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1. Introduction

Low permeable gas sandstone reservoirs, also called
tight reservoirs, are generally considered as stress-sensitive
reservoirs (Shanley et al., 2004). Numerous lab tests have
shown that the absolute permeability of these reservoir
rocks decreases strongly with confinement. For single phase
flow, this dependence to confinement is related to the
existence of joints and interfaces in tight rocks, which will
close when loading is increased (Fu et al., 2015; Ghabezloo,
2015; Holditch, 2006; Schmitt et al., 2015; Shanley et al.,
2004; Walsh and Brace, 1984). For two-phase flows in
porous media, not only the absolute permeability, but also
the relative permeabilities can a priori be modified under
loading. Recent experimental results demonstrate that, for
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tight sandstones, relative permeability curves will change
with confinement (Wang, 2016).

The purpose of this paper is to use micromechanics in
order to provide support to these experiments and to explain
- at least qualitatively - why the behaviour of relative
permeabilities under loading can be different between low
permeable rocks and permeable rocks. The idea is to compare
different morphological models representative either of
permeable reservoir rocks or of tight rocks.

This note is organised as follows. Section 2 presents a
specific model describing tight rocks behaviour under
loading. The proposed modelling is shown to be in fair
agreement with measured data. Contrarily, considering a
permeable medium in Section 3, we show for some
simplified microstructures that the relative permeabilities
should not depend on the loading.

2. Tight sandstones relative permeabilities under
loading

Recent experimental results on low permeable sands-
tones (Wang, 2016) highlight a dependence of the gas
relative permeability on the confinement (Fig. 1).
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Fig. 1. Gas relative permeability measurements for 2 low permeable
sandstone samples - loading of 3 MPa (blue curve) - 40 MPa (red curve).

The tight sandstone studied by Wang (2016) is made up
of quartz grains and pores (Fig. 2); the contact zone
between grains, partially cemented or not, forms joints
with very thin openings e (i.e. smaller than a few
micrometers) as compared to the grain radius R, which
is around 100 pm (i.e. e < R). From a fluid flow point of
view, pores and interfaces define the pore network.

orthoclase
grain
(scarce)

2.1. Grain with interfaces: the hydraulic model in the dry case

The morphological model chosen to represent sandstones
is in agreement with the SEM observation concerning
microstructure (Fig. 2): tight sandstones are considered as
an assemblage of spherical grains surrounded by permeable
interfaces and of pores. The spherical shape is used to
translate the fact that the considered phase does not manifest
any anisotropy (Dormieux et al., 2011; Kroner, 1978).

We define the microscopic scale as the one of the
heterogeneity of the microstructure (that is the scale of the
grains with interfaces and of the pores). At the macroscopic
scale, the representative elementary volume (rev) denoted
) is regarded as a homogenised medium. The pore space
occupies the domain (), in the rev. For tight sandstones,
the porosity ¢ =[€2,|/|€}| is usually low (below 10%).

Let z denote the position vector at the microscopic scale
in the rev. If a(z) is a field defined on () at the microscopic
scale, its volume average is denoted by
a= Iﬁ\ Jq a(z) dV. We also introduce the intrinsic averages
a = m Jq, a(z)dV over each phase « in Q,, with o = p for
pores or g for grains. Following their definitions, @ as well
a” are macroscopic quantities.

In order to derive an estimate of the macroscopic
absolute permeability k™™ and gas k., and water k.,
relative permeabilities, we will use a self-consistent
homogenisation scheme to relate microscopic fluid flow
properties (i.e. at the pore scale) to the fluid flow behaviour
of the rev at the macroscopic scale (see Appendix A).

As proposed for grains with permeable interfaces in
Dormieux et al. (2011), a two-dimensional mathematical
representation of the interfaces will be adopted. Note that
we consider a viscosity equal to 1 in the following. At the
microscopic scale, the core of a grain G; is assumed
impermeable, while the surface velocity vector q is
assumed to be proportional to the fluid pressure gradient
in the interface:

. 4(z) = —ngradsp
z€9G; : div‘sq+[v]~n:50 )

Following its definition, q lies within the tangent plane of
0G;. The physical dimension of q (respectively 7) is

pores
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Fig. 2. SEM image of a tight sandstone.
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velocity times length (respectively permeability times
length).

Based on Poiseuille’s law, the conductivity of the half-
interface associated with one given grain is given by
(Dormieux et al., 2011):

1¢é?
“212 )

where e is the opening of the interface.

In order to estimate the homogenised permeability
kh°™ two auxiliary problems are considered: one related to
the flow in the pores and the other one to the flow in the
interfaces, around grains.

The first auxiliary problem is a classical Eshelby
problem featuring a spherical pore embedded in an infinite
homogeneous medium of permeability k"™ (which is an
unknown at this stage). At infinity, the boundary
conditions on the fluid pressure write p(z) =V Py - z, where
V Py is an auxiliary macroscopic pressure gradient, which
will be related later to the actual macroscopic pressure
gradient V P. Since the characteristic size of the pores is
large compared to the width of the interfaces, the pore
space is regarded as a phase with infinite permeability. The
average of the pressure gradient and the velocity in the
pore phase p are deduced from Eqs. (A.1) and (A.2):

WP’ =0; 7P = -3k""wP, (3)

In view of estimating the flow in the interfaces around
the grains, we next consider a second auxiliary problem of
a spherical grain G of radius R surrounded by its half-
interface, embedded in an infinite homogeneous medium
of permeability equal to the homogenised permeability
kP°m with the same boundary conditions as previously.
The resolution of this auxiliary problems leads to the
following estimates of the pressure gradient and velocity
averages over grains surrounded by an interface of
thickness e:

pg(e) khom
wpF¢ = 32—~ _wP,
K™ 1 n(e)/R (4)
_ khomn/R
¥#eo = 31T _gp,
K™ 4 n(e)/R
using 7 3]86qu Note that this result can be

retrieved frorﬁ Egs. (A.1) and (A.2) for a classical Eshelby
problem by replacing the composite inclusion
(grain + interface) by a uniform equivalent inclusion of
permeability:

ea  _2ne) _ €
k™ (e) = R~ 13R (5)

Since all the interfaces in the material do not have the
same thickness, we further assume a continuous distribu-
tion of interfaces by means of p.d.f. «; «(e)de represents
the proportion of impermeable grains that have an
interface with a thickness e in the range [e; e+de]. « is
normalised such that:

/'w ae)de = 1 (6)

From (4), (5) and the distribution ¢, the pressure gradient
and velocity averages over all grains surrounded by
interfaces are:

khom
wp* = [ 3—————a(e)de wP,
L 2o e 0 ;
lhomkeq( ) ( )
® = [oo— a(e) de wPy

hom+keq( )

We now come back to the definition of the homoge-
nised permeability kpom as the tensor relating the average
over the rev of the pressure gradient @p to the average
over the rev of the velocity v by V= —Kuon-@p. The
elimination of V Py in the estimates of @p and v via (3) and
(7) yields the following estimate of the homogenised
permeability (Dormieux et al., 2011):
homkeq( )

3GK™™ 4 (1) [2203 S e - x(e) de
khom _ e=07" phom | yed (o) (8)

khom

(1-9) [e2o3 2RO gy a(e)de

In the case of a log-uniform distribution of interfaces ojoq-
uni.(e) = 1/6 ln(emax/emin)v ifee [eminv emax]v denoting €med =
v/@max €min and P = emax/eémin =1+ €, where € characterises
the relative width of the distribution of the opening of
grain joints, the solution to (8) is given by (Bignonnet et al.,
2016):

2— 010
kI}}JOgTuni. = keq(emed) % (9)
2(0™ 1)
If all intirgaces have nearly the same width (e < 1),
© (emed) 143
klhoogmum = l—3¢d <1 +8(;l(£) 62) +0(62)-

2.2. Relative permeability model

Let us now evaluate the relative permeabilities in a
simplified way. We denote the water saturation S,,. To
evaluate the gas relative permeability k(S ), the previous
hydraulic model is modified by assuming that interfaces
and pores are now saturated either by water or by gas. The
gas flow is assumed to take place only in pores and
interfaces filled with gas, so that pores and interfaces
saturated with water are impermeable with respect to the
gas flow.

In this system, the water phase constitutes the wetting
fluid. We define e* as the largest opening of the interfaces
invaded by water: for a given saturation S, each inclusion
with interface opening e between 0 and e*(S,,) is supposed
to be filled up by water.

To sum up, the considered rev is made up of four
different components:

- pores saturated with gas, with an infinite gas permea-
bility, of volume fraction ¢ (1 — Sy),

- pores saturated with water, impermeable to gas, of
volume fraction ¢S,y,

- grains with an interface saturated with gas, of volume
fraction (1-¢) [i_ox(e) de,

- grains w1th an interface saturated with water, imper-
meable to gas, of volume fraction (1-¢) [5_y «(e) de.
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The homogenised permeability is estimated as previ-
ously using the self-consistent scheme. By direct use of
(A.6), the estimate of the homogenised gas permeability is
the positive root to:

1 e* q
~$Susy —(1—¢)/ezoja<e) de+ ¢ (1-Sw)

pores w. gas

pores w. Water  graing . water interfaces

- 00 keq(e) _ khom(sw)
+( )/e:e* zkhom(sw) + keq(e)a e =

grains w. gas interfaces

(10)

when it exists, or zero. The transition between these two
cases is obtained for the critical water saturation S,y
defined such that k"™(S,, )=0 in (10), hence verifying:

(-9 a@derdp(1-Su) =3 ()
e=e* (Swc)
The relative permeability of the water phase k., could be
evaluated in a similar way. The end points of relative
permeability curves take place in a natural way as the
percolation threshold of the self-consistent scheme, which
may be not as accurate as dedicated percolation models as
discussed later.

Unfortunately, we are not able to evaluate « in a
straightforward way. The distribution S(e) of pores
supplied by interfaces of largest thickness in the range
[e; e+de] can be related to the capillary pressure curve.’
The usual interpretation of capillary curve assumes that
the filling of a pore is determined by a single interface
thickness; in drainage, the pore associated with the largest
interface gets filled by the non-wetting fluid at first and, at
increasing capillary pressures, pores fed with increasingly
smaller interfaces become invaded by the non-wetting
fluid. A simplified hypothesis consists in assuming that
o(e) is proportional to S(e). Both distribution being
normalised to the unity, we hence assume:

a=p (12)

In connection to capillary pressure interpretation, e* can
be interpreted as a threshold of opening, below which all
interfaces and connected pores are saturated in water. The
value of e* is linked to the capillary pressure by Laplace’s
law (Dullien, 1992). Under the assumption Eq. (12),
fg:o a(e)de =S, and the relative gas permeability is
non-zero only for S, <2/3 from Eq. (11). Similarly, the
relative water permeability is non-zero only for S,, > 1/3.
Gas and water phases may flow simultaneously for S, in
[1/3;2/3]. Note that the end points will be different for
o # f or for a different morphological model.

Under the assumption (12) and in the case of a log-
uniform distribution of interfaces, the solution to (10) and
the definition k"™(Sy) = keg kK"°™(0) lead to the following
gas relative permeability estimate (Bignonnet et al., 2016):

3 1’3?T;5W)+%<25w—1) 1173¢_1
k =P P (13)
rg,log-uni. = 13601 _5w) 3 136 3
0 [ — | P2—p ¢ 2

1 Which is measured without confinement of the rock sample.

2.3. Loading effect

The purpose of this section is to present a porome-
chanical model of a low permeable sandstone consistent
with the morphology of the previous section, in order to
explain the relative permeability evolution under loading
that has been observed experimentally. This constitutes an
extension to relative permeabilities of a previous work in
the dry case (Dormieux et al., 2011).

We hence turn to the micro-poromechanical model
proposed by He et al. (2012). The solid grains are assumed
to be rigid and surrounded by elastic interfaces. The
constitutive law of the interface is characterised by a
normal stiffness K,, and a tangential stiffness K;, supposed
to be the same for all interfaces. More precisely, for a
macroscopic stress increment AY, let us denote AT the
stress vector increment acting on the interface and [Au]
the displacement jump increment across the interface. The
constitutive law of the interface reads:

{ AT-n = K, [Au-n| (14)

ATt = K; [Aut]

where n denotes the normal vector to the interface,
AT,=AT — (AT-n)n and Au,=Au — (Au-n)n.

We assume that water and gas pressures do not vary
significantly compared to the imposed confinement
increment at the microscopic scale. Let us consider an
isotropic stress increment AY, = A3, 1. Using the strain
concentration rules established in the micro-poromecha-
nical model of He et al. (2012), the variation of the opening
of each interface is proved to be independent of its initial
opening e and given by:

Ae:’<;R\AEm\ (15)
where A is a morphological parameter that depends on
porosity.

From a hydraulic point of view, a confining stress
increment has thus a significant consequence, as each
interface with an initial opening lower than Ae is closed
and a part of the pore network is no more accessible to the
fluid flow. Since by definition B(e) de is the fraction of pores
supplied by an interface of largest thickness in the range
[e; e+de], the porosity A¢ (>0) trapped due to a load
increment verifies?:

Ae
Ap=¢ / CL (16)

To sum up, under the load increment, the accessible
porosity is ¢ — A¢, and the fraction of trapped pores
A¢. Under assumption (12), the volume fraction of grains
with open interfaces is then (1 —¢)(1 — A¢/¢p), and the
volume fraction of grains with closed interfaces is
(1-9¢)Ag[p.

The homogenised permeability is then estimated as
previously using the self-consistent scheme. Due to
loading, trapped pores or grains surrounded by closed

2 Changes of volume fraction of pores and grains related to loading are
here neglected.
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interfaces are taken into account as being impermeable to
any fluid flow. Let us denote by e* (>Ae) the opening of
interface (before loading) that separates water-filled
interfaces from gas-filled interfaces (after loading). By
direct use of (A.6), the estimate of the homogenised gas
permeability is the positive root to:

1 Ae
5| Ap 1 @-Ap)Ss.+ (1-9) / o(e)de
~—~ N e’ e=0
trapped pores  pores w. water
grains w. closed interfaces
ex

+ o -e) [ a@de |+ @-Ap)1-Sw)
J e=Ae —_———

open pores w. gas
grains w. open, water-filled interfaces

k9 (e—Ae)—k"™(S,,)
1-
* ¢>/ *2kh°“’ (Sw) + k*I(e—Ae)

grains w. open, gas filled interfaces

(e)de =0

(17)

when it exists, or zero.

To go forth, our model requires a key information: for a
given water saturation Sy, what is the proportion of water-
filled interfaces among interfaces still open after loading?
Let us denote by f(Sw) this fraction which reads, by
definition of e*:

ek o0

/ a(e)de:f(SW)/ ale)de (18)
e=Ae J e=Ae

The function f(S,y) can be interpreted as a law of
distribution of water in interfaces. Clearly, the function f
has to increase from f{0) = 0 to f{1) = 1. In what follows, we
will work under the simplifying assumption that the
proportion of open, water-filled interfaces among open
interfaces is proportional to the water saturation, that is:

f(sw) = Sw (19)

Let us first analyse the effect of loading on the relative
permeability end points. Under the assumptions (12) and
(19), the generalisation of (11) in order to account for
closed interfaces and trapped pores based on (17) indicates
that relative gas permeability vanishes for the critical
water saturation:

Ap-3¢
Ap—¢

Hence, the end point of gas relative permeability under
loading arises for lower water saturation than for the
unloaded case. As loading increases, the connectivity of the
porous media decreases, and the critical water saturation
for which gas relative permeability vanishes decreases. If
the load closes more than two thirds of the interfaces, the
permeability vanishes even in the dry case. In the vicinity
of the critical saturation (20), the proposed model allows
us to retrieve the experimental observation that the gas
relative permeability curve under loading is below that in
the unloaded case.

Further, under the assumptions (12) and (19) and in the
case of a log-uniform distribution of interfaces, the

Swe = (20)

homogenised permeability of the partially saturated
medium under a load that traps a porosity A¢ verifies:

32 3/2-25+¢
K" (S) = K emea) oy e (21)
where
= ( Aj’)(l F(Sw))
A+ (9-AP)S. + (1-¢) 22
¢= ¢ (22)
=)
19 (1—%)f<sw 2(p-Ad)(1-5w)

(1-9)

under the approximation k® (e — Ae)~k®I(e) in the last
integral of (17) (which turns out to be a good approximation).

To study the influence of the shape of the p.d.f. « that
governs the grain interface openings, a log-normal dis-
tribution of the opening with a mean of log(e)=—7 and a
standard deviation of 1 has also been considered. The
solution to Eq. (17) is no longer analytical and has been
computed numerically. The outputs of the model are
presented in Fig. 3 for both the log-normal and log-uniform
distributions with a standard deviation of 1, in the case of an
initial porosity of 0.1 and a trapped porosity A¢ of 0.03. It is
observed that our simple model does account for the stress
sensitivity of relative permeability curves for tight sands-
tones. At equivalent mean and standard deviation, the
influence of the shape - log-uniform or log-normal - of the
p.d.f. o of the size distribution of interface openings is of
second order on the relative permeabilities.

2.4. Limitations of the model

The main interest of the present model lies in the use of
the same morphological model for the fluid flow and
mechanical problems. This allows us to explain qualita-
tively the effect of loading on relative permeabilities, at
least close to the critical water saturation. However, let us
stress out that self-consistent estimates do not have the
accuracy of percolation models (Guéguen et al., 1997),

1

log no‘rmal, unload(l‘,d

log normal, loaded -
. log uniform, unloaded
0.8 % log uniform, loaded ---------- 8

0.6 -

0.4 -

0.2 -

S

Fig. 3. Estimates of gas relative permeabilities without loading (line) and
with loading (dashes) for ¢=0.1 and A¢=0.03.
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realised, for example, on a 3D image of the pore network. In
particular, the percolation threshold values arising from
the self-consistent scheme may not be accurate.

The present model further relies on a number of
simplifying hypotheses, which allow us to reach an almost
complete analytical treatment of the loaded problem.
Namely, this simplified model does not account for
complex multi-phase flow mechanisms such as snap-off
or flow by film (Dullien, 1992). Moreover, Eq. (12)
constitutes a strong assumption on the connectivity of
the porous network. A closer comparison of our simplified
model to the experimental results presented in Fig. 1
shows some discrepancies for water saturation values that
are not close to the critical water saturation (particularly in
the case of log-uniform p.d.f. «): the model predicts that
the relative gas permeability is higher in the unloaded case
than in the loaded one, whereas experiments show the
opposite behaviour.

2.5. Effect of the interface bulk porosity distribution laws

The purpose of this section is to study the influence of
assumption (12) on the connectivity of the porous
network. A relationship between o and 8 more general
than (12) is now assumed:

/e a(e)de—g(/e ,B(e)de> (23)
e=0 e=0

where g is a function increasing from g(0)=0 to g(1)=1,
since both distribution are normalised to unity. The
assumption (12) constitutes the particular case
g(x)=x. Under the new assumption (23), the variation
Ae of interface opening due to loading is linked to the
variation A¢ of porosity by:

/Ae a(e)de = g(%) (24)

J e=0

Recalling that for a given water saturation value Sy, f(Sw)
denotes the proportion of water-filled interfaces among
interfaces still open after loading (see (18)), the critical
interface opening e* that separates gas filled from water-
filled interfaces now verifies:

/ :Ae"“e) de= (1-5(32) )risw (25)

In the case of a log-uniform distribution of interfaces,
the homogenised permeability of the partially saturated
medium under a load that traps a porosity A¢ under
assumptions (18) and (23) is analogous to (21), up to the
minor modifications:

n= (1-¢(32))a-rsu

8¢+ @-apisy+ (-0 72)
r= - (26)
(1-0)(1-8(32) )rsw-26-a011-5)
" (1—-¢)

1 ‘ ‘
A f(x)=g(x)=+v/z, unloaded
f(x)=g(x)=y/7, loaded ----------
1N f(x)=g(x)=x, unloaded —
08 L\ f(x)=g(x)=x, loaded ----erm--- d
06 | !
0.4 -
0.2 |
0 . ‘ ‘ |
y 0.2 0.4 0.6 0.8 1
Sw

Fig. 4. Estimates of gas relative permeabilities: effect of the laws fand g,
for a log-uniform p.d.f. @ with a standard deviation of 1, ¢=0.1 and
A¢=0.03.

The effect of the choice of the laws fand g are illustrated
in Fig. 4, where the former assumption f{x)=g(x)=x is
compared to another (arbitrary chosen) assumption
f(x) = g(x) = vx. The latter choice, although arbitrary,
corresponds to a case where the interfaces are water
filled faster than bulk pores in imbibition. In that case,
the sharp decrease with S,, of the relative gas per-
meability observed for loaded tight sandstones is well
reproduced.

Thus, an appropriate choice of f and g should be
motivated in future works by experimental observations
or more sophisticated modelling approaches such as
pore network models (Bakke and @ren, 1997; Blunt et al.,
2002). Nevertheless, at this stage, the model makes it
possible to understand the influence of the closure of
joints on the relative permeability in the case of tight
sandstones.

3. Model of the relative permeabilities of permeable
sandstones

Is is also interesting to use the previous approach with
porous medium models adapted to conventional, per-
meable (i.e. non-tight) sandstones. We assume pores
modelled as spherical pores or tubes and show that in
these cases relative permeabilities are at first order
independent of loading. For such permeable sandstones,
the conventional approximation used in reservoir engi-
neering and hydrogeology, which consists in considering
the influence of loading on the absolute permeability only
and not on the relative permeabilities, thus seems
reasonable.

3.1. Porous network made up of spherical pores

Unloaded case. We adopt the same approach as in
Section 2 and consider a porous medium made up of
spherical pores and an impermeable solid phase. Following
Markov et al. (2010), a spherical pore of radius R embedded
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in a porous medium is equivalent to a spherical permeable
inclusion of equivalent permeability°:

2
kPO (R) = % (27)

Let us consider now as previously a statistical
distribution of pore radius characterised by a probability
«(R) that a pore has its radius in the range [R ; R + dR]. From
Eq. (A.6), the homogenised absolute permeability verifies
the following implicit equation:

17¢ /% kpore(R)ikhom
-——t ———~——a(R)dR=0 28
2 ¢ R0 2kh0m + kpore (R) a( ) ( )

where k"°™ is non-zero only if ¢ > 1 This low percolation

threshold is related to our choice of morphological model.
Note that this feature could be avoided by choosing an
equivalent cell permeability instead of spherical pores
(Boutin, 2000; Bignonnet, 2014), in which the pore volume
is distributed around each grain.

Let us now turn to the estimation of the relative gas
permeability. All pores whose radius is smaller than a critical
size R* governed by the saturation degree are assumed filled
by water and impermeable to gas (Sw = fﬁ:ooz(R) dR).
Using the self-consistent scheme (A.6), the homogenised
gas permeability k"°™(S,,)=k™™(0) x kio(Sw) verifies the
following relationship:

/-oc kpore(R)ikhom (Sw) a(R) dR
RR* 2K™™(S,,) + kP (R) (29)

,Mfo
5 =

For this morphological model, the porosity ¢ must be
greater than 1/3 and the critical water saturation for which
the relative gas permeability vanishes is Sy = 1—3k.

Loaded case. The variation of the pore radius AR related
to an isotropic mechanical loading increment A3, can be
readily estimated from micro-poromechanics on the same
morphological model (see Dormieux et al., 2006 for more
details). The resolution of the micro-poromechanical
problem leads to:

AR 1

= m&m (30)

where k*¢ and «*¢ are functions of the solid phase elastic
properties and of the porosity (Dormieux et al., 2006). It is
further assumed that the pores do not close nor collapse
due to loading, since obviously spherical pores are more
difficult to close than to joints between grains. From (27)
and (28), the variation of the gas permeability in the dry
case is:

AK™™©0) AR Ak
P 27 =g (31)

3 Rigorously, (27) is valid only in the limiting case where kP°"®(R) is
large compared to the permeability of the surrounding porous medium.

However, Egs. (29) and (31) indicate that the relative
permeability does not depend on the loading at first order,
i.e. when changes of volume fraction of pores and grains
related to loading are neglected.

3.2. Porous network made up of tubes

Unloaded case. Our second morphological model of
conventional, permeable sandstones consists in a porous
medium with an isotropic distribution of pores that are
tubes (circular cylinders of radius r). Let n be the unit
vector along the axis of a tube. The permeability k" of a
tube of radius rin its axial direction is given by Poiseuille’s
law:

K'(r)=yr? withy =1/8, (32)

while the permeability k' in directions normal to n is
chosen equal to k"°™ (Barthélémy, 2009). The permeability
tensor of such a tube is then the transverse isotropic tensor
k"'neon+k'(1 —neon). Using Egs. (A.1) and (A.2), the
average of the pressure gradient and velocity in tubes of
radius r whose axis is along the direction n is estimated by:
Wp(n.r) = 1.wP, (33)
e = k" (nnen + k' (1-nen)| wP

Next, we consider an isotropic spatial distribution for
the tubes and a probability «(r) that a tube has its radius in
the range [r; r+dr]. From (A.6), the following self-
consistent estimate for k"™ is finally obtained:

wom — 20 5[ e dr (34)

The partially water saturated case is dealt with
assuming that tubes with a radius r < r*(S,,) are saturated
with water and impermeable to gas. In that case, the gas
permeability verifies:

Ko™ (S,) — %/:ﬁk“mam dr1 (35)

For this morphological model, the critical water saturation
for which the relative gas permeability vanishes is Sy, = 1.

Loaded case. In order to deal with the effect of loading on
the relative gas permeability, the variation Ar of the radius
of the tubes under an isotropic loading increment A3, can
be assessed from micro-poromechanics on the same
morphological model than for the permeability. From
the hydraulic point of view, the relevant output of such a
poromechanical model is that Ar/r is proportional to the
load increment, i.e.:

g =hA3, (36)
where h depends on the porosity as well as on the bulk and
shear moduli of the solid phase. Combining (35) and (36),
one concludes as for the previous model with spherical
pores that the relative permeability is not sensitive to
loading at first order.
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4. Conclusion

The application of homogenisation techniques to
simplified - but representative — morphologies of either
tight, low-permeability sandstones or conventional, per-
meable sandstones allows one to qualitatively retrieve an
experimentally observed behaviour: the relative gas
permeabilities of tight sandstones are much more sensitive
to confinement than the ones of conventional sandstones.
The underlying phenomena at the microscopic scale is the
occurrence of closure of the joints due to loading in tight
sandstones, which defines new percolation pathways.
Conversely, it is shown that the relative permeability is not
very sensitive to loading for conventional sandstones
under the assumption that the load only modifies the pore
radii, without modification of the connectivity of the pore
network.

It is emphasised that the tight sandstone model has
allowed us to identify that a required, key information is
the connectivity of the interfaces and the bulk pores,
through the functions f and g. The appropriate choice of
these functions has not been investigated in the present
work. It should be motivated in future works by
experimental observations or dedicated modelling, for
example using pore network models. Future works should
also take into account capillary effects in the micro-
poromechanical model. The difference in the pressure of
the gas filled and water filled pores may indeed play an
important role on the variation of joint openings, and thus
affect pore connectivity.

Appendix A. Self-consistent estimate of the
homogenised permeability

The homogenised permeability ko, is defined as the
tensor relating the average over the rev of the pressure
gradient @p to the average over the rev of the velocity v by
V= —kpom-@p for appropriate boundary conditions (e.g.,
p(z)=V P-z on the boundary of the rev where wP = @p is
the macroscopic pressure gradient).

The self-consistent homogenisation scheme used in this
work relies on the estimate of the velocity and pressure
gradient averages of each phase of the heterogeneous
rev. These averages are estimated from the solution to
Eshelby’s problems (Suvorov and Dvorak, 2002), devised as
follows. For each phase, an inclusion I (or elementary particle
representative of the phase) is embedded in an infinite
medium whose permeability ko is uniform. An auxiliary
uniform pressure gradient V Py is applied such that
p(z)=V Py -z at infinity. If the inclusion I is an ellipsoid
with homogeneous permeability k;, the pressure gradient
and the velocity solution to the Eshelby problem are constant
inside the inclusion. In this case, the pressure gradient inside
the inclusion is given by:

wp(z) = 1 + P (k—ko)) ' -®wPy  (zel), (A1)

where P}, is the so-called Hill tensor of the inclusion I in the
infinite medium of permeability ko. In the case where kg is

isotropic (i.e. ko =ko1), the Hill tensors of a spherical and
circular cylindrical inclusions are given by:

sph __ 1

P; 7731,%1 )
cyl _

Py = 5 (1-nom)

where n is the unit vector collinear with the axis of the
cylinder. The velocity inside the inclusion is then simply
deduced from the combination of Darcy’s law with the
Eshelby localisation rule (A.1) as:

v(z) = —ki1 +P6-(k17k0)]71-wP0 (zel), (A3)

The average of the pressure gradient and of the velocity
over the rev are then estimated as:

Wp = [1+Po(k—ko)] "-wPo
7 = —k[1+Py(k—ko) ' wPy

(A4)

The self-consistent estimate consists in choosing the
permeability ko of the embedding infinite medium for each
auxiliary Eshelby problem as the looked-for homogenised
permeability kyom. The elimination of the auxiliary pressure
gradient in (A.4) then provides the self-consistent estimate of
the homogenised permeability as the solution to the
equation:

khom = k[l + Phom'(k*khm’n)}71
'[1 +Phom'(k_khcm)r1

1 (A.5)

where Pyom(z) is the Hill tensor of the inclusion I
comprising z embedded in the infinite medium of
permeability knom. The implicit equation (A.5) simplifies
to:

Sk-[1+ Pyom-5k] ' =0 (A.6)
where §k(z) = k(z) — Kpom.
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