early times, a behaviour which is not in many cases, depend critically on details of what is
allowed by Eq.(41). Here we have a case of condi- Mmeasured and of what we know about an experimental

tional distinguishability: ify > 0 at early times, thenwe ~ System a priori. Similar comments have been made by

can exclude the MM mechanism, Whereas}'f(){ 0, we Czerlinski [23] with regard to the use of data from re-
cannot falsify either of the above mechanisms. laxation experiments to distinguish between the Henri
This behaviour of course makes sensespf« s, and MM mechanisms.

then essentially we are just measuring the substrate con-  In the biological sciences it is becoming increasingly
centration, and distinguishing between the two mecha- common to collect data in high-throughput experiments
nisms is impossible, as we have shown in Secliéhl on genomic, proteomic, and metabolomic scales. These
On the other hand, itp > ¢s, y is a signal propor- data hold the promise of identifying the mechanisms
tional to the product concentration and distinguishabil- Of interactions that comprise large-scale regulatory bio-
ity is guaranteed. Intermediate cases may or may not bechemical networks. Most of the work in this area is fo-
distinguishable, depending on the signyofwhich de- cussed on the development of mathematical and compu-
pends on the sizes of both the absorptivities and the ratetational techniques for the reconstruction of the reaction
constants. Obviously, if there are random errors in the mechanismg2]. Unfortunately, these sorts of inverse
measurements, the problem becomes more difficult in problems do not afford a unique solution, and little at-

these intermediate cases. tention has been paid to the development of systematic
and comprehensive approaches for distinguishing be-
4. Discussion tween mechanism@2]. The method presented in this

paper provides a solution to this problem, because it can

The primary purpose of this paper is to illustrate an be applied to more complex reactions to falsify mecha-
approach for determining whether or not two reaction nisms by designing specific experiments.
mechanisms are distinguishable in a particular exper-
imental context. The approach involves constructing, Acknowledgements
if possible, a smooth mapping between the two can-
didate models. It was shown if29] that if either of The authors would like to thank Prof. Philip K. Mai-
the mechanisms satisfies an observability criterion, then ni (University of Oxford) for his critical comments.
such a transformation always exists when the models S.S. was funded by the Research Training Fellow-
are indistinguishable from their experimentally observ- ship Programme in Mathematical Biology (Grant No.
able outputs. 069155) of the Wellcome Trust (London). N.D.E. and
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neering and Physical Sciences Research Council (UK) subset ofR?, are constant parameter vectors. The sets
under Grant GR/R70354. and £2 denote the sets of admissible parameter vectors
for the two modelgB.1) and (B.2) respectively. The
vectorsx(t, p) andx(z, p) are comprised of the state
Appendix A. Biography of Victor Henri variables for each model, which are the different species
) . ) ] concentrationss( ¢, etc.) whose values are governed
Victor Henri was born in Marseilles from Russian . the system of differential equations comprising the

parents in 1872. He went to school at St Petersburg andmodel,(B.l) and (B.2)respectively. These kinetics, and
later studied at the Universities of Paris, Gottingen, and hence the solutions(z, p) andi(z, p), are dependent

Leipzig, taking the degree of PhD at Gottingen and later
‘Docteur és sciences’ at Paris. He was an academic of
extraordinary genius who published over 500 papers in
such diverse disciplines as psychology, physiology, bio-
chemistry and physical chemistry. In 1894, he published
his first book entitledntroduction a la psychologie ex-
périmentalein collaboration with A. Binet, J. Courtier
and J. Philippe. His last book waShimie générale
While his contributions have been considered of the first
rank in several fields, his name is not better known be-
cause he worked in quite different fields and never over ;
self-advertised his work. In 1939, he placed himself at 2" OUtput structure for the model. The analytic func-
the disposal of the French government to take up war- 1ONS h(x(1,p),p) and h(x(1, p), p) determine for
related scientific research. He died of natural causes at'What combinations of state variables data are to be col-
La Rochelle in 1940 after his unit was evacuated from |€cted. The resulting output, or measurement, vectors
Paris ahead of the advancing German forces. For more@r® (¢, p) = (1(t, p), ..., y:(t, p)' and j(r. p) =

. ~ ~ T . . .
details, the readers can consult the book of Bojgje ~ (V1(%, P), ..., y,(1, p))’, respectively, and it is these
Chapter 7] vectors that are compared with the collected experimen-

tal data during subsequent parameter estimation.
Suppose that there existpae 2 and ap € £2 such
Appendix B. Structural indistinguishability thaty(z, p) = y(¢, p) for all t > 0. Then it is not possi-
between reaction schemes ble to distinguish between the model given(By1) with
parameter vectop (i.e., X (p)) and the model given by
An important question that needs to be addressed (B.2) with parameter vectop (i.e., £ (p)) from their
in experimental sciences is the structural identifiabil- outputs. Therefore, even with perfect data — continu-
ity problem of whether the unknown parameters of a ous measurements that are noise-free and error-free —
postulated model are uniquely determined by the out- it is not possible to distinguish between the reaction
put structure of the model corresponding to the exper- schemes modelled by (p) and £ (p) from the pro-
imental desigr{30]. Structural indistinguishability for  posed experiment. In this case the modElgp) and
nonlinear systems generalises this problem to one of £(p) are said to be@utput indistinguishablewhich is
determining the uniqueness between a pair of possibleyyitten asX(p) ~o 2 (p).
candidates for the model (or mechanism) strucfRég. Output indistinguishability refers to a specific pair
More formally, suppose that the following two (parame-  of candidate schemes for a reaction with a correspond-
terised) model structure;(p) andX'(p), are proposed  jng pair of parameter vectors. Of more interest is a

on the particular parameter vectgese 2 and p € 2
used in the models. It is assumed that there exists an
open connected s&f such that, forany € 22, f(-, p)
is analytic onM andx(¢, p) € M for all ¢ > 0. In addi-
tion, given anyx € M, f(x,-) is analytic ons2. Similar
assumptions are made f@rand the reaction schenze.

The indistinguishability problem arises because, in
general, it is not possible to measure all reactants in
a given chemical reaction. An experiment that is used
to collect measurements of the process gives rise to

for a given chemical process: structuralproperty relating the two model structures for
x(t, p)=fx(, p),p) arbitrary parameter vectors, except for some degener-
2(p) ! x(0, p) = x0(p) (B.1) ate set, i.e., those belonging to a subset of a closed set

—n of (Lgbesgue) measure zero. Therefore, the schefnes
J,’(t’ p)= ~(x . p).p) andX are said to bstructurally indistinguishablewrit-
x(t, p)=f(x(, p), p) ten ¥ ~s &, if for genericp € £2 there exists € 2
2(p) | %0, p) =Xo(p) (B.2) su_ch that¥ (p) ~o X (p); and for geperici; € §2 there
§(t, p) = h(F (., p), P) exists ap € 2 such that¥ (p) ~o X (p).
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Corollary 4 in Evans et a[29] provides the follow-
ing result, which allows testing for structural indistin-
guishability between two candidate reaction schemes.

Theorem 1[29]. Letp € 2 and p € £2. If there exist a
neighbourhoodV; of Xo(p) and a smooth mag, de-

fined onV;, such that:

A(Zo(p)) =x0(p) (B.3)
A _ -~

fFA@). p) = 7 O E.P) (B.4)

h(A(®), p) = h(Z, p) (B.5)

forall ¥ € V;, thenX (p) ~o X (p).

To show that the two reaction schemBsand X are
structurally indistinguishable using this result, it is suffi-

cient to show that the following conditions are satisfied:

(1) for genericp € £2, there exists a triplép, \71;,, )
satisfyingTheorem 1

(2) for genericp € £2, there exists @ < £2 and a pair
(\7i,, A) such thafTheorem 1is satisfied.

Since it is only necessary to show the existence of a

smooth mapa, different classes of functions can be
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