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A B S T R A C T

Rheumatoid and psoriatic arthritis are chronic inflammatory diseases, with massive increase

of cardiovascular events (CVE), and contribution of the cytokines TNF-a and IL-17. Chronic

inflammation inside the joint membrane or synovium results from the activation of

fibroblasts/synoviocytes, and leads to the release of cytokines from monocytes (Tumor

Necrosis Factor or TNF) and from T lymphocytes (Interleukin-17 or IL-17). At the systemic

level, the very same cytokines affect endothelial cells and vessel wall. We have previously

shown [1,2] that IL-17 and TNF-a, specifically when combined, increase procoagulation,

decrease anticoagulation and increase platelet aggregation, leading to thrombosis. These

results are the basis for the models of interactions between IL-17 and TNF, and genes expressed

by activated endothelial cells. This work is devoted to mathematical modeling and numerical

simulations of blood coagulation and clot growth under the influence of IL-17 and TNF-a. We

show that they can provoke thrombosis, leading to the complete or partial occlusion of blood

vessels. The regimes of blood coagulation and conditions of occlusion are investigated in

numerical simulations and in approximate analytical models. The results of mathematical

modeling allow us to predict thrombosis development for an individual patient.
�C 2017 Académie des sciences. Published by Elsevier Masson SAS. This is an open access

article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/

4.0/).

R É S U M É

Les polyarthrites rhumatoı̈des et psoriasques sont des maladies inflammatoires

chroniques, caractérisées par une augmentation massive du risque d’événements

cardiovasculaires (ECV) et par une contribution des cytokines TNF-a et IL-17.

L’inflammation chronique à l’intérieur de la synoviale articulaire, ou membrane, conduit

à l’activation des fibroblastes/synoviocytes et mène à la libération de cytokines par des

monocytes (facteur de nécrose tumorale ou TNF) et des lymphocytes T (interleukine-17 ou
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. Introduction

.1. Inflammation and cardiovascular risk (CV risk) are

creased in RA and PsA

The impact of cardiovascular (CV) diseases on the
ociety is enormous, and any method able to identify early
dividuals at risk will have a significant effect on
orbidity and mortality. Classical CV risk factors related
 obesity, hypertension, smoking, etc., have been identi-

ed for a long time. More recently, chronic inflammation
as become an important link between these risk CV
ctors and the actual CV events. For many years,

heumatoid and psoriatic arthritis (RA, PsA) as well as
imilar diseases have been linked to local damage and to
nction loss. The goal of arthritis care was the control of
cal inflammation in order to prevent loss of joint
nction. It is unclear why it took so long to look at

atient survival. When compared to control populations, it
as obvious that life expectancy was severely affected
]. Quickly joint destruction and mortality were linked to
e level and duration of inflammation [4].
The most common cause of death in RA, PsA, and similar

iseases is vascular disease, contributing 60% of the
ortality risk in RA patients, comparable to diabetes
ellitus as an independent risk factor for CV disease. RA

atients have a four-fold increase in CV mortality. Figures
re even higher when considering only RA patients who are
heumatoid factor positive or with high CRP levels [4]. In
ddition, this risk begins very early in the RA disease
rocess [5]. In total, the prevalence of CV disease in RA has
een found to be 16.2%. However, the largest difference in
V between RA patients and controls is seen in those
ithout traditional risk factors – patients who are young,
male, and have a low body mass index [6]. With specific

egards to cardiac disease, RA patients have a twofold
igher risk of myocardial infarction (MI) as compared to
ontrols [5]. The odds ratio of having a MI with RA, as
pposed to that with osteoarthritis (OA), a less inflamma-
ry joint disease, is 2.14, and the odds ratio of having a MI

t some point in life, again as compared to patients with
A, is 1.28 for RA patients (30). RA patients also carry a

odds ratio of having CHF with RA, as opposed to with OA, is
1.43 [7].

1.2. Effects of the cytokines TNF and IL-17 on vessels

Chronic inflammatory diseases are associated with
overproduction of cytokines. These factors have a direct
effect on the local manifestations that lead to joint
destruction. As a consequence, targeting of TNF and more
recently of IL-17 has provided an important improvement
in care. In addition to the local effects, the same cytokines
have also systemic effects. Circulating cytokines can then
act on endothelial cells. Our previous research has studied
the effects of TNF and IL-17, used alone and combined on
human endothelial cells (EC). We recently showed that IL-
17, especially when combined with TNF, has procoagulant,
pro-aggregation, and pro-thrombotic effects [1,2]. All these
effects are inhibited by the addition of statins [1,2]. IL-17
may play a significant role in the development of
endothelial dysfunction and cardiovascular disease
[8]. In apoE-deficient mice that have major vessel disease,
IL-17A-blocking antibody reduced atherosclerotic lesion
development, plaque vulnerability, cellular infiltration,
and tissue activation [9]. IL-17 deficient mice, when on
high fat diet, displayed significantly diminished aortic
lesion size and macrophage accumulation [10].

Expanding these results to the human situation, a high
peak of IL-17 plasma level was found in patients with
unstable angina, if followed by myocardial infarction
[11]. Thrombosis is the result of platelet aggregation and
pro-coagulation activation in EC. To study the role of IL-17
in platelet aggregation, a functional assay with platelet-
rich plasma (PRP) was performed. Supernatants of EC
treated with IL-17 and TNF were added to PRP and ADP,
acting as an agonist of platelet aggregation. Aggregation
was monitored by changes in light transmittance in a
lumiaggregometer. IL-17 alone enhanced the level of
platelet aggregation from 20% to 45–50% (P = 0.001). A
similar effect was seen with TNF combined with IL-17.
Regarding the effects on coagulation, IL-17 and TNF
induced synergistically a massive expression of the tissue
factor (F3, 15-fold), a key player to initiate the coagulation

IL-17). Au niveau systémique, les mêmes cytokines affectent les cellules endothéliales et la

paroi du vaisseau. Nous avons précédemment montré [1,2] que l’IL-17 et le TNF-a, en

particulier lorsqu’ils sont combinés, favorisent l’activité procoagulante, diminuent

l’anticoagulation et augmentent l’agrégation plaquettaire, ce qui conduit au développe-

ment d’une thrombose. Ce constat est basé sur des modèles d’interactions entre IL-17, TNF-

a et des gènes exprimés par des cellules endothéliales activées. Ce travail est consacré à la

modélisation mathématique et à la simulation numérique de la coagulation sanguine et de

la croissance du caillot sanguin sous l’influence de l’IL-17 et TNF-a. Nous montrons qu’ils

peuvent provoquer une thrombose conduisant à l’occlusion complète ou partielle des

vaisseaux sanguins. Les régimes de coagulation du sang et les conditions d’occlusion sont

examinés par des simulations numériques et à travers des modèles analytiques

approximatifs. Les résultats de la modélisation mathématique permettent de prédire le

développement de la thrombose chez un patient individuel.
�C 2017 Académie des sciences. Publié par Elsevier Masson SAS. Cet article est publié en

Open Access sous licence CC BY-NC-ND (http://creativecommons.org/licenses/by-nc-nd/

4.0/).
ascade. Furthermore, IL-17 and TNF induced plasminogen
ofold higher risk of chronic heart failure (CHF) [5]. The c

http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
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tivator mRNA expression by 6-fold with an additive
fect. Conversely, IL-17 in combination with TNF inhibited

 10-fold the expression of thrombomodulin, an inhibitor
 coagulation, thus increasing the EC pro-thrombotic
enotype. Microarrays identified CD39, an inhibitor of

atelet aggregation, among the genes inhibited by IL-17.
e preserved function of CD39/ATPDase is crucial in the

hibition of platelet activation by keeping adenosine
cleotide levels low to inhibit platelet aggregation. After

 h of incubation with IL-17, TNF and their combination,
39mRNA expression was divided by 3.7. Thus, IL-17A

as able to induce an imbalance between a pro-
rombotic and anticoagulant phenotype. These results
ere the basis for the development of the models of
teractions between IL-17 and TNF, and the genes
pressed by activated EC.

. Coagulation cascade

Endothelial cells of the vessel wall produce tissue factor

f, Tf), tissue factor pathway inhibitor (TFPI), thrombo-
odulin (Tm, Tm) and CD39. Tf acts as the initiator of the
ood clotting process in blood plasma by activating factors

 and X (B). The resulting enzymes activate prothrombin
) which is produced in liver and circulates in the
oodstream, and creates thrombin (T). A low amount of
rombin is able to rapidly generate more thrombin in a
lf-accelerated reaction. Thrombin then acts as an
zyme in activation of fibrinogen (Fg) to fibrin (F).
rough a polymerization process, fibrin monomers create

net of fibrin polymers (Fp) that solidifies blood plasma.
is mechanism ensures a quite rapid closure of possible
ssel wall injuries and reduces a potential blood loss. We
ve shown the part of the coagulation cascade considered

 this work in Fig. 1. Blood coagulation needs to be
ggered only in situations when it is necessary, while
herwise it needs to be prevented. Blood haemostasis

hangs on a delicate balance of the involved blood factors,
and as such it needs to be quite robust.

There are multiple fail-safe mechanisms that prevent
spontaneous blood coagulation and limit the clot growth in
the case of an injury (preventing vessel occlusion). The first
one is the production of TFPI by EC, which acts as an
inhibitor of Tf and prevents the initiation of the coagulation
process. CD39 prevents adhesion of platelets to the vessel
wall. Protein C is activated in the presence of thrombin and
inhibits slowly thrombin generation. However, in the
presence of thrombomodulin, which is also produced by
EC, the activation of protein C is increased by a factor of one
thousand, hence increasing the inhibition of thrombin
production. Another mechanism is the direct inhibition of
thrombin by antithrombin (AT, A).

In the case of the vessel wall inflammation due to
presence of IL-17 and TNF-a in the blood stream, the EC are
affected and their production of blood factors is altered.
The production of procoagulation factors is increased,
while the production of anticoagulation factors is severely
decreased. Additionally, the production of TFPI and CD39 is
reduced, allowing the platelets to more easily adhere to the
vessel wall and disabling the haemostatic system in
preventing spontaneous coagulation.

1.4. Modeling, using the in vitro results

In this work, we develop a model and carry out
numerical simulations of clot growth taking into account
the influence of IL-17 and TNF. We show that they promote
blood coagulation and clot growth and they can lead to
partial or complete vessel occlusion. We develop a
simplified analytical model that allows us to obtain
explicit conditions of thrombosis. We have previously
used the same approach to determine the conditions on
prothrombin and antithrombin that potentially result in
exaggerated or insufficient thrombus development
Fig. 1. Simplified representation of blood coagulation (see the explanation in the text).
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2]. Various approaches are employed to study clot
rowth. Equations of chemical kinetics are used to describe
eactions between the coagulation factors [13,14], platelet
ctivation, and formation of platelets plug [15]. Reaction–
iffusion equations for the concentrations of blood factors
ke into account their spatial distribution [16,17]. These

istributions are influenced by hemodynamics. The blood
ow can be modeled with partial differential equations or
ith particle methods. Navier–Stokes equations are used if

lood is considered as a Newtonian fluid [18,19], and
arious viscoelastic models if non-Newtonian properties of
lood are taken into account [18,20]. Clot growth can be
odeled as a free boundary problem where the interface

eparates the blood flow from the clot region [21].
Another approach considers the blood flow and the clot

s a continuous medium where clot is described as a high
iscosity or a non-Newtonian fluid [18,22]. Clot can also be
escribed as a porous medium with an additional term in
e Navier–Stokes equations [23] describing fluid velocity

eceleration inside the clot. In order to model platelets,
oth particle and continuous methods were used. Among
e particle methods, the Immersed Boundary Method was

sed in [24], Cellular Potts Model [25], Dissipative Particle
ynamics in [20,26–29]. Advection–diffusion–reaction
ere also used to model platelet concentration (in their

ctive and non-active forms) [15]. In hybrid models,
article methods are used to describe the blood flow and
e blood cells and PDEs to describe concentrations of

lood factors [27,28]. It is also possible to model the blood
ow with the Navier–Stokes equations and the coagulation
rocess with Cellular Automata [25].

In this work, we begin with the analysis of blood
oagulation in quiescent platelet free plasma in order to
etermine the influence of IL-17 and TNF-a and identify
e values of parameters (Section 2.1). We continue with

umerical simulations of blood coagulation in flow using
o different approaches. In the first one, the blood flow is

escribed with the Navier–Stokes equations, while the
oncentrations of blood factors and of platelets with
eaction–diffusion equations (Section 2.2). In the second

approach, the blood flow and the platelets are modeled
with a particle method, while the distribution of blood
factors, as before, with reaction–diffusion equations
(Section 3). The first method is more appropriate to study
venous thrombosis with relatively low blood flow velocity.
The second method is better for arteries and larger flow
velocities where platelet aggregation is more important.
We describe here platelets interaction (forces, attachment,
detachment) in more detail. Numerical simulations are
completed by an approximate analytical approach that
allows us to identify different regimes of clot growth and
conditions of vessel occlusion (Section 4).

2. Modeling blood coagulation and thrombosis

In the mathematical model of blood coagulation, we
consider a rectangular 2D domain representing a section of
a blood vessel. The source of blood factors can be either at
the inflow boundary, if they are produced elsewhere and
circulate in the blood stream, or at the vessel wall, if they
are produced there under normal and pathologic condi-
tions (vessel wall injury, vessel wall inflammation).

2.1. Clot growth in quiescent plasma

The evolution of thrombin concentration in time
(without space distribution) is one of the main characte-
ristics of blood coagulation in plasma. In Fig. 2a, we
compare the thrombin generation profile of a healthy
patient with those with perturbed tissue factor (Tf) and
thrombomodulin (Tm) concentrations due to IL-17 and
TNF-a [30]. The results show that in the absence of spatial
dynamics, hypercoagulability is more increased by IL-17
than by TNF-a. The highest thrombosis risk was observed
when the effect of the two proteins is combined. Through
fitting the thrombin generation curves, we estimated that
RA increases the concentration of Tf by a factor of two,
while it decreases the concentration of Tm by 20%.

Next, we consider clot growth in quiescent plasma in a
rectangular domain representing a part of blood vessel.

ig. 2. (a) Thrombin generation curves in the normal case and in the excess of IL-17, TNF-a and their combination. (b) Thrombin distribution during clot

rmation in a quiescent plasma. In the presence of IL-17, only a small clot forms near the wall, while if IL-17 and TNF-a are both present, the clot grows up

 the opposite wall of the vessel, resulting in complete occlusion. (c) Thrombin distribution along the middle line of the clot (perpendicular to the vessel
all) in consecutive moments of time.
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ere is an inflamed part of the vessel wall where Tf is
pressed. It is the 0.5-mm-long interval at the center of
e lower boundary (Fig. 2b). We compare two cases where
e upregulation of Tf due to IL-17 is considered. In the first

ulation, we neglect the inhibitory action of TNF-a on
rombomodulin. In spite of the excessive level of Tf due to
17, the thrombin wave does not propagate because of
e inhibitory action of the activated protein C (APC). It is
oduced at intact parts of the vessel wall from both sides

 the lesion due to the complex of Tm with thrombin. As a
sult, a small and limited clot forms over the inflamed
gion (Fig. 2b).

We consider now the case where the action of TNF-a is
ken into account. It downregulates the expression of
rombomodulin at the intact neighboring parts of the
all. As a result, the concentration of Tm is reduced,
creasing also the rate of activation of protein C. The
nerated APC is not sufficient to stop the formation of the
t (Fig. 2b). The distribution of thrombin concentration
ng the middle line of the clot (perpendicular to the

ssel wall) is shown in (Fig. 2c) at successive moments of
e. This distribution has a form of localized spike moving

m the boundary toward the inside of the vessel. It is a
veling wave solution to the corresponding reaction–

ffusion system of equations of blood coagulation.
nversion of fibrinogen into fibrin and clot formation
curs behind the moving zone of thrombin formation.

. The influence of the blood flow

We describe thrombus formation under a pressure-
iven blood flow with a low shear rate of 13 s�1. The

vessel diameter is set as 1.5 mm. We consider a fixed
inflamed region of the blood vessel wall with the length
400 mm. If the inflamed tissue length is relatively small,
then the individual actions of IL-17 or TNF-a are not
sufficient to trigger the propagation of the clot. Hence, a
normal haemostatic response is observed. As a result, a
small clot is formed and the flow is not perturbed (not
shown).

A joint action of IL-17 and TNF-a initiates clot growth. It
can result in the complete occlusion of the vessel. In this
case, the velocity profile at the inlet decreases as the clot
expands. It vanishes when the thrombus completely
occludes the vessel. Fig. 3 shows thrombin distribution
(a) and platelets in the clot (b) at three consecutive
moments of time. Thrombin distribution resembles that
for the case of clot growth in a quiescent plasma, but here
the flow breaks the symmetry of thrombin distribution by
moving it downstream. The interaction of thrombin and
platelets play an important role in clot growth. Thrombin
activates platelets and promotes platelet attachment from
the flow to the platelets in the clot. Platelet attachment and
detachment will be discussed in more detail in the next
section. On the other hand, the surface of activated
platelets converts prothrombin into thrombin (similar to
the vessel wall) reinforcing thrombin production. Thus,
there is a positive feedback between thrombin generation
and platelet aggregation. Hence, TNF-a reinforces platelet
adhesion, especially when combined with IL-17.

The dynamics of clot growth in normal and inflamed
cases is shown in Fig. 4. In the normal case (without IL-17,
TNF-a), the clot does not grow. Its grows rate is maximal
under the joint action of the inflammation factors.

. 3. Clot growth under the joint action of IL-17 and TNF-a. Thrombin distribution (a) and platelet aggregation (b) are shown at consecutive moments of
e. The clot fills the whole vessel cross section leading to a complete vessel occlusion.
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One of the important parameters that determine
rombus formation and growth is the size of the lesion

nd its evolution in time. There are some experimental
ata [31] confirmed by modeling [32,33] that show how
e risk of vessel occlusion depends on the lesion size.
owever, it is not known how it grows in time in the case
f chronic inflammation. Therefore, we vary this parameter

 the model, and we observe its influence on thrombus
rowth (Fig. 5).

3. Platelet aggregation model

Clot growth consists of two main processes and of their
interaction: biochemical reactions in blood plasma result-
ing in the production of fibrin polymer and platelet
aggregation. Platelet aggregation is a complex multi-stage
process that consists of different mechanisms. These
mechanisms include platelet attachment to the clot and
its possible detachment, platelet activation, different
adhesion forces acting between platelets due to different
receptors involved, platelet interaction with fibrin and
some other blood factors. In order to study platelet
aggregation in more detail, we use a DPD–PDE model
developed in [29–35]. In this method, Dissipative Particle
Dynamics (DPD) is used to describe the motion of the blood
flow and of the platelets, while partial differential
equations (PDE) are used for the concentration of blood
factors in plasma.

This approach is more appropriate to study clot growth
in arteries where the flow velocity is relatively high, and
platelet aggregation becomes a dominant factor. We have
shown in previous works [27,29] that initial platelet
aggregate protects blood factors from the flow, allowing
the initiation of fibrin production. On the other hand, fibrin
clot reinforces platelet aggregate against the action of the
flow.

Since platelets are considered as individual objects,
their number and, consequently, the vessel diameter
becomes a limiting factor for numerical simulations. In
all presented simulations the diameter of the vessel was
50 mm, while the mean flow speed in the undisturbed flow
was 12.5 mm/s. The diameter of platelets was set to 2 mm.
The density and the viscosity of the simulated medium

ig. 4. Dynamics of clot growth in the case of separate or joint action of IL-

7 and TNF-a. TNF-a has no effect on thrombus development in quiescent

lasma and when the inflamed tissue is sufficiently wide, the

orresponding curve coincides with the normal case.
ig. 5. Snapshot of thrombin distribution (left column) and platelet aggregation (right column) for different sizes of lesions (grey interval at the vessel wall).
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rrespond to the density of viscosity of blood plasma
7,29,34]. A more complete list of values of model
rameters is given in Table 1.
A typical clot structure is shown in Fig. 6a. There are

ree types of platelet connections, weak (light red lines
tween their centers), medium (dark red lines), and strong
lack lines). Medium connections appear if platelets are
eakly connected during the time period tc. Hence we
odel platelet activation and emergence of medium
nnections as a time delay. Platelets covered by fibrin
e shown with dark green color, platelets not covered by
rin with light green. Weak and medium platelet
nnection can be disrupted by flow. In this case, individual
atelets or their aggregates can be detached and roll over
e clot or leave the clot completely. Platelets covered by
rin polymer (strong connection) cannot be detached.
Fig. 6b shows results of simulations for three different

ses of coagulation initiated by inflammation. The

images show the final stages of clot growth for different
sizes of inflamed areas. Inflamed parts of the vessel wall
are shown in red. In the first case, the inflamed site is short
and situated at the bottom wall. In the second and third
cases, the inflamed site is longer, and is situated at the
bottom wall and both walls respectively. In the second
case, the clot was occupying the whole length of the
inflamed site; however, a part of it has been detached by
the flow.

In all three cases shown in Fig. 6b, the coagulation
process and the platelet adhesion at the inflamed site
result from the presence of IL-17 in blood at the critical
concentration. Fig. 7 shows an example of evolution of a
complete vessel occlusion under condition of reduced flow
speed. In the simulation, both vessel walls are inflamed,
resulting in platelet aggregation on both sides of the vessel,
as blood clotting occurs at both vessel walls (the formation
of the fibrin net).

ble 1

lues of all the parameters used in the continuous model.

imulation Value Unit Description

 0.02 mm Space step

t 0.005 s Time step

iffusion coefficients Value Unit Description

 5 � 10�5 mm2/s Blood factors diffusion coefficient [9]

p 2.5 � 10�5 mm2/s Platelets diffusion coefficient [9]

inetic rates Value Unit Reaction

1 5 � 10�7 nM�1 s�1 P activation by fc [9]

2 7.5 � 10�6 nM�1 s�1 P activation by Ba [10]

3 1.84 � 10�9 nM�3 s�1 P activation by T (fitted)

4 4.817 � 10�6 nM�1 s�1 T inactivation by A [11]

5 2.223 � 10�9 nM�1 s�1 Ba inactivation by A [11]

6 59 s�1 Fg activation by T [12]

6 3160 nM Substrate fibrin concentration [12]

7 0.1 s�1 F ! Fp fibrin polymerization

8 0.17 nM�1 Factor V inactivation by Ca [13]

9 0.3 nM�1 s�1 Platelets activation by thrombin [14]

10 0.37 nM�1 s�1 Platelets activation by platelets [14]
�
3 1.57 � 10�9 nM�3 s�1 P activation by T in the simplified model (fitted)

T 1 � 105 nM�1 T binding to TM

inetic constants Value Unit Description

1 0.0015 nM�1 s�1 a1 ¼ k�f kf ½VII�
1 0.225 nM�1 b1 ¼ kþf =k�f
2 9.4 nM�1 s�1 a2 ¼ k�c kc

2 100 nM�1 a2 = kc

max 12 nM Maximal density of platelets

nitial concentrations Value Unit Description

0 1400 nM Prothrombin concentration [10]

0 3400 nM Antithrombin concentration [10]
0 200 nM Sum of factors IX and X concentrations [10]

VII] 10 nM Factor VII concentration [10]
0 60 nM PC concentration [10]

g0 7000 nM Fibrinogen concentration [10]
0
f 10 nM Platelets density [10]
0
c 0.001 nM Activated platelets bound to the inflamed tissues [10]

low properties Value Physical Description

 1.06 � 10�6 kg mm�3 Blood density

 3 mm�2 s�1 Blood viscosity

 100 � 10�6 mm Fiber radius

 5.6 � 10�4 s mm�1 Thrombin removal rate by flow in the simplified model (fitted)



Fig. 7. Vessel occlusion in the case of inflamed walls on both sides and of reduced flow speed. The inactivated platelets begin to aggregate at the inflamed

parts of the vessel walls. After a short time delay, they activate and reinforce their connections (a and b). Flow velocity decreases inside the platelet

aggregate, stimulating the accumulation of thrombin near the wall and production of fibrin polymer (c). The latter makes platelet connection unbreakable

by the flow and leads to further growth of the platelet clot. The flow speed decreases, allowing thrombin production inside the vessel. Finally, the fibrin

polymer fills the vessel, resulting in its complete occlusion (d and e). Green dots are platelets; the blue color shows the region with high concentration of

fibrin polymer.

Fig. 6. (a) A scheme of clot structure (snapshot from a simulation). The connections between platelets are shown as red intervals between their centers.

Light red lines correspond to weak GPIb connections, dark red to medium connections between activated platelets, and black to strong connections between

platelets covered by a fibrin net. Dark green platelets are covered by a fibrin net, which is shown in blue [34]. (b) Final stages of clot growth for different sizes

of inflamed areas of vessel wall (shown in red). From top to bottom: short inflamed area at the bottom wall, long area at the bottom wall, long area at both

walls. The black lines denote flow streamlines.
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 Conditions of occlusion

In this section, we reduce the complete model
esented in the appendix to a simplified model that
mits an analytical solution and explicit conditions of
ssel occlusion:

he reaction–diffusion system of equations describing
he distribution of blood factors is reduced to a single
quation for thrombin concentration;
he blood flow velocity is approximated by the Poiseuille
parabolic) profile;
he distributions of factors IX and X initiating thrombin
roduction near the vessel wall due to tissue factor are
aken in the stationary form to which they converge after

 long time;
he platelets are considered to be exclusively activated by
oluble thrombin.

 a result of these approximations, we obtain the following
uation for thrombin concentration:

¼ D
@2

T

@y2
þ FðT; yÞ; (4.1)

here

ðT; yÞ ¼ ðk�1Tf0 þ k2BaðyÞ þ k�3T3ÞðP0�TÞ�gðyÞT;

is the diffusion coefficient, P0 is the prothrombin
ncentration initially present in the blood flow, the first
rm on the right-hand side of the equation describes
othrombin activation by platelets, the second one
notes its activation by factors IX, X (Ba(y)), the third
rm represents the generation of thrombin the amplifica-
n phase. The function g(y) = k4A0T + a v(y)T shows the

fluence of antithrombin and of flow velocity vðyÞ ¼
myðH�yÞ=H2 in the downregulation of thrombin pro-
ction. Here H is the width of the vessel, vm is the

aximal flow velocity at its axis. The function Ba(y)
scribes the distribution of factors IXa and Xa. It is a
lution to the equation:

�k7A0Ba ¼ 0; B0að0Þ ¼ aTf ðB0�BaÞ
1 þ bðB0�BaÞ

(4.2)

given in the form Ba(y) = le�y/s, where s ¼ 1=
ffiffiffiffiffiffiffiffiffiffi
k7A0

p
, and l

can be found from the boundary condition.
Eq. (4.1) is considered in the interval 0 < y < H, which

corresponds to the cross section of the vessel, with the no-
flux boundary conditions:

y ¼ 0; H :
@T

@y
¼ 0: (4.3)

The simplified model gives a good approximation of the
speed of clot growth in a quiescent plasma and of the
conditions of vessel occlusion in flow [33,36]. In this work,
we use this approach to study the influence of inflamma-
tion on clot growth. To further simplify the study, the
activation of prothrombin by platelets will not be
considered in what follows. Fig. 8 (left) shows a compari-
son of the thrombin distributions in the complete model
(appendix) and in the simplified model (4.1) and (4.2). The
distribution of thrombin propagates in space due to a self-
accelerating cascade of coagulation reactions. In the case of
the complete model (solid curves), the concentration of
thrombin is measured at the center of the clot in the
direction perpendicular to the vessel wall. Thrombin
distribution has a specific form, with a maximum at the
reaction front and with a gradual decay behind it, due to its
elimination by antithrombin. The 1D model shows the
same dynamics with the same speed of propagation, but
the thrombin profile is monotone in space since the single
equation model cannot describe the concentration decay.
Except for this difference, it gives a good quantitative
approximation of the complete model. Let us note that in
the case under consideration, the value of parameter k�3 in
the simplified model is fitted, since it effectively takes into
account the influence of activated protein C on clot growth.

In order to analyze clot growth described by Eq. (4.1),
we begin with a particular case where the function F(T, y)
is replaced by the function

F0ðTÞ ¼ k�3T3ðP0�TÞ�k4A0T:

This means that we neglect the boundary effects of clot
initiation and the blood flow (quiescent plasma). If
P3

0 < ð27k4A0Þ=ð4k�3Þ, then this function has three zeros,
T = 0 and T1, T2, where T0< T1< T2. The equilibria T = 0 and

. 8. Thrombin distribution at successive moments of time in the complete model at the middle line of the clot perpendicular to the vessel wall (solid line)
d in the one-dimensional approximate model (dashed line) (left). Final clot size as a function of the maximal flow velocity in the complete model (right).
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 = T2 are stable as solutions to the corresponding ODE,
hile T = T1 is unstable. Thus, we obtain a classical

eaction–diffusion equation in the bistable case. If it is
onsidered on the whole axis, it has traveling wave
olutions, which are solutions of the form T(x,

 = W(x � ct), where W is a solution to the equation

W 00 þ cW 0 þ F0ðWÞ ¼ 0; Wð�1Þ ¼ T2; Wð1Þ ¼ 0;

nd c is the speed of propagation. In the case of a positive
peed c, such solution describes clot growth. It is known

at the wave speed is positive if and only if

T2

T0

F0ðTÞ dT > 0: (4.4)

 we consider the boundary effects and a parabolic velocity
istribution, then the function F(T, y) depends on the
pace variable y, and the problem is considered on the
terval 0 < y < H, which corresponds to the cross section

f the vessel in the direction perpendicular to the walls
cated at y = 0 and y = H. In this case, the traveling wave

olution cannot be defined in the strict mathematical
ense, and we consider its approximation. We assume that

e wave front (thrombin distribution) is sufficiently
harp. This assumption is biologically realistic due to a
trong self-acceleration to the thrombin production. Then
e consider a quasi-stationary approximation of the wave
r each y fixed. This approximation allows us to formulate

n explicit condition of clot growth. Instead of condition
.4), we now have the inequality

yÞ �
Z T2

T0

FðT; yÞ dT > 0; (4.5)

here T0 and T2 depend, in general, on y. This condition can
e satisfied for some values of y and not satisfied for some
ther values. The clot starts growing if I(0) > 0, and stops
rowing if I(y0) � 0 for some y0> 0.

Condition (4.5) shows the influence of the boundary
nd of the flow on clot initiation and propagation. The
nction Ba(y) describes the distribution of factors IX and X

nd their contribution to thrombin production. It increases
e function F(T, y) near the wall and promotes the
itiation of clot growth. However, it decays exponentially

nd its influence becomes negligible sufficiently far from
e vessel wall. On the contrary, the flow velocity vðyÞ is
w near the wall and attains its maximal value at the

xis of the vessel. It decreases the function F(T, y),
emoving thrombin from the reaction zone. Therefore, the
lood flow acts to stop clot growth. If I(H/2) � 0, then the
ow velocity is high enough to stop clot growth.
therwise, clot overpasses the axis of the flow with the
aximal flow velocity, and it continues to grow until it

eaches the opposite vessel wall. This case corresponds to
omplete vessel occlusion.

The explicit form of the condition I(0) > 0 allows us to
etermine the critical concentration of tissue factor at the
all for which clot growth begins:

� ¼ l�ðe�h=s�1Þ
1 þ b ðB0�l�e�h=sÞ
� �

: (4.6)

Here

l� ¼ 1

k2ðP0�T2=2Þ ðk1f0ðP0�T2=2Þ

þ k�3T3
2 ðP0=4�T2=5Þ�k4A0T2=2Þ:

Since inflammation essentially increases the expression of
tissue factor at the vessel wall, it can initiate clot growth.

Next, we express from (4.5) the flow speed as a function
of the space point y that stops clot growth:

v1ðyÞ ¼ 1

a
2k2BaðyÞ

P0

T2
�k2BaðyÞ þ k3

T2
2 P0

2
�2k3

T3
3

5
�k4A0

� �
:

(4.7)

If v1ðyÞ exceeds vðyÞ ¼ vmyðH�yÞ for some values of y, then
the blood flow stops clot growth, otherwise complete
occlusion occurs. Fig. 8 (right) shows a comparison of the
numerical simulations of the complete model with the
analytical results. The size of the clot (percentage of the
vessel cross section) is shown as a function of the maximal
flow velocity. For the complete model, the maximal
velocity changes in the process of clot growth. So the
maximal velocity is taken at the initial moment of time
when the velocity profile is the same as in the approximate
model. The green line shows the results of numerical
simulations of the complete model where only IL-17 is
taken into account, and the blue line for the combination of
IL-17 and TNF-a. The red line shows the results obtained
using the analytical formula. It gives a good approximation
of the complete model.

We observe a sharp transition from the complete
occlusion to a finite clot size with the increase of flow
velocity. Such transition was also observed in in vitro

experiments [31]. The combined effect of IL-17 and TNF-a
acts more strongly to promote complete occlusion.

5. Discussion

This study quantifies the effects of IL-17 and TNF-a on
thrombus development. In order to investigate the effects
of these inflammatory cytokines on blood coagulability, we
have firstly simulated thrombin generation tests for
patients with RA, as described in another study [30], using
a previously developed model of blood coagulation
[37]. The obtained results were used to determine the
levels of tissue factor, thrombomodulin, and CD39
expression in RA patients compared to healthy individuals.
These levels were incorporated into two different models
of blood clotting to describe the spatiotemporal dynamics
of clot growth during inflammatory diseases. As expected,
numerical simulations using both models show that blood
hypercoagulability, caused by inflammatory cytokines, can
lead to thrombosis and vessel occlusion. Especially when
the actions of IL-17 and TNF-a are combined.

To examine the association between inflammatory
diseases and deep venous thrombosis, we have studied the
dynamics of clot growth under venous flow conditions. In
such conditions, platelets recruitment and detachment do
not play a major role in the pathogenesis of thrombosis.
Hence, we have used a continuous modeling approach to
escribe the blood flow as well as the distributions of

f

ha1ðB0�l�e�h=sÞ 1
d
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tting factors and the density of platelets. One of the key
atures of this model is that it can be reduced to a single
uation model that has approximately the same solution.

 addition, the reduced model sustains analytical investi-
tion and provides the exact patho-physiological condi-
ns of clot growth initiation and vessel occlusion. Among

e conclusions derived from both numerical simulations
d analytical results, we observe that the individual
tion of TNF-a is not sufficient to ensure the occlusion of
e vessel. On the other hand, the individual action of IL-17
ay trigger venous occlusion when the size of the inflamed
sue is sufficiently large. Overall, the model predicts a
gher chance of vascular occlusion when the actions of IL-

 and TNF-a are combined, which is in a good agreement
ith available clinical data [1,2].

Since platelets aggregation play a key role in the
thogenesis of arterial thrombosis, we have used a
fferent model to describe the effects of IL-17 and TNF-
on clot growth in arteries. The DPD–PDE model, which
es a particle method to describe the interaction between
w and platelets, is a realistic representation of the
namics of thrombus development under high shear
w. In such hemodynamical conditions, thrombin is

ashed out by flow, but platelets still manage to aggregate
d form unstable clots known as white thrombi. The
velopment of these aggregates is reinforced by IL-17 and
F-a due to the overexpression of CD39, which ultimate-

 results in the obstruction of the blood flow by the
atelet plug. Only then, the fibrin polymer mesh can
pand and solidify the thrombus. A comparison of the two
odels indicates that the upregulation of CD39 expression
e to IL-17 and TNF-a is more crucial in the formation of

terial thrombi than venous ones.
Although the models presented in this study provide

y insights into the development of thrombosis during RA
d other inflammatory diseases, they are still based on
veral assumptions. Some of these assumptions concern
e coagulation cascade, a concept that was first intro-
ced as ‘Y’-shaped waterfall where the intrinsic and the
trinsic pathways come together into a common path-
ay, leading to the production of thrombin and the
bsequent generation of the fibrin mesh [38]. We reduced
in order to capture the essential dynamics of blood
tting when initiated by the extrinsic pathway. In this

gard, the amplification phase was assumed to depend
lely on thrombin, while in reality, it involves other
ctors such as V, VIII, XI, and XII. Furthermore, in both
odels, we consider the vessel walls to be rigid and the
ood flow to be driven by a constant nonpulsatile pressure
fference. These simplifications were necessary since the
ain objective of this study is to quantify the effects of
flammatory cytokines and not to study the interactions
tween thrombus formation, the blood flow, and the
ssel walls. We also consider a constant blood flow rate
stead of pulsatile one. Blood flow pulsations have high
quency compared to the characteristic time of clot

owth. So we expect that an averaged flow velocity can
ve a good approximation. However, this is not yet
rified in the DPD–PDE model. Flow pulsations can
fluence platelet aggregation and activation. We will
troduce blood pulsations in the forthcoming works.

Moreover, we restrict the present study to 2D modeling of
thrombus formation. The development of 3D models of
thrombus formation requires the implementation of
different numerical methods than the ones used for the
discretization of the current models. It also requires the
numerical validation through comparison with the 2D model
results. These questions will be addressed in a subsequent
work. Finally, in the present study, we identify inflammatory
diseases effects on blood clotting by the exclusive actions of
IL-17 and TNF-a, while in reality, these diseases alter the
levels of other clotting factors such as factor VII and I, among
others [39]. The quantification of such mechanisms does not
fall into the scope of the present study.

While each of the two models presented in this work
has its strengths and disadvantages, both of them are
necessary to quantify the procoagulant roles of IL-17 and
TNF-a in different contexts. The development of these
models was inspired by existing experimental studies.
However, in order to fully understand and quantify the
association between inflammation and thrombosis, more
studies combining clinical experiments and numerical
simulations are necessary. In particular, the development
of a systems biology framework is essential for building
more validated mathematical models that can be used to
accurately predict the risk of thrombosis in individual
patients.

Arterial thrombosis basically occurs due to the rupture
of a atherosclerotic plaque, while venous thromboembo-
lism is mostly related to stasis, hypercoagulation, and
endothelial damage [40]. This difference is probably
related to different hemodynamic conditions in veins,
arteries, including blood flow velocity and blood pressure
[41]. In both cases, RA and PsA can trigger endothelial
inflammation, resulting in plaque formation in arteries and
thromboembolism in veins. Further development of the
disease depends on the size of the lesions. Mathematical
modeling of atherosclerosis shows that inflamed region
grows in time as a reaction-diffusion wave [42–45]. It is
followed by vessel remodeling and possible plaque rupture
due to its interaction with the blood flow.

Plaque formation in the case of arterial inflammation is
much slower than thrombus formation. However, a high
flow velocity can prevent thrombus formation. A slower
blood flow in veins allows thrombus initiation, and the
latter probably prevents plaque formation.

The approximate analytical model does not contain
explicitly the lesion size. It is present implicitly in the
parameters of the model characterizing the rate of
thrombin production. Since this simplified model gives a
good approximation of the complete model, then we can
expect that it can be used to predict thrombosis develop-
ment in individual patients. This approach can also be used
to model thrombosis treatment [46].

Classical CV risk factors related to obesity, hyperten-
sion, smoking, etc., have been identified for a long time.
Such conclusion has been obtained from the study of long-
term cohorts, the most famous cohort being that used for
the Framingham study. However, these studies have their
own limitations including their descriptive nature and the
limitations to provide explanations for the observed
changes. One way to provide such answers is to use
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pendix A. Mathematical model

1. PDE model

1.1. Reaction-diffusion equations for blood factors

We extend a previously developed model of clot growth

namics [1,2] to include the aggregation of platelets. The

odel consists of reaction-advection-diffusion equations

scribing the spatiotemporal distributions of blood coagu-

ion factors during thrombus development:

Prothrombin

þ r	ðvPÞ ¼ DDP� k1fc þ k2Ba þ
k3T3

1 þ k8Ca

  !
P; (A.1)

rombin

þ r	ðvTÞ ¼ DDT

þ k1fc þ k2Ba þ
k3T3

1 þ k10Ca

  !
P�k4AT;

(A.2)

ctors IXa, Xa

a

t
þ r	ðvBaÞ ¼ DDBa�k5ABa; (A.3)

C

a

t
þ r	ðvCaÞ ¼ DDCa�kcCa; (A.4)

tithrombin

þ r	ðvAÞ ¼ DDA�k4AT�k5AB; (A.5)

rinogen

g

t
þ r	ðvFgÞ ¼ DDFg�

k6TFg

K6 þ Fg
; (A.6)

rin

þ r	ðvFÞ ¼ DDF þ k6TFg

K6 þ Fg
�k7F; (A.7)

rin polymer

p

t
¼ k7F: (A.8)

atelets in flow

f

t

þ r	ðkðfcÞvff Þ

¼ kðfcÞDpDðff Þ�k9Tff�k10fffc;

(A.9)

atelets in clot

c

t
þ r	ðkðfcÞvfcÞ ¼ kðfcÞDpDðfcÞ þ k9Tff

þ k10fffc; (A.10)

Here v is flow velocity, D is the diffusion coefficient, which

is taken the same for all proteins, and k(fc)Dp is the effective

diffusion coefficient for platelets, where kðfcÞ ¼
tanhðpð1� fcþff

fmax
ÞÞ a decreasing function. Fibrin polymer

forms a solid clot, it does not diffuse and it is not transported

by flow.

A.1.2. Boundary conditions

In order to describe the generation of thrombin in the

initiation phase at the damaged endothelial wall, we consider

the complex Tf* formed by the tissue factor and factor VII.

Factors IX and X interact with this complex due to a surface

reaction. They come from the bulk solution being inactive,

form a complex Tf*B with TF* and return to the solution in the

active form. The reaction rate for the surface concentration of

this complex can be written as follows:

@½Tf
�B�

@n
¼ kþf BðTf

��½Tf
�B�Þ�k�f ½Tf

�B�;

where the first term in the right-hand side of this equation
describes the flux of B to the surface, the second term
describes the flux from the surface. Assuming that this
reaction is fast, we can use the detailed equilibrium:

kþf BðTf
��½Tf

�B�Þ ¼ k�f ½Tf
�B�:

Then

½Tf
�B� ¼ kf BTf

�

1 þ kf B
; (A.11)

where kf ¼ kþf =k�f .

The boundary conditions for the variables B and Ba at the

damaged surface are as follows:

@B

@n
¼ �kþf BðTf

��½Tf
�B�Þ; @Ba

@n
¼ k�f ½Tf

�B�; (A.12)

We prescribe the zero flux condition at the intact surface.

In order to simplify the boundary conditions, let us

introduce the variable z = B + Ba. From Eq. (A.12) and the

boundary conditions for B and Ba we get:

@z

@t
þ r	ðvzÞ ¼ DDz�kbz;

@z

@n
¼ 0: (A.13)

Assuming that initially B + Ba = B0, where B0 is the initial
concentration of factors IX and X, we conclude that the
solution of problem (A.13) is identically constant,
B + Ba = B0. Hence we can exclude the variable B from the
equations and from the boundary condition:

@Ba

@n
jGd
¼ a1ðB0�BaÞ

1 þ b1ðB
0�BaÞ

; (A.14)

where a1 ¼ k�f kf Tf
� and b1 = kf.

Protein C is activated by the complex of thrombin-

thrombomodulin. The fluxes of protein C at the surface in its

active and inactive forms are given as follows:
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C

n
¼ �kþc Cð½TTm��½CTTm�Þ;

@Ca

@n
¼ k�c ½CTTm�:

ere [Tm] is the concentration of thrombomodulin present
t the undamaged surface. Protein C arrives next to
rombin and thrombomodulin and forms the complex

TTm. Here kþ8 is the reaction rate constant of protein C
ctivation by the complex of thrombin thrombomodulin,
�
c is the rate of the inverse reaction. Again using the
etailed equilibrium, we obtain the condition of APC
roduction on undamaged walls:

Ca

n
jGu
¼ a2ðC0�CÞ½TTm�

1 þ b2ðC
0�CaÞ

; (A.15)

Tm� ¼
kT½TTm�

1 þ kT½TTm�
; (A.16)

here a2 ¼ k�c kc and b2 = kc, [TTm] is the complex thrombin
rombomodulin that activates protein C present in blood

lasma. We consider the no-flux boundary conditions for
ese concentrations at the other parts of the boundary,

nd also for other concentrations. In the case of nonzero
ow velocity, the concentrations of prothrombin, fibrino-
en and antithrombin at the entrance of the domain (x = 0)
re kept constant.

.1.3. Blood flow model

To incorporate the action of blood flow on clot growth, we

se the Navier–Stokes equations to describe the dynamics of

lood flow in the vessel.

@~v
@t
þ~vr~v

� �
¼ �rp þ mD~v� m

K f ð~xÞ
~v; (A.17)

~v ¼ 0;

here~v ¼ ðvx; vyÞ is the velocity vector, p is the pressure, r
e density of blood, m the kinematic viscosity. H the

eight of the vessel. In this work, we consider a laminar
compressible flow. Kf is the hydraulic permeability of

brin polymer [3]:

1

f ð~xÞ
¼ 16

a2
Fp¯

1:5ð1 þ 56Fpð̄~xÞ3Þ
1 þ fc̄ð~xÞ
1�fc̄ð~xÞ

� �
: (A.18)

ere Fp¯
and fc̄ are the normalized concentration of fibrin

olymer and density of platelets in the clot respectively, a
 the fiber radius of the fibrin polymer mesh.

The effects of red blood cells (RBCs) on thrombus

rmation are taken implicitly through the choice of viscosity

imilarly to the other continuous models of thrombus

rowth. RBCs and fibrin are the main components of venous

rombus. For this reason, we refer to those thrombi as red

lots due to the red color of RBCs. RBCs exhibit two features

at have an impact on the rheology of the blood. First, RBCs

ggregate under low shear flow and form stacks due to their

iscoid shape. This increases the overall viscosity of the blood

ow [4]. The other mechanical property of RBCs is their

adverse effect on the viscosity of the blood flow with respect

to RBCs aggregation. The influence of RBCs can be properly

captured using cell-based models of blood flow. In such

models, blood is described as a heterogeneous fluid

consisting of both plasma and blood cells. These models

become complex and computationally expensive. To our

knowledge, a model that considers the effects of RBCs on

thrombus growth in flow does not exist yet due to the

complexity of such modeling.

We prescribe the no-slip boundary conditions for the

velocity at the upper and lower walls, and periodic boundary

conditions in the axial direction. The blood flow is driven by

the pressure difference. Therefore, we use periodic boundary

conditions for velocity coupled with a constant pressure

difference condition:

pin ¼ pout þ Dp; (A.19)

where pin is the pressure at the inlet, pout is the outlet
pressure and Dp is the pressure difference which is
considered as an imposed constant. Contrary to the
condition of fixed inlet velocity, this imposed pressure
difference condition allows the clot to completely occlude
the vessel and obstruct the flow. The numerical imple-
mentation of the model was presented in [2].

A.1.4. Model reduction

Let us consider the simplified model:

@v1

@t
¼ DDv1 þ bk1T�h1v1; (A.20)

@v2

@t
¼ DDv2 þ bk2T�h2v2; (A.21)

@v3

@t
¼ DDv3 þ bk3T�h3v3; (A.22)

@v4

@t
¼ DDv4 þ bk4v3�h4v4; (A.23)

@v5

@t
¼ DDv5 þ bk5v4 þ kc

1v2v4�h5v5; (A.24)

@T

@t
¼ DDT þ bk6v5 þ kc

2v1v5

� �
P�sT (A.25)

obtained as an approximation of the more complete model
of blood coagulation in quiescent platelet-free plasma
[5,6]. Here T denotes thrombin concentration, T0 is its
maximal concentration equal to the initial concentration of
prothrombin. The variables vi; i ¼ 1; . . .; 5 correspond to
the concentrations of active forms of the factors V, VIII, XI,
IX and X, respectively. The coefficients bki denote activation
reaction rates, and hi inhibition rates. Factors VIIIa and IXa
form the intrinsic kinase complexes [VIIIa,IXa], while
factors Va and Xa form the prothrombinase complex
[Va,Xa]. They further accelerate thrombin production.
They enter Eqs. (A.23) and (A.24) in the form kc

1v2v4 and
kc

2v5v1 obtained under the assumption of detailed equilib-

ium. This system of equations should be completed by the
eformability under high shear flows. This property has an r
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uations of fibrin production from fibrinogen (activated
 thrombin) and fibrin polymer production from fibrin.
ese equations do not influence the equations of
rombin production, so that the system (A.20)–(A.24)
n be considered independently.

Under the assumption of detailed equilibrium (large

action constants) we express the variables v1; . . .; v5 from

s. (A.20)–(A.23):

¼
bk1

h1
T; v2 ¼

bk2

h2
T; v3 ¼

bk3

h3
T; v4 ¼

bk3
bk4

h3h4
T;

v5 ¼
bk3
bk4

h3h4
T
bk5

h5
þ kc

1
bk2

h2h5
T

  ! (A.26)

d substitute them into the last equation. We get the
gle reaction–diffusion equation

¼ DDT þ bT3P�sT; (A.27)

here

bk1
bk2
bk3
bk4kc

1kc
2

h1h2h3h4h5

d some small terms are neglected. Taking into account
e initiation of thrombin production, its inhibition by
tivated protein C and platelets, we obtain Eq. (A.2) where
= k4A and convective terms are omitted for brevity. In the
se of small values of s, Eqs. (A.1) and (A.2) can be
proximated by Eq. (4.1). The concentration B can be
und in the quasi-stationary approximation as a solution
 the stationary equation (A.3), where the convection term
neglected since the flow velocity is low near the vessel
all (see (4.2)). It was shown in [2,7,8] that a model
duction gives a good approximation of the complete
odel.

1.5. Model parameters

2. PDE-DPD model

2.1. DPD submodel

Dissipative particle dynamics is a mesoscale method in

e sense that each DPD particle describes some small

lume of a simulated medium rather than an individual

olecule [16,18,19]. There are conservative, dissipative, and

ndom forces acting between every two particles:

¼ FC
ij ðrijÞr̂ij; FD

ij ¼ �gvDðrijÞðvij	r̂ijÞr̂ij;

¼ svRðrijÞ
jijffiffiffiffiffi
dt
p r̂ij;

here ~ri is the vector of position of the particle i,

and vij ¼ vi�vj is the difference between velocities of two
particles; g and s are coefficients that determine the
strength of the dissipative and the random forces,
respectively, while vD and vR are weight functions; jij is
a normally distributed random variable with zero mean,
unit variance, and jij = jji. The conservative force is given by
the equality

FC
ij ðrijÞ ¼ aijð1�rij=rcÞ for rij�rc;

0 for rij > rc;

�
(A.28)

where aij is the conservative force coefficient between
particles i and j, and rc is the cutoff radius. If the following
two relations are satisfied, system will preserve its energy
and maintain the equilibrium temperature:

vDðrijÞ ¼ ½vRðrijÞ�
2
; s2 ¼ 2gkBT;

where kB is the Boltzmann constant and T is the
temperature. The weight functions are determined by:

vRðrijÞ ¼ ð1�rij=rcÞk for rij�rc;
0 for rij > rc;

�
(A.29)

where k = 1 for the original DPD method, but it can be also
scaled in order to change the dynamic viscosity of the
simulated fluid. The motion of particles is determined by
Newton’s second law.

It is important to note that all forces between particles are

pairwise. Therefore, if we take a closed volume, then all forces

between the particles inside it are cancelled. Only the forces

from the particles outside act on the volume. These

properties characterize hydrodynamics and allow the deri-

vation of macroscopic equations of motion. Under the

appropriate choice of parameters, DPD gives results similar

to the Navier–Stokes equations, but is much less computa-

tionally expensive. Hence, its applications become justified

for simulating complex heterogeneous media [15,16].

A.2.2. Platelet aggregation submodel

In order to describe platelets and their aggregation in

flow, we consider that some of the particles in the DPD

description of the medium are platelets, while other particles

simulate lumps of blood plasma. Platelets still remain DPD

particles in the sense that DPD forces remain acting on

platelets; however, we apply additional rules of interaction

between platelets themselves.

First we consider that platelets cannot cross each other,

unlike plasma particles, which can pass one through another

because of the finite potential force acting between them. In

order to prevent platelets from passing through each other,

we will introduce an additional linear potential force

between them:

FP
ij ¼

kP 1�
rij

dP

� �
r̂ij; if rij < dP ;

0; if rij
 dP ;

8<: (A.30)

where dP is the platelet diameter, kP is the force strength

efficient.
¼ ~ri�~rj; rij ¼ j~rijj; r̂ij ¼ ~rij=rij; co
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Next, we describe platelet aggregation – when two

latelets come in physical contact, i.e. the distance between

eir centers is less then the platelet’s diameter (rij < dP), they

stablish a weak adhesive connection. Platelet aggregation

an be strengthened through the process of platelet

ctivation, during which platelets go through physical

hanges, developing a pseudopod stellar shape. Moreover,

ctivated platelets initiate the activation of surrounding

ggregated platelets. The platelet activation therefore

creases stability of the platelet aggregate on the injury

ite. However, the last step of the clot stabilisation is the

esult of the coagulation pathways. Fibrin monomers, which

re synthesized at the injury site, polymerize, creating a so-

alled fibrin net, which together with aggregated platelets

rms the blood clot, making the aggregate more stable. The

table blood clot then gives time for the underlying tissue to

eal.

In order to describe different types of adhesion between

latelets, we introduce an adhesion force that acts between

onnected platelets:

A
ij ¼

f AðtijÞ 1�
rij

dP

� �
r̂ij; if dP�rij�dD;

0; if rij < dP or rij > dD;

8<: (A.31)

here tij is the age of the connection between the platelets,
hile dD (such that dD> dP) is the critical distance after
hich the connection between two platelets is considered

 be severed. We define the function fA(tij) as follows:

AðtijÞ ¼

kA
1 ; if FpðiÞorFpð jÞ < cFp ; and tij < tc;

kA
2 ; if FpðiÞorFpð jÞ < cFp ; and tij
 tc;

kA
3 ; if FpðiÞ and Fpð jÞ 
 cFp ;

8>>><>>>:
(A.32)

here f A
1 < f A

2 < f A
3 are the three strengths of inter-platelet

onnections, representing respectively a weak bond due to
PIb receptors, a medium bond due to platelet activation,
nd a strong bond due to reinforcement by fibrin polymer
et; tc is the time needed for platelet activation measured
om the moment when the connection is established. As
e platelet activation process is not the focus of this study,
e activation period serves as a basic approximation of the

latelet activation process due to the contact and
roximity of other activated platelets (e.g., activation
ue to the secretion of ADP). Fp(i) and Fp(j) are levels of
brin polymer Fp at the positions of particles i and j,
espectively. The levels of Fp are given by the coagulation
ub-model. cFp is the critical level of fibrin polymer. A
latelet is considered to be a part of the clot core if it is in
e clot and the fibrin concentration is larger than cFp at the

osition of that platelet. Therefore, the clot core is a part of
e clot covered by a concentration of Fp larger than cFp . As
e platelets that are coated in fibrin are adhesion-

esistant [17], the same condition is applied to the model
 a way that the platelets that belong to the clot core

annot establish new connections with the platelets in the
ow.

Dissipative Particle Dynamics (DPD) is not a deterministic

method due to the random forces between particles. Hence, it

is possible to obtain different outcomes when running two

numerical simulations with the same sets of parameters.

However, the qualitative results of the model remain the

same and significant changes of the simulation outcome only

occur when parameters are changed. We have presented a

detailed sensitivity analysis for the different parameters used

in the model in previous works [21,22].

The DPD–PDE model is based on a sophisticated coupling

of the DPD method and the resolution of PDEs. This coupling

consists in running the two components in parallel and then

proceeds to the exchange of data between them. PDEs are

solved numerically on a fine using the finite difference

method. An accurate quadratic bilinear interpolation is used

to compute the concentration of fibrin on the coordinates of

each particle. The same interpolation is used to calculate the

flow velocity in the PDE mesh.

A.2.3. PDE submodel

Equations for the concentrations of blood factors are

similar to the equations presented in Section A.1.1. It is

assumed here that the concentration of antithrombin is in

excess, and its variation is neglected. The influence of IL-17

and TNF-a on the coagulation cascade is taken into account

through the boundary conditions (Section A.1.2). Parameter

values used in the DPD and PDE submodels are provided in

Table 2.

A.3. A comparative study of arterial thrombus simulation

using the continuous and the DPD–PDE models

The mechanisms involved in the development of arterial

thrombosis differ from those driving the growth of venous

thrombosis. In arterial thrombosis, the high shear flow

washes away thrombin and prevents the generation of the

fibrin mesh. In this context, platelets are still able to attach to

the subendothelium and form a plug. To test the ability of the

continuous model in reproducing the dynamics of platelet

plug formation, we consider that the porosity of the plug

depends solely on the density of platelets in the plug [3]:

1

Kpð~xÞ
¼ 150 fc

C2ð2apÞð1�fcÞ
3
; (A.33)

where C is the sphericity of a platelet and ap is its radius. In
order to reproduce the experimental conditions [20], we
impose a constant parabolic flow velocity at the inlet with
a maximum value vm ¼ 1250 mm/s. As a computational
domain, we consider a microvessel with a diameter of
50 mm similar to the one in the DPD–PDE simulations.
Using these changes, it is possible to track the evolution of
the thrombus under high shear flow using the continuous
model presented in Appendix A.1. We show the result for
the vessel height occupied by the plug of platelets as well
as some screenshots of the simulation in Fig. 9. The shown
quantitative results are close to the results of the DPD–PDE
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odel, although the latter provides a more realistic
presentation of the formation of unstable white thrombi,
ce it takes into account the detachment of fragments
m the clot.
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lues of all fixed parameters in the basic simulation with the DPD–PDE model.

omain Value Physical Description

 250 250 mm Length of the simulated blood vessel
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x 7200 72 m/s2 External force in x direction used to induce flow
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PD Value Physical Description
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 10 0.1 s DPD–PDE data exchange period
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. 9. Numerical simulations of arterial thrombus formation using the continuous model. (a) The vessel height occupied by the platelet plug over time. (b)
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