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We consider a biological economic model based on prey-predator interactions to study
the dynamical behaviour of a fishery resource system consisting of one prey and two
predators surviving on the same prey. The mathematical model is a set of first order non-
linear differential equations in three variables with the population densities of one prey
and the two predators. All the possible equilibrium points of the model are identified,
where the local and global stabilities are investigated. Biological and bionomical
equilibriums of the system are also derived. We have analysed the population intensities
of fluctuations i.e., variances around the positive equilibrium due to noise with
Stochastic delayed perturbation inco.r[.)oration of a constant delay .leading to chao§, and.lastly have investigated the
Fourier transform methods stability and chaotic phenomena with a computer simulation.

Chaos © 2012 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.
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1. Introduction the optimal management of renewable resources which has

a direct impact on sustainable development, has been

The prey-predator system is an important feature in
population dynamics and has been studied by many authors
[1-4]. It is already known in the classical predator-prey
system where each individual predator possesses the ability
to attack prey. Even since research in the discipline of
theoretical ecology was initiated by Lotka [5] and Volterra
[6], several mathematicians and ecologists contributed to
the growth of this area of knowledge and this has been
extensively reported in the treatises of Meyer [7], Cushing
[8], Conlinvaux [9], Freedman [10], Kapur [11,12]. Recently,
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studied extensively by Chaudhuri [13], Kar and Swarnaka-
mal [14], and Clark [15]. Now, people are facing the
problems due to shortage of resource management.
Extensive and unregulated harvesting of marine fish has
lead to the extinction of several fish species. These problems
are seen in marine reserved zones, where fishing and other
activities are prohibited. This marine reserve not only
protects species inside the reserve area, but also increases
fish abundance in adjacent areas. The model of ecological
system reflecting this has been given by Kar and Swarna-
kamal [14] and Rui Zhang et al. [16]. The ecological
interactions are broadly classified as prey-predation,
competitions, neutralism, mutualism and so on.
Harvesting has a strong impact on the dynamic
evolution of a population. We know, depending on the
nature of the applied harvesting strategy, the long-run
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stationary density of the population may be significantly
smaller than the long-run stationary density of a popula-
tion in the absence of harvesting [15].

Generally, a bionomic model consists of a biological or
biophysical type which describes the behaviour of a living
system, and an economic model which relates the
biological system to market prices and resources with
institutional constraints. Bio-economic models contain a
single mathematical equation to represent a biological
process. The logistic equation is the most commonly used
function to capture the essential features of population
densities in fishery and forestry management. However,
there exists an increasing trend towards simulation
models which are developed by biologists and agricultural
scientists. These types of models also model the approxi-
mate dynamical behaviour in real situations and their
complexity may preclude their use directly as part of
optimal control models.

As harvesting has a strong impact on the dynamic
evolution of a population, depending on the nature of
applied harvesting strategy, the long-run stationary
density of the population may be significantly smaller
than the long-run stationary density of a population in the
absence of harvesting. In the absence of harvesting, a
population can be free of extinction risk; however,
harvesting can lead to the incorporation of a positive
extinction probability and to potential extinction in finite
time. If a population is subject to a positive extinction rate
then harvesting can drive the population density to a
dangerous low level at which extinction becomes sure, no
matter how the harvester affects the population after-
wards. The exploitation of biological resources and
harvest of population species are commonly practiced
in fishery, forestry and wildlife management. Fishery, an
ancient human tradition, has satisfied the food needs of
mankind for thousands of years and has become
economically, socially and culturally fundamental. Now-
adays, fishes are in real trouble as their populations are
being depleted to dangerous low levels, and it is necessary
to discuss further in order to understand short- and long-
term exploitation patterns in fishery management [17].

The problems of predator-prey systems in the presence
of harvesting have been discussed by many authors; most of
them have focused attention on optimal exploitation guided
entirely by profits from harvesting. Brauer and Soudack
[18,19] studied a class of predator-prey models under a
constant rate of harvesting and under a constant quota of
harvesting of both species simultaneously. The prey-
predator model with harvesting was also studied by Dai
and Tang [20], Myerscough et al. [21], Kar and Chaudhuri
[22,23].

Recently, stability analysis of three species with
environmental fluctuations was investigated by Gazi
et al. [24]. Local stability analysis for a two-species
ecological mutualism model has been presented by Reddy
et al. [25] and stability analysis of neutral species was
carried out by Reddy et al. [26]. Also, the stability analysis
of prey, predator and super-predator was carried out by
Reddy et al. [2,27]. In 2006, Carletti [28] considered a delay
differential equations model with bacteriophage infection
and discussed the robustness of the positive equilibrium

with respect to stochastic perturbations of the environ-
ment using two different approaches. He investigated the
analytical estimates of the population intensities with
fluctuations by Fourier transform methods. Extensive
numerical simulation suggested that a noisy environment
for the bacteria population has much more destabilizing
behaviour on the concentrations at the equilibrium point
than a noisy environment for the phage.

The present investigation is an analytical study of three
species system comprising a Prey (S;) common to two
predators (S;) and (S3) which are in competition with each
other. Some of the equilibrium points are identified based
on the model equations and these are given in four distinct
classes:

in the absence of all species;

in the absence of second predator;

in the absence of first predator;

in the presence of all the species (the co-existent state).

This article is organized in the following way. In the
next section, we study the existence of local stability of the
equilibria and their dependence on the harvesting efforts.
We have concentrated much more on the interior
equilibrium of the system as we are interested in the
existence of the species. Next, we derived the criteria for
the global stabilities of the system. Taking simple
economic considerations into account, we have discussed
the possibilities of the existence of a bionomic equilibrium
when the system is exploited. We also computed the
population intensities of fluctuations, i.e., variances around
the positive equilibrium due to incorporation of noise
which leads to chaos in reality [29]. Some numerical
results are presented. The problem ends with a brief
description of the principal results obtained here. In
particular, our present model could be applied to fish
species like goldband fish as a prey, sharks as a first
predator and baleen whales or dolphins as second predator
in the real ecological arena.

2. Mathematical model
We consider three species multisystem model by the

following set of three non-linear ordinary differential
equations:

dX] 2
E:al?ﬁ — 11X + Q12X1X2 — 013X1X3 — q1E1xy (1)
dXz

2
= 02%2 — 22X — 021X1X2 — 023X2X3 — q2Exx, (2)
dX3

2
a a3X3 — (033X3 + 031X1X3 — (032X2X3 — (3E3X3 (3)

with the following notation:

o x;(t): population density of the species S;at time t;i=1, 2,
3;

e a;: the natural growth rates of S, i=1, 2, 3;

e «;i: the rate of decrease of S; due to its own insufficient
resources, i=1, 2, 3;
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e 01,: the rate of decrease of the prey due to inhibition by
the predators, n=2, 3;

e 0in1: the rate of increase of the predator due to its
successful attacks on the prey, m=2, 3;

e K;=a;/oy;: carrying capacities of species, i=1, 2, 3.

Further, the variables x, X, and x3 are non-negative and
the model parameters a;, Kj, o, i=1, 2, 3,j=1, 2, 3.

e (1: catch ability coefficient of prey species;

e (,: catch ability coefficient of predator species;

e (3: catch ability coefficient of predator species;

e E;: effort applied to harvest the prey species (S;);

o E;: effort applied to harvest the predator species (S;);
o E5: effort applied to harvest the predator species (S3).

Throughout our analysis, we take the initial conditions
as

ax — qE; >0,
as — q3E3 >0, (4)
a; —q,E1 >0

3. Existence of equilibrium points

The steady state equations of (1)-(3) are

2

a1X1 — 011X — 012X1X2 — 13X1X3 — 1E1%1 =0
2

(zXy — X5 + Ka1X1Xy — (p3XaX3 — (2Ea%; =0
2

(3X3 — (0033X3 + 031X1X3 — (032XX3 — 3E3x3 =0

System (1)-(3) possesses the following steady states:

e the trivial state G; (0,0,0) (in the absence of all the
species);

o the axial state G,(X;,%,,0) (in the absence of second
predator);

o the boundary state Gs (x‘f, 07x§’) (in the absence of first
predator);

o the steady state of coexistence G4 (X1, X», X3 ) (the
interior equilibrium).

Case (i): Gy (0,0,0) i.e. the population is extinct and this
state always exists.
Case (ii): if X; and X, are the positive solutions of

2

a1X1 — 01X] — A12X1Xy — A13X1X3 — 1E1% =0
2

(xXy — X5 + 021X1X2 — (03X2X3 — (Eax =0

Then

% = axp(ar — q1E1) —anp(ax — qoE)
Q21012 + 0110022

X = az1(ar — qq1E1) +aq1(ax — q,E3)

Q10012 + 01102

>0

X, is positive provided the following inequality holds:

ax(ar — q1E1) > anz(az — q:E2)

Case (iii): if x:? and x5? are the positive solutions of

2

a1X1 — 01X] — 12X1Xp — X13X1X3 — 1E1% =0
2

(3X3 — (033X5 + 031X1X3 — (032X2X3 — (3E3%3 =0

Then

X = a33(a; — q,E1) + a13(as — qsE3)
Q130031 + ({11033

o _ @31(m — q1E1) + ani(a3 — g5E3)
130031 + ({11033

X3
x?is positive provided the following inequality holds:

as3(ar — q1E1) > on3(as — q3E3)

Case (iv): if x; and x," are the positive solutions of

2

a1X1 — 01X] — 12X1Xp — X13X1X3 — 1E1% =0
2

axXp — X5 + 021X1 Xy — W3XX3 — (rEax; =0
2

(3X3 — ({33X3 + (31X1X3 — ({32X2X3 — (3E3%3 =0

Then

. N . N . N3
X1 737)(2 757)‘3 =D
where

N1 = (a1 — q4E1)[o220033 — a230032]
+ (a2 — qE2) 130032 — q20033]
+ (a3 — q3E3)[orq20023 — 0r130027]

Ny = (a1 — q1E1)[0310023 — t21033]
+ (a2 — g2E2)[0110033 — 04130¢31]
+ (a3 — q3E3) (011023 — at13021]

N3 = (a1 — qqE1)[o310022 — 0210032]
+ (a2 — qaE2) (110032 — q20031]
+ (a3 — q3E3) 11022 — 020021]

D = ay1[app033 — tp30032]
+ 0200210033 — 0031023]
+ 3300 — @210032]

For x;', X2, X3~ to be positive, the following inequalities
hold:

Q220033 > (3(X32; (13032 > (X12(X33;
Q31023 > (1(X33; (X312 > (1 (X32;
Q21033 > (310032; 31000 > (1 (X32

(a1 — q1E1) 31003 — aq0033] + (A2 — g E2) (110033 — q30031]
> (a3 — q3E3)[@11023 — at13021]

(a1 — q1E1)[o310002 — a210032] + (a3 — g3E3) (011022 — 0t12021]
> (az — qE2)[aq1a32 — aqp31]
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4. Stability
4.1. Local stability analysis

To compute the local stability behaviour, we have
studied the variational matrix corresponding to the
interior equilibrium. The variational matrix of the system
(1)-(3) at G4 (%1, X2, x3) is:

—o10" —appt 30t
A= | —010"  —000"  —030”
—Q3103"  —03003"  —03303"

We will point out here that, although (0,0,0) is defined
for the system, it cannot be linearised there. So local
stability of G, (0,0,0) cannot be studied. At G,(%1,X>,0), the
characteristic equation of A(X1, X3, 0) is A%+ Ao + o) +
(0(110{22 +ap001) =0 since A+ Ay = —(0[11 +o12)<0
and AqAp = 11022 + 0120021 > 0. Thus G, (X1, %, 0) is locally
asymptotically stable.

At Gs (x1¢, 0, x3¢’), the characteristic equation of A
(X1¢, X2¢>, 0) is )\,2 +)»(Ol11 +(X33) + (Oln()tgg +C¥31Ol13) =0,
since A;+Ay= —((111 +Ol33)<0 and AqAzx=aq1033+
0310013 > 0.

Thus Gs (x,%, 0, x3¢) is locally asymptotically stable.

The characteristic equation A (x;', x>, x3') is

Ara i+ mi+az=0 (5)

where

a; = 033X3" + 00X ™ + 11X >0

ay = (0220033 — 00230032)X " X3 ™
+ (110033 + @30031)X1 " X3”
+ (a12a21 + anazz)X] x>0

11022033
+0130031023
s = —0130021032 X1 Xy X5"
+0120010033
+012030031
—0110023032
By the Routh-Hurwitz criterion, it follows that all eigen
values of (5) will have negative real parts, if and only if,

a; >0;a3 >0;aya; —as >0

Clearly a; > 0 and as > 0, and after some manipulation,
it is very easy to check that a;a, — as > 0. Hence G4(x1*, x2*,
x3¥) is locally asymptotically stable.

4.2. Global stability analysis

In this section, we have considered the global stability
of the system (1)-(3) by constructing a suitable Lyapunov
function.

Theorem 1. The equilibrium point G,(X1,%,,0) is globally
asymptotically stable.

Proof: Let us consider the following:

V(X] 7)(2)

_ IV )3
= (xl X1* =X ln<x1*>>
+l1 <X2 — X" —Xz*ln(xz>>
X

where [ is a suitable constant.
Differentiating V with respect to time t along the
solutions of model (1)-(3) and by choosing [; = "% a little

o
algebraic manipulation yields

av 2 (120
< A (X —X")T - ——=

2
at o (X2 —x2")° <0

This shows that ‘fj—‘t’ is negative definite, and hence by the
Lyapunov theorem on stability, it follows that the positive
equilibrium G, (%;,%,,0) is globally asymptotically stable
with respect to all solutions initiating in the interior of the
positive quadrant.

Theorem 2. The equilibrium point G3(x1¢, 0, x3¢) is globally
asymptotically stable.

Proof: Let us consider

V(x1,x3)

_ VI Xil PV X3
= (xl X1* =X ln(x1*>> +b <x3 X3* — X3 ln(x3*>>

where I, is a suitable constant. Differentiating V with
respect to time t along the solutions of model (1)-(3)
and by choosing [, :‘;ﬁ, a little algebraic manipulation
yields

(ZT‘t/ < —om(xl —xl‘l’)2 _0610[3_::33()(3 —X3¢)2 <0

This shows that %_‘r/ is negative definite, and hence by
Lyapunov theorem on stability, it follows that the positive
equilibrium G3(x1¢, 0, x3¢) is globally asymptotically stable
with respect to all solutions initiating in the interior of the
positive quadrant.

Theorem 3. The equilibrium point G4(x1*, x2*, X3*) is globally
asymptotically stable.

Proof: Let us consider

V(X1,X2,X3)

_ VPV X1
= <X1 X1 X1 1n<X1*>>
+1 <X2 — X" 7)(2*11'1<X2 ))
X2 *
+lz (X3 — X3 7X3*1I1<X3 ))
X3*

where [; and [, are suitable constants to be determined in
the subsequent steps. It can be easily verified that the
function V is zero at the equilibrium point G4(x;*, x2*, x3).
Differentiating V with respect to time t along the solutions
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of model (1)-(3) and by choosing I; = % and I, = gﬁ with
a little algebraic manipulation, we get % < 0. Since ‘é—‘t’ <0
in some neighbourhood (x:*, x,*, x3*), therefore the interior
equilibrium point (x1%, x2*, x3*) is globally asymptotically
stable.

5. Quantitative bionomic aspect of the model

It is mainly associated with study of the dynamics of
living resources using economic models. The bionomic
equilibrium is said to be achieved when the total revenue
obtained by selling the harvested biomass equals the total
cost utilized in harvesting. As we have already discussed, a
biological equilibrium is given by % =0,i=1,2,3.

Let, c; be the harvesting cost per unit effort for prey
species, c; be the harvesting cost per unit effort for first
predator species (x,), cz be the harvesting cost per unit
effort for the second predator species (x3), p; be the price
per unit biomass of the prey, p, be the price per unit
biomass of the first predator species (x;), p3 be the price per
unit biomass of the second predator species (x3).

Therefore, net revenue or economic rent at any time
given by R=R; + R, + R3 where

R1 = (p1g1%1 — ¢1)Eq;
Ry = (P2g2%2 — C2)Ep;
R3 = (p3qsX3 — ¢3)E3

here R, represents Net Revenue for the prey; R, represents
Net Revenue for first predator species (x,); Rz represents
Net Revenue for second predator species (x3).

The bionomic equilibrium  ((x1)., (X2)o, (X3) o,
(E1) s (E2) o (E3)) s given by the following equations:

a1X1 — 01X — A12X1X2 — 0l43X1X3 — q1E1x1 =0 (6)
UyXy — 02aXo? — A2 X1Xp — Ol23XpX3 — G2E2%, =0 (7)
a3X3 — 0r33X3% — A31X1X3 — 0U32XpX3 — q3E3x3 =0 (8)
R= (p1q1%1 — c1)E1 + (P2@ox2 — 2)E> 9)

+ (p3LI3X3 — C3)E3 =0

In order to determine the bionomic equilibrium, we
come across the following cases.

Case (i): if cq > p1g1Xx1, C2 > P2gaX2, C3 > P3(3X3, then the
cost is greater than revenue for three species and the whole
system will be closed.

Case (ii): if ¢; < p1g1X1, C2 < P2g2X2, C3 < P3(3X3, then the
revenues for all the species being positive, then the whole
system will be in operation.

p3qs’

Cq Cy
X =—— (X)) =——,(X3)
(*1) s s (x2) 720 (x3)
Now substitute (x1)., (X2)., (X3). in Egs. (6)-(9), we
get

1 ®11C1  O12C2  Qq13C
Er) = — |y - 1161 012Gy (13C3
q1 P1d1 P24  P3q3

00y 10 0lz3C3}

1
E =—|a
(E2)s a; [ 2 P24  P1qq JETE!

1 033C3  O31C1  O32C
(Es). — {03 03303 Q3101 O3 2}
as P3ds P3Gz D2q»

Now (Eqp). >0, if

®11C1 | 01202 | (13C3

a; > + + (10)
P14 D242  P3qs

(E3)s > 0, if

a, +0521C1 N 220 +0423C3 (11)

D144 P2q>  P3q3

and (E3),, > 0, if

as Jr0431C1 N 33C3 +0532C2 (12)
D343 P3qs  P29;

Thus the Non-trivial bionomic equilibrium point

((%1)o» (%2) 0 (X3) s (E1) s (E2)os (E3)..) exists, if condi-
tions (10)-(12) hold.

6. The Stochastic delayed model

Now, we have extended the above model (1)-(3)
incorporation the effect of random fluctuations. The
sensitive parameters of the system fluctuate about their
average values due to these random fluctuations. We
incorporated such randomness to the model by adding
white noise. The main assumption that leads us to extend
the deterministic model (1)-(3) to a stochastic counterpart
is that it is reasonable to conceive the open sea as a noisy
environment with chaos [30]. There are a number of ways in
which environmental noise may be incorporated in system
(1)-(3). Generally, the environmental noise is distinguished
from demographic or internal noise, for the variation over
time is due to different causes. External noise may arise
either from random fluctuations of the parameters around
some known mean values or from stochastic fluctuations of
the population densities around some constant values.

In this section, we computed the population intensities
of fluctuations, i.e., variances around the positive equilib-
rium G4 due to noise, according to the method introduced
by Nisbet and Gurney [31]. Now, we assumed the presence
of randomly fluctuating driving forces on the deterministic
growth of the prey, predator-one and predator-two
populations at time t, so that the system (1)-(3) is the
following:

dx 1

- X — @11%12 — 12X1X2 — 0013X1X3 (13)
— q1E1xq +1151(0)

dx

T; = ayXy — 0ppXp? — a1 X1 (t — T)Xp(E — T) (14)
— a3X2X3 — Q2 E2Xa + 1555 (1)

5 _ 1o — sz 2 fasx(t—T)x3(t —T)

dr — 3% 33X3 31X1 3 (15)

— a32X2X3 — q3E3X3 + N3&5(1)
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where x;(t) represents prey species, x,(t) represents
predator-one species, x3(t) represents predator-two spe-
cies, a1, ap, a3 are real constants and &(t)=[&,(t), &x(t),
&5(t)] is a three-dimensional Gaussian white noise process

satisfying
Ei(0)]=0i=1,2,3

E[£(08;(t)] = 8yt —t)si= j=1,2.3

(16)

(17)

where §; is the Kronecker symbol; § is the §-dirac function.

Let
x1(t) = ug(t) +5°;
X2(t) = up(t) + P*;
x3(t) = us(t) + T

ClX] _ dlh(t) ‘dXZ _ duz(t) . dX3 _ dU3(t)
dt — dt dt —dt dt ~ dt
Using (18) and (19), Eq. (13) becomes

duy (t)

T arur (t) + @S — aqqur2(t) — o (S7)°

—2011Uq ()S" — aqputy (Hup (t) 4 apauty (E)P*
— a1l ()S" — 1S P — aqsug (us(t)

— 03Uy (t)T* — 013U3 ([’)S* -+ Ol]gS*T*

= q1E1ur(6) — q1E1S" + 1184 (0)

The linear part of (20) is

duy (t)
dt

= —a11U1 (£)S" — apUa(8)S”
— 13Uz ()S™ + 118 (b)
Again using (18) and (19), Eq. (14) becomes

du, (t " "
% = QyUy(t) + P — aptx?(t) — gy (P)?

— 20[22112(1')13* + 01Uy (t — T)Uz(r — T)P*)z
+ a1Uy(t — T)P" + apqUs (t — T)S" + 1 SP*
— a3t (D)us(t) — aup (6)T" — op3uz(L)P”

+ 03P T" — q3Eau2(8) — G2 E2P" + 1385 (8)
The linear part of Eq. (22) is

duy(t)
dt

= —apnU(t)P" + oy (E - T)P"
— 3U3 (H)P" 4 1,65 (t)
Using Eqgs. (18) and (19), Eq. (15) becomes

dU3(t
dt

)_ a3z (t) + asT" — arz3tiz®(t) — o33 (T7)°

— 20333 ()T + a3y (E — T)us(t — 1)
+asu(t— )T + o3us(t — 1)S" + a31S'T”
— azpUp (Hus(t) — azaup (6T — aspuz(6)P”
+ e3P T" — q3E3us(t) — q3EsT" 4 13&5(0)

(18)

(19)

(21)

(22)

(23)

(24)

The linear part of (24) is

dU3(t
dt

) _ —a33u3(O)T" + oz (t—7)T"
— a3tz ()T + n35(t)

(25)

Taking the Fourier transform on both sides of (21), (23),

(25) we get:

i(,()lj] (a)) = 70{115*111 (6()) — a]zs*ﬁz(a))
— 0138 3 (W) + 1161 (@)

(or)

Mmé& (@) = (iw + an Sl (@) + @128 T (@)
+ a]3s*lj3 (a))

la)ljz(a)) = 70{22P*l‘1~2(a)) + Olz]P*efiwrljl (C())
—a3Pr il (w) + Uzéz(w)

(or)

Mo&s (@) = —021P e % () + (i + 02 P") iy ()
+ (X23P*ﬁ3 (a))

iwilz (w) = —o33 T3 (@) + 031 T e %11 (w)
— a3 T i () + n3&3 ()

(or)

33 (w) = —0131T*97'-mﬁ1~(a)) + a3 T i (w)
+ (la) + (¥33T*)U3(a))

The matrix form of Eqs. (26)-(28) is
M(w)i(w) = &(w)
where

Alw) B(w) C(w)
ww—(mm E(w) mm)
Gw) Hw) I(w)

ih(w)] _ & (o)
(w) = IZ2 (@) |:§(w) = | &(w)
3(w) £ (o)

A(w) = iw + a11S"; B(w) = 125"

C(w) = a135"; D(w) = —atz Pre 7,
E(w) = iw + apnP*; G(w) = —az T e ;
H(a)) = ang*;I(a)) =iw+ as33T"

Eq. (29) can also be written as

(w) = M(w)] ' &(w)
Let [M(w)]~! = K(w), therefore

(o) = K(0)&(w)

(26)

(28)

(29)

(30)
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where

Adj M(w)
K(w) = M) (32)

if the function Y(t) has a zero mean value, then the
fluctuation intensity (variance) of its components in the
frequency interval [w, w+dw] is Sy{w)dw where Sy{w) is
spectral density of Y and is defined as

S 2
lim (@)l (33)
f‘?m T

Sy(w) =

If Y has a zero mean value, the inverse transform of
Sy(w) is the autocovariance function

Cy (1) = % / Sy(w)e dw (34)

The corresponding variance of fluctuations in Y(t) is
given by

oy? = Cy(0) = 2]—” /Sy(a))dw (35)

and the autocorrelation function is the normalized
autocovariance

(36)

(37)

Il
)—
3
e
S~V
S~V

m
—
e
_
=
v
J
/~
=
SN——
—
i
B
T
S
~
Q
IS

From (31), we have

3
Bi(w) = Kij() Ej(w);1=1,2,3 (38)
j=1

From (33) we have
3 2 .
Sy (@) => 0 [Kij(w)|” 5 i=1,2,3 (39)
j=1

Hence by (35) and (39), the intensities of fluctuations in
the variable u;; i=1, 2, 3 are given by

13 T 2 .
02 :Ezl/njqu(wn doi=1,2,3 (40)

and by (31) and (32), we obtain three variances of u; (i=1,
2, 3) of the model system (13)-(15) as follows:

O’u1 =

1 7 jAdj(1))? Adj(2))? Adj(3))?]

2 ) M| * o] " | %
o2 =

1 7] |Adj4))? Adj(5)[? Adj(6))?] (41)
2= ] M| )] |4

1 7 |Adi7))? Adj(8)[? Adj(9)[*]

E/ Mm@ M) M) |

—oo b d

where [M(w)| = |R(w)| +i[l(w)].
The real part:

IM(w)| = R*(@) = —a330*T* — w?apnP" — w?a;S*
+ 0110220335 P — 0011002303, S T P”
+a]2(X21(X33S*P*T*COSa)T +wa12a21S*P*sian (42)
— 120310235 TP cOSwT — 13002135 T P coswt
+ wa13031S T*SINWT + o130310S P T*

The imaginary part:

IM(w)| = (@) = —0* + 0otz a33P* T* + wor33S' T
+ wA11A22S P* — waty30e3 T P*
+ wa12021S P COSWT — ot120210¢33S P T*sinwt ~ (43)
+ 120310235 T P*Sinwt + o321 0¢3S T P*sinwt
+ w3031 T COSWT — o 130¢31S P T sinwt

and

|Adj(1)]> = X1% + Y15 1Adj(2)]° = X2 + Yo7
IAdj(3)]” = X3% + Y3%; |Adj(4)]” = Xa? + Y%
|Adj(5)]> = Xs* + Y52 |Adj(6)]* = X6 + Y6?;
|Adj(7)]> = X7% + Y72 |Adj(8)]" = X5 + Ys?;
|Adj(9)]* = Xo® + Yo?

where

X1 = —w? + 06220523P*T* — 0[23(132T*P*

Y1 = wassT" + wayy P*

Xy = Oéz]()lggP*T*COSa)T — 03031 T*P*coswt
+ wap P sinwt

Y, = way1 P coswt — woy o33P T sinwt
+ ap331 T°P*

X3 = —ap1a33P*T* coswt + o310, T*P*coswt
+ was T*sinwt

Y3 = wa31 T coswt + o103 P T sinwt
— (Xg](XzzT*P*SiHU)T
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X4 = 0120135 T" — 30135 T"; Yy = waqpS”
X5 = —w? + 01100338 T + 3100135 T  coswT
Ys = a)a33T* + wo1S* — a31a13S*T*sina)‘c
X6 = a11032S'T" + 31125 T coswt

Y = LL)O{32T* — a31a125*T*sinwt

X7 = C¥12(X23S*P* — CY220{13S*P*; Y7 = 76()0[135*
Xg = a12a23S*P* + Clz]OlBS*P*COS(,()T

Yg = w3 P* — o1 0013S5°P*

Xg = w? + 0110225 P* + 1200215 P coswt

Y9 = wanP* + wa11S" — a12021S" P sinwt

Thus Eq. (41) becomes

13 (Xe? + Y77) |

(71 (X2 +¥2?)+ ]
P (st + Y52>+ dw
e v

~ [ (X2 +v:?) ]

1 1

oyl == |+, (X42 + Y4?) |do
uq 2 /Rz(a))+12(a)) 7]2( 4 4)

o a_ 1 / 1

") J R () + P(w)

_77] (X32 + Y32)

+1, <X62 + Y52) dw

7 1
' 2m / R*(w) + I*(w)
o | +73 <X92 + Y92> |

If we are interested in the dynamics of system (13)-(15)
with either ;=0 or 17, =0 or n3=0, then the population
variances are the following:

(l) if m= 0, na= 0, then

, mXPHY?)
/ > 3 dw
27 R (w) + I (w)

2B <X92+Y92> b
s T 2

1

Lﬁw+ﬂwm

Oy

(ii) if #2=0, 73 =0, then

dw

2 2 o
2 U (Xl +Yq > / 1
! 2 R*(w)

o =
! +P(w)

o2 m (Xzz + Y22>

) 3 dw

y 1
./x R*(w) + I (w)

n] (X32 + Y32> 00 1
ot = / dw
2 J R()+ P (o)
(iii) if n3=0, n, =0, then
7, (X42 4 y42> 00 1
out= / dw
27 R (@) + I’ ()

0.2 — 2 (XSZ + Y52) 7 1 do
“ 2t ) R(w)+P(w)
o 2 — 2 (X62 + YGZ) 7 1 dw
° 2t ) Ro)+P(w)

The expressions in (41) gives three variances of the
populations. The integrations over the real line can be
evaluated which gives the variances of the populations.

7. Numerical simulation results

In this section, we substantiate as well as augment our
analytical findings through numerical simulations consid-
ering the following examples.

7.1. Example 1

We take the following parameters:

x1 = 10;x, = 10;x3 = 20;
a; = 8;&11 = 0.05;0{12 = 0.6;0{13 = 0.7;(]] = 0‘157
E1 =10;a; = 2; a9, =0.7;
oy =0.17;053 = 0.13;q, = 0.01; E; = 15;
as = 1;0{33 = 0.4;(13] = 0.15;0632 = 0‘187
g3 = 0.03;E3 = 5;
Fig. 1 shows that the variation of population against

time, initially with x;=10; x,=10; x3=20; in three
different graphs.
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prey
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We take the following parameters:

X1 = 10;x, = 10;x3 = 20;a; = 8; 11 = 0.05;
o1 = 0.6;0[13 = O.7;q1 = 015,E1 = ]0
ay =250 =0.7;0001 = 0.17; 023 = 0.13;
q, = 0.01;E; =15;a3 = 1533 = 0.4;
031 = 0.15;032 = 018,(]3 = 0.03;E3 =5;
Fig. 2 shows that the variation of population against
time, initially with x;=10; x,=10; x3=20; in a single
graph.

7.3. Example 3
We take the following parameters:

X1 = 10;x; = 15;x3 = 20;a; = 8; 11 = 0.05;
o1 = 0.6;0{13 = O.7;q1 = 015,E1 =10;

ay =2;09 =0.7;0001 = 0.17; 023 = 0.13;

q, :0.0l;Ez = 15;(13 =1;033 20.4;

031 = 0.15;0132 = 018,

q3 = 0.03;E3 = 5;

Fig. 3 shows that the variation of population amongst
three species prey, predator-one, and predator-two
initially with x; =10; x, =15; X3 =20; in three dimensions.

Fig. 4 shows that the population oscillation gives chaos
against time under random environmental noise of three
species prey, predator-one, and predator-two with initial
population sizes x; =10; x, =15; x3=20.

Fig. 5 shows that the variation of population against
time under random environmental noise of species prey,
predator-one and predator-two and the fourth is the phase
portrait of the same initially with x; =10; x, =15; x3=20.

8. Concluding remarks
In this article, a mathematical model has been proposed

and analysed to study the dynamics of fishery resources. It
is assumed that fish populations are growing logistically in

prey population

predator2 population predator] population

time

Fig. 1. Results of Example 1.

predator2

population

4 5 5 7 8 9 10
time

Fig. 2. Results of Example 2.

reality. Using the stability theory of ordinary differential
equations [32], it is known that the interior equilibrium
should exist under certain conditions and it is globally
asymptotically stable.

From Figs. 1-3, we may conclude that the given
biological system is stable and in the case of fish (in
particular fish species like goldband fish as a prey, shark as
a first predator and baleen whale or dolphin as second
predator), Egs. (10)-(12) are satisfied, then the fishermen
will get profit and further, they can run fisheries. Usually
fishermen may harvest the predator population to increase
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Fig. 4. Example 3, population oscillation gives chaos against time.
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Fig. 5. Example 3, variation of population against time under random environmental noise.

profit even though harvesting of predator species is very
costly and sometimes difficult [33-35]. However, in the
case of prey species fishermen will not get that much
profit when compared to predators. Even though, some
fishermen will concentrate on the harvesting of prey
species, since prey fishes (like goldband small fishes)
play a major vital role while curing of the diseases
related to eye. Also from the Figs. 4 and 5, we have seen
that the system (13)-(15) is chaotic [29,30], in nature as
it is a-periodic along with high sensitivity to the initial
conditions for solution trajectories in bounded region.
Recently, ratio-dependent system interactions have
attracted many researchers, as these models produce
richer dynamics in real media. The dynamics of ratio-
dependent fishery models are also an important area of
research which is left for future investigations for good
innovative researcher.
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Appendix A. Proof of Theorem 3

Let us consider the Lyapunov function

V(X1,%2,X3)

. . * . * Xi‘l
= (Xl X1 X1 IH(X1*))
+ 11 (XZ — X" 7X2*1H<X2 ))
Xo*
+ lz (X3 —X3" — X3*IH(X3 ))
X3*

where [; and [, are suitable constants to be determined in
the subsequent steps. It can be easily verified that the
function V is zero at the equilibrium point G4(x;*, x2*, x3).
The time derivative of V along the trajectories of (1)-(3) is
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dv_ (x—xt\da - d
dt ~ X1 dt T\ x, dt

X3 — X3* dX3
+h <—x3 > ra

Choosing [; = % I = g‘ﬁ after a little algebraic manipu-
lation, we get,

dv 2
—— = —011(X] — X1~
dt 1(% 1)
12002 2 (33013 2
(X —X") ———— (X3 —x3")
21 31
230012 13032
————"(X2 = X2")(X3 —X3") — ——(X2 — X2")(X3 — X3")
21 31
av 2 00 2
<m0 (X —X") T ——— (X% — X"
dr 11(X1 —x1%) o1 (X2 —x27)
330013 2
———— (X3 —X3")
31
2 2
_ (X232 | Q1303 (%2 —x27) +(X3 —X3)
[0 %3] 031 2 2

Now it is very clear that 4/ <0.
Since ‘Z,—‘{ <0 in some neighbourhood (x{* X% x3%)

therefore the interior equilibrium point (x* x5 x3*) is

globally asymptotically stable.
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