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Abstract

In certain situations, such as in viscous liquids or nano-porous media, the transversal relaxation time 7, may become so short
that the pulse duration or the detector dead time is no longer negligible. These cases raise fundamental questions about relaxation
during the radio-frequency pulses used in classical CPMG or Inversion-Recovery sequences. For an ideal system having a single
relaxation time, we examine the effect of the finite pulse duration on the magnetization decay after the pulses occurring in FID,
CPMG and Inversion-Recovery sequences. We solved analytically the Bloch equations during and after the pulses and compared
the theoretical predictions with experimental data. Finally, we propose approximate simple expressions to correct the sequences for
the magnetization attenuation during the pulses. IR curves are affected by transversal relaxation during the pulses, yielding asym-
metric curves even if T is very large. The magnetization decay obtained during a CPMG sequence is not affected by relaxation
during the pulses. This is valid provided the time origin is chosen in the middle of the first pulse. To cite this article: B. Nicot
et al., C. R. Chimie 11 (2008).
© 2007 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.
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1. Introduction times are much larger than the radio-frequency (r.f.) pulse

durations 7, and the dead time of the detector 74. In these

NMR relaxation time measurements on liquids per-
formed at moderate or low field provide useful informa-
tion about molecular dynamics. For example, viscosity
can be deduced from transversal relaxation time over
a very wide range of values spanning several decades.
In porous media, a pore size information can be obtained
from transversal and longitudinal relaxation times. In
most situations, the transversal and longitudinal relaxation
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cases, the Carr—Purcell—Meiboom—Gill (CPMG) [1,2]
and the Inversion-Recovery (IR) [3] sequences are per-
fectly adapted to determine 75, T and the total magneti-
zation, without correction for quantitative analysis. In
contrast, in very viscous liquids where T, >> T, the trans-
versal relaxation time can become so short that the condi-
tions T, >> 7, or T, >> 74 may not be satisfied. We focus
in this paper on these cases and we consider the evolution
of the magnetization during the pulses.

The effect of finite pulse duration and relaxation
during the pulses has been of concern very early in
the development of NMR. In particular in the study
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of chemical exchange [4,5], the relaxation during
pulses has important consequences and can be used
to select different protons in high-resolution NMR
[6]. In this work, we consider low-resolution experi-
ments designed to provide quantitative information
about proton species relaxing at different rates to
identify their contribution in the system studied.
For example, in liquids, we expect to obtain the con-
tribution of high molecular weight components rela-
tive to low molecular weight, and for a confined
liquid in a porous media, we expect to obtain a pre-
cise partitioning of the pore space.

We will first recall the Bloch equations and show
that they can be used for the calculation of the magne-
tization decay during the pulses. Then we present the
analytical method to solve the Bloch equations during
the pulses as well as the experimental method to
observe the effect of pulse duration. The results of
the calculation for individual pulses are presented
next, along with an experimental validation performed
on a FID sequence. Finally we show theoretically and
experimentally the effects of relaxation during the
pulses on CPMG and IR measurements and propose
simple analytical formulae to perform corrections
when necessary.

2. Background: Bloch equations and underlying
assumptions

Let us consider one set of spins, characterized by:

e a given dipolar interaction correlation time 7,
e a given mean square of the dipolar interaction ten-
sor components,

and consequently, by:

e a longitudinal relaxation time T;
e a transversal relaxation time 7.

We will note:

e Oxyz the laboratory frame of reference with Oz
along the magnetic induction, By;

e OXYz the frame of reference rotating around Oz at
the angular frequency w = wy= —+vyBy, where v is
the gyromagnetic factor.

During each sequence the evolution of the
magnetization of this spin package is well described
by the Bloch equations [7] under the following
conditions:

e a homogeneous static magnetic induction, B;

e By < By, where B is the amphtude of the magnetic
induction Bj perpendicular to By, and rotating at
the angular frequency w;

o <w’>Y 2Tc < 1 where <w>> is the second moment
of the local dipolar interaction. According to the
Bloembergen, Purcell and Pound (BPP) theory
[8], this condition is fulfilled if 75 > Tojjmic = 11 ps
for an inter-proton distance b = 1.78 A, which cor-
responds to the distance between two hydrogen
atoms in the methane molecule.

Under these conditions, the effective static induction
in the rotating frame OXY~ is:

- o\» =~ Awk—
Beffz(30+—>k+31=—l (1)
Y Y

where &) = —yB1, Aw = w — w, and 7,;, k are the unit
vectors of the rotating frame. In this rotating frame, the
Bloch equations become:

dM LN Myi+My] M,—My-
& (B ) - — 7 2
dr 7( it T T, @)

where My, My, M, are the components of the magneti-
zation M in that frame, and M, the magnetization at
thermal equilibrium along Oz. The use of the Bloch
equations during the r.f. pulses is suitable as far as
UT,,=1/2(1/T, + 1/T,) and UT,,=1/T,, i.e. when
w17, < 1, where T, and T, are the relaxation times
in the rotating frame in the presence of B;.

3. Analytical and experimental methods

3.1. Resolution of the Bloch equations during a r.f.
pulse

Bloch equations were solved during the three differ-
ent pulses occurring in the CPMG and IR sequences. In
each case, the magnetization state before the applica-
tion of the pulses is linked to the sequences as follows:

e application of a 7/2)y pulse when the magnetiza-
tion is initially along the z axis. This case corre-
sponds to the 90° pulses applied in CPMG, IR
and Free Induction Decay (FID) measurements;

e application of a )y pulse when the magnetization
is initially along z. This case corresponds to the in-
version pulse in the IR measurement;

e application of a )y pulse when the initial magne-
tization is mainly along Y. This case corresponds to
a 180° refocusing pulse in the CPMG sequence.
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The analytical resolution was performed for a square
pulse (pulse 1 in Fig. 1) and for an ““ideal” pulse of zero
duration occurring at time ¢ = 0 and producing a perfect
tilt of the magnetization (pulse 2 in Fig. 1). The analytical
calculations, detailed in the Appendix, were performed
up to the order &2, where &2 = 1/2w;T>, neglecting
the effect of the longitudinal relaxation (T} >> 2t,).

3.2. Experiments

All the experiments have been carried out on a Maran
Ultra 23-MHz proton spectrometer from Oxford Instru-
ments. The characteristic time of the free induction de-
cay due to magnetic field inhomogeneities T is about
1.5 ms. At a constant r.f. amplitude we will note, respec-
tively, 7, and 27, the /2 and 7 pulse durations. Pulse
durations were accurately determined using the stan-
dard train90 and train180 pulse sequences. The mini-
mum 7/2 pulse duration i T, min =6 us. The dead
time (probe + filter) is 74 = 12 ps.

In order to compare experiments and calculations,
we checked that the conditions for applying the Bloch
equations are valid:

e the condition 7, < T7 is fulfilled and the B, induc-
tion can be considered homogeneous,

e the condition B; < B because the minimum 7t/2
pulse duration iS Tp min = 6 ps, corresponding to
~42 kHz,

o the relaxation is exponential and not Gaussian.

Viscous hydrocarbon fluids are our main interest, but
they usually exhibit a broad distribution of relaxation
times [9] and are not suitable for the present study. For
the FID and IR tests, we used instead a sample of gly-
cerol at a temperature of —10 °C. At that temperature,
we measured T and T, values, respectively, of 0.46 ms
and 44 ms. For the CPMG tests, we also used glycerol
but a temperature of 30 °C (T, =25 ms, T} =43 ms)
and we varied the inter-echo time TE =27 from 100

v

-t 0 t

up to 600 us. Hence, the ratio TE/27,, varies from 8.3
to 50. In addition, we decreased the number of echoes
Neen 1n order to maintain the ratio 7/N.., constant, i.e.
the magnetization decay is recorded over a fixed time
interval. In all cases, the zero time origin is at the middle
of the first pulse.

4. Results for individual pulses

We present here the results of the calculation for the
three pulses used in the IR and CPMG sequences. We
note 7, the end of the r.f. pulse with a time origin located
at the centre of the pulse, 7, the duration of a 7t/2 pulse
(hence t,=7,/2 for a /2 pulse and #, =7, for am
pulse), and Myy, Myy, M.y, the components of M in
the rotating frame at time ¢ = —#,. From the values of
the magnetization components after the three different
pulses (Table 1) under study, we see that there is no dif-
ference between the real and ideal pulses for three cases
out of nine (Table 1). However, this is true only if one
chooses the time origin at the centre of the pulse. For
these cases, the considered magnetization component
is along the rotation axis. Otherwise, the differences
occurring between real and ideal pulses reveal the effect
of T, relaxation during the pulses. For example, starting
from Myy =0, Myo =0 and M., = M, (FID sequence),
a residual M, component remains after the application
of a 1/2)y pulse (Fig. 2):

e’ T
M.(t,) = Mo—— -2
(1) = Mo~ exp( 2Tz) (3)
Starting from Myq = Myo =0 and Mo = M,, the effect

of relaxation during a 7t/2)x pulse (duration 7,) can be
obtained from Table 1:

Mx(1,) =0
_ _
My(tp) = Moexp< 2T2> 4)
2
M. (tp) =M™ exp( — 2T7132>

Fig. 1. Real r.f. pulse (1) and ideal r.f. pulse (2).
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Table 1

Magnetization components My, My, and M. at the end of 7t/2)x, T)x and 1)y pulses (time #,) for areal pulse (pulse 1 in Fig. 1) limiting the calculation
to €2, and an ideal pulse (pulse 2 in Fig. 1), at resonance condition and for T, < T}

R, pulse My (1) My (1) M. (1)
7 2 TP 2 _
T/2)x 1 Mxo 67§ (M +7_:TTSMY())6727?2 (—My, + WTSM;O)G *
2 Myye ™ Mye ™ My e ™2
27y 2 7] 2 7
Tx ! Mye 7 (~Myo + EEMg)e 7 (—M.o — TEMyo)e 7
2 MXO e —My() e —M;o e 2
2 I i 2 I
)y 1 (—Mxo *,:CT‘? 20)€e n Myo e ,TZZ (=M ‘tpTETEMXO)e n
2 —Mxoe ™ Myo e ™ ~Moe ™

Myxo, Myo, and M. are the magnetization components at the beginning of the pulse at time —7,; 7, is the duration of a 7/2 pulse.

As already mentioned, the magnetization is not per-
fectly tilted along OY and the effective tilt angle is
less than 90°. Considering the measurable component
My, there is an attenuation due to the decrease of the
overall magnetization modulus, and to the imperfect
tilt angle. We define the attenuation Att,,, of the My
component after a 7v/2)y pulse as:

Aty (tp) M;/I—(;p):exp<—;—Tp2> (5)

Starting from Myy = Myy, =0 and M,o = M, the effect
of relaxation during a T)x pulse (pulse duration 27,)
can be obtained from Table 1:

My (t,) =0

My (tp) :MOTCTEZexp < - %)
2

M. (1) = —Moexp ( = %)

2

(6)

In this case, the effective tilt angle is 180°, the remain-
ing magnetization along Y is negligible, and there is an

1
0.9
0.8

QF---

r'r'!iz"ﬁ'iil':-;é"""""" Mx ]

0 2 4 6 8
Time (us)

Fig. 2. Calculation of My, My, and M, as a function of time during
and after a 7/2)y pulse for 7,=6ps, Ty =10 s and T, = 20 ps.

attenuation of the magnetization amplitude. Similarly,
we define the attenuation of the M, component after
a T)x pulse as:

Att (1) = M. () ~exp ( - E) (7)

_MO

Finally, whatever the magnetization components My, Myq
and M,y may be, the effect of relaxation during a )y
pulse (pulse duration 27,) can be obtained from Table 1:

My (1) :Myoexp<—2Tsz) (8)

It is obvious that when rotating around the Y axis during
the pulse, the My component relaxes exponentially with
a time constant 7.

In practical situation, the detection of the magnetiza-
tion is only possible after a dead time 74 which is typi-
cally of the order of 10 ps. The resulting attenuation is
then expressed as:

T

Attdead = exp ( — T—Z) (9)

and the magnetization is then given by (in the case of
a 7/2 pulse):

My (tp + Td) :M()Attﬁ/z (’p)Attdead (10)

To test experimentally Eq. (10), we used glycerol relax-
ing at T, =460 pus at —10 °C and we varied the /2
pulse duration 7, from 6.2 ps up to 380 ps. Therefore,
the 7,/T, ratio varies from 0.01 to 0.83. There is
a good agreement between experimental data (first
FID points) and the total predicted attenuation Att,,
Attgeaq (Fig. 3). Note that this curve does not reach 1
for small values of 7,/T5. Indeed, we varied the pulse
duration 7, and not the T, value, so that there is a con-
stant attenuation factor Attge,q, corresponding to:

12
Attdead = exp ( - %) = exp (—m) =(0.97 (11)
2
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Fig. 3. Amplitude of the first measurable point of the FID versus
7o/T> for a glycerol sample at —10 °C; the spectrometer dead time
74 =12 ps is taken into account in the analytic formula, see Eq. (10).

5. Results for the IR sequence

We treat here the Inversion-Recovery (IR) pulse se-
quence commonly used for 7, measurements and de-
scribed in Fig. 4. We can calculate the magnetization
components during this sequence using the results ob-
tained for individual pulses (Table 1).

At fy=—7p, the magnetization is along z,
therefore:

ty 0 £ d1

Mx(fo) == 0
My(lo) =0 (12)
M. (1) = M,

After the 1)y pulse, at #; =7, the magnetization
components are:

MX(ZI) :O
My(t) =M, 7T—ezexp<—ﬁ
r(h 0% T
T

M.(t) = —Moexp(—T—p)

(13)

2

Then, the magnetization components relax exponen-
tially, Mx and My decreasing with a time constant 7,
and M, with a time constant Ty, during the time d;.
So, at time #, = 7, + d; the magnetization components
can be written as:

MX(12)=0
~ M TE _D _d
My (t,) =Mo" exp( Tz)eXP( T2>
_ _ AN _ 4
Mz(tz)—Mo—o—( Moexp( Tz) M0>exp< T1)
(14)

After the 1v/2), pulse, at time #3 =7, +d; + 7, the
magnetization components are:

me? me? T d, T
M, — __P — __Pr
g2 7P ( Tz) P ( Tz) ] P < 2T2>
Moyexp| — ) _ M, |exp| — ﬂ exp| — e
0CXp T, 0 p T, p 2T,

t2 t3 T4 t4

Fig. 4. Inversion-Recovery pulse sequence.
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My/Mg
'y

My(d;—0)/M,
Fig. 5. Typical Inversion-Recovery curve.

After a dead time 74, neglecting terms of order ¢* in
Eq. (15), the detected My component at time
ty=T7p+d; + T, + T4 can be written as:

My(1,) = {Mo - (Mo exp<;—z> +Mo>
oDl el

(16)

As a consequence, even if the T; measurement is af-
fected by transversal relaxation during the pulses, the
My component relaxes exponentially when d is varied.
A typical Inversion-Recovery curve is shown in Fig. 5.
Using Eq. (16), we can write the expressions of My
(t4, dy — 0) and My (t4, d; — o) as follows:

My (ty,d,—0) = —Moexp< — ;}’) exp< TP>
2

xexp<—;z> (17)

1 T

=2 =1

10 107 10
d1 time (s)

10

Fig. 6. Calculated Inversion-Recovery curves for different pulse du-
rations with 74=0, Ty =1 ms and T, =20 ps.

My(f4,d1_’°°):MOCXP<—ZTTP)GXP<_%> (18)
2 2

Thus, using the expressions of the attenuations de-
fined in Egs. (5), (7) and (9), one can write these expres-
sions as:

My (t4, dy— O) = —MyAtt (Tp> Attﬂ;/z (TP/Z) Attyeaq
(19)
My (ts,dy — ) = MoAttr (75/2) Attgead (20)

The common way to treat the IR curves is to apply
the following transform:
My(d

- My(di— )

yielding a curve decreasing from My(d;, — ®)—
My(d; — 0) to zero. This curve is then treated as an
exponential decay. In consequence, the magnetization
amplitude of a T; component can be defined as
My(d, — ) — My(d, — 0), rather than the classically
expected amplitude 2M, obtained when T, >> 7, and
T4. The amplitude ratio Attyg is:

. My(dl - 00) — My(dl _>0)

Attg = 22
" o 22)

T(dy) = My(d, — oo)<1

Using Egs. (19) and (20), one can write this ampli-
tude ratio as:
[14 Attr (7)) | Attrys (75/2) Attgeaa
2
The full IR sequence has been calculated for different
values of 7, (Fig. 6). The dead time has been set to
zero for simplicity.

Attg = (23)

1 T

o
©

o
®

[My(d1max)-My(d1mii)1/2Mg

06} i
0.5 O  Experimental data 1
— Attg
0.4 : Q
10 10” 10°

1:pIT2

Fig. 7. Total amplitude from IR measurements versus 7,/T>, glycerol
sample at —10 °C; a dead time 74 of 12 ps is taken into account in the
analytic formula given in Eq. (23).
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My / M,

10 10°° 102 107" 10° 10"
d, time (s)

Fig. 8. IR measurements for a glycerol sample at —10 °C for differ-
ent values of pulse duration at resonance condition; the same relax-
ation time is obtained for all curves (7T} = 46 ms).

As aresult of Egs. (19) and (20), My(d; — 0) is more
attenuated than My(d, — o0), yielding non-symmetric
curves, as presented in Fig. 6. However, despite this
asymmetry, the relaxation time T is constant, as pre-
dicted by Eq. (16).

In order to obtain an experimental verification of Eq.
(23), T\ measurements were performed for different pulse
durations 7, on a glycerol sample at —10 °C (T, = 460 ps).
The detected amplitude [My (dimax) — My{(dimin)l/2My
with djmax = 10 s and dyin = 10 ps as a function of 7,/T,
is in agreement (Fig. 7) with the analytical attenuation
Attig given by Eq. (23). For each IR measurement
(Fig. 8), non-symmetric curves are measured, as predicted,
but the same T value (46 ms) is deduced independently of
the pulse duration.

6. Results for the CPMG sequence

We have already studied separately the effect of the
pulses used in a CPMG measurement (Table 1). If we

T2)y

)y

s O L 1

consider the pulse sequence described in Fig. 9, we
can calculate the magnetization components during
the sequence. At 7y = —7,,/2, the magnetization is along
Oz, therefore:

My (to) =0
My (1) =0 (24)
M. (1)) = My

After the 10/2)y pulse, at t; = 7,/2, the magnetization
components are:

Mx(fl)zo
,
My(t;) =M -2
1) =My exp 2T2> (25)
2 T,
Mz(ll)zMoWTgeXP(—ﬁ)
2

Then the My component relaxes exponentially without
any effect of the )y pulses during a time 27 —¢. So
at t =27, the My component can be written as:

21—t
My(27) = M, exp(—{%)exp(— TT 1>
2 2

() 5

2

As a consequence, if the time origin is taken at the mid-
dle of the first pulse, relaxation during the pulses does
not affect the results of the CPMG measurement.

We have calculated the full sequence by Bloch equa-
tions, resolution for an extreme case, where T,
(=40 ps) < T, (=10s) and 1, =20 ps. We simulated
three echoes with a half inter-echo time 7 =30 us
(Fig. 10).

We also tested the analytical result of Eq. (26) exper-
imentally. Several CPMG measurements were per-
formed on a glycerol sample at 30 °C (T, =44 ms), as
described in a previous section. The measured magneti-
zation decays were fitted using a single exponential

v

Fig. 9. CPMG pulse sequence considered in this work.
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08 Mz
0.6 /My
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_E_N echoes
%
= 02
oer.ym ’’’’’ \‘-_____,./ -
7[,-‘,2 T
T
0 T 21

Fig. 10. Magnetization (My, My, M.) versus time during a CPMG se-
quence (3 echoes with 7=30ms, /2 pulse length 7,=20 ps,
T, =10 s and T, =40 ps).

component and each experiment led to the same T,
value whatever the 7 value or the number of echoes or
the total m pulse duration in the CPMG sequence.
This is true if the magnetization is recorded as a function
of time counted from the middle of the first pulse, in
particular for long 7 pulse. A simple fitting procedure
using the data points at time t =2n7 (n =1, 2...) yields
the total magnetization M, and T,. According to these
results, we conclude that the CPMG sequence has theo-
retically the ability to detect both the amplitude and
time constant for very short 7, values. However, when
a distribution of relaxation time is present in the fluid
(as often encountered), the shortest components are
described only by a few echoes. Therefore, in a multi-
exponential fitting, the weight of the longest compo-
nents is much larger, yielding a poor determination of
the short components.

7. Conclusion

The calculations presented in this article treat the
problem of short 7, relaxation time detection. The
transversal relaxation during the pulses has been cal-
culated by analytical resolution of Bloch equations.
The remarkable agreement observed between experi-
mental and theoretical attenuations establishes the ad-
equacy of these equations to solve the specific
problem of relaxation during the pulses. Although
the description of the attenuation using simple expo-
nential functions is not exact, it is sufficient to repre-
sent experimental results.

The main conclusions concerning relaxation time
measurements are as follows:

o for the FID sequence, relaxation during the pulse
yields underestimated magnetization values. This
magnetization loss is predicted by Eq. (10), in
good agreement with experimental data;

for the CPMG sequence, we have shown that
there is no effect of relaxation during the pulses.
Neither the number nor the duration of the pulses
will affect the determination of the relaxation
time T5;

for the IR sequence, transversal relaxation during
pulses and dead time yields a non-negligible under-
estimation of magnetization and asymmetric IR
curves. This magnetization loss is predicted by Eq.
(23), in good agreement with experimental data.
However, the T, value deduced from IR curves is
not affected by the asymmetry.

Appendix. Analytical resolution of the Bloch
equations during a r.f. pulse

We analyse the effect of a r.f. pulse during a time in-
terval [—1,; t,], neglecting the effect of t}_{e longitudinal re-
laxation (T, < T;). We note &; = —yBj, 7, the 7/2 r.£.
pulse duration, and Mxg, My, M., the components of M
in the rotating frame at time = —#,. Let us consider two
typical cases.

e Case 1: when B is applied along OX in the rotating
frame. Bloch equations become:

dMX MX dMY My dM:
My My My My g My
dt T, dt T, O g T

(A1)
If &2 = 1/2w,T> < 1, for —1p, <t < t,, the solution is:

t+t,
My (t) = Mxo exp( T p)
)

My(t) = exp( I tp) (Myo cos (1 +1,)
2T,
+M, sin q(t + tp))
M.(t) = exp ( Tt tp) (Mzo cos q(tJr tp)
27,

—Myosing(t+1,)) (A2)
with ¢ = w1 V1 — &2,

e Case 2: when B is applied along OY in the rotating
frame. Bloch equations become:
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dMy My CdMy My dM.
dr T, Todr T, A

If 2 = 1/2w,T> < 1, for —tp, <t < +tp, the solution is:

t+1t,
Mx (1) :exp< o, >(My0 cos q(t+1,)
—M  sin q(t + tp))

t+t,
My([) :MXO CXp(-Tp>

2

M.(t) = exp ( tz—;;p) (M. cos q(t+1,)

+My0 sin q(f+[p)) (A4)

Next, we will consider the case where ¢ < 1, corre-
sponding to the operating range of the NMR technique,
SO that we limit the development of sin g and cos gt up
to &2 in Eqs. A2 and A4. The components of M obtained
at f,, are defined:

e after a 7/2)x r.f. pulse, corresponding to 1, = 7,,/2,
by:

My (1) :exp<—> SMYO+MZO> (A5)

e after a m)x r.f. pulse, corresponding to #, = 7, by

2
My ( ) M;«wxp(—%)
e

My (1) = exp( . ;—) ( Myo + TM,O) (A6)

2

T TTe?
Mz (Zp) = CXp( - i) ( - MZO — TMYO)

e after a )y r.f. pulse, corresponding to f, = 7},

My (1) = exp( — ;—2) ( Myo — TCT&M,())
My (1) = Myo exp( - ZT—T;’) (A7)

M.(t,) = exp( - %) ( M.+ TCTSMXO>

2
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