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Abstract. In this paper, it is proved that every pair of sufficiently large even integers can be represented by a
pair of equations, each containing one prime, one prime square, two prime cubes and 302 powers of 2. This
result constitutes a refinement upon that of L. Q. Hu and L. Yang.
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1. Introduction

In the 1950s, Linnik [2, 3] proved that each large even integer N is a sum of two primes and a
bounded number of powers of 2,

N=p1+p+2" +272 ...+ 2V, ¢h)

where here and hereafter, the letters p and v, with or without subscripts, denote a prime number
and a positive integer respectively. The famous Goldbach conjecture implies that k; = 0. The
explicit value for the number k; was improved by many authors.

In 1999, Liu, Liu and Zhan [5] proved that every sufficiently large even integer N can be
represented in the form

N=pi+pi+pi+pi+2" 422 4.4 2%, )

and they also showed that there is a representation of the form (2) for some finite value of vy, .
The best result now is Zhao [11], who obtained k, = 39.
In 2001, Liu and Liu [4] proved that every large even integer N can be written as a sum of eight
cubes of primes and k3 powers of 2,
N=p3+py+--+ps+2" 422 ... 4 2V, 3)

The acceptable value for the number k3 was determined by D. Platt and T. Trudgian [11], where
ks = 341.
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In 2011, Liu and Lii [7] considered the hybrid problem of (1), (2) and (3), i.e.
N=pi+ps+ps+p3+2" +2%2 4.4 2%, 4)

and proved that every sufficiently large even integer can be written as one prime, one square of
primes, two cubes of primes and 161 powers of 2. In 2015, D. Platt and T. Trudgian [10] improved
the value of k to 156, then to 16 by Zhao [12] and finally 15 by Lii [9].

Itis of interest to investigate the simultaneous representation of pairs of positive even integers
satisfying N, > Nj > N», in the form

{Nl=p1+p§+p§’+p§l+2”1+2”2+~-+2"k, )

Ny =ps+pa+ps+ps+2" +2"2 +-.. 4 2%,

where k is a positive integer. In 2017, Hu and Yang [1] proved that for k = 455, the equations (5) are
solvable. In this paper, we obtain a further improvement of the value of k by giving the following
theorem.

Theorem. For k = 302, the equations (5) are solvable for every pair of sufficiently large positive
even integers N1 and N, satisfying No > Ny > N».

2. Notation and Some Preliminary Lemmas

For the proof of the Theorem, in this section we introduce the necessary notation and Lemmas.

Throughout this paper, by N; we denote a sufficiently large even integer. In addition, let
n < 1071 be a fixed positive constant, and let £ < 107'° be an arbitrarily small positive constant
not necessarily the same in different formulae. The letter p, with or without subscripts, is reserved
for a prime number. We use e(a) to denote e**'* and eq(a) = e(a/q). By A ~ B we mean that
B < A < 2B.We denote by (m, n) the greatest common divisor of m and 7. As usual, ¢ (n) and u(n)
denote Euler’s function and the M6bius function respectively. For i = 1,2, let

1 1 (nN;\3 1 (nN;\1® 108(—101;&1)
Pi=5\/(1—77)Ni, Ui:_( l) ) Vi=—(_l) o L=——"—

2\ 2 2\ 2 log2
Fi=Fi(a;,N)= Y (logpe(a;p), Gi=Ga;P)= ). (ogp)e(a;p?),

pSNi pNPi
Si=Si(a;U)= Y. (ogpe(a;p’), Ti=Ti(a;, Vi)=Y (ogple(a;p?),
p~Ui p~Vi
H(a) =) e(a;2"), &M ={a;€0,1]:|H(a;)|=AL}.
v=L

For the application of the Hardy-Littlewood method, we need to define the Farey dissection.
For this purpose, we set

1 o 8,
Q=N Qi=N",
and for (a;,q;) =1,1< a; < g;, put
a; 1 a; 1 qi
m( )a):(__ y— + ]y m: 932( .)a'))
i i qi  qiQ2i qi  qiQ2; ' 156,%(3” ag1 i i
(ai,qi)=1
3 ( ! 1+ ! ] Jo\ M
0o=|—, — 1, M;=yYo e
Q2i Qi l l
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Then it follows from orthogonality that

R(Ni, Np) = > (log p1)(log p2) -+ - (log ps)
Ni=p1+p3+p3+p3+2"1 4272+ 2%
No=ps+pa+p3+pa+2V1+2V2 +.-+2'k
p1=N1, p2~P1, p3~U, pa~V1, ps=Ny,
pe~P2, p7~Us, pg~V2, l/jSL(j:LZ,...,k)

1 pl
Zf f F1G151 TngGgSngHk(al+a2)e(—a1N1—a2N2)da1dag.
0 Jo

Now we state the lemmas required in this paper.

Lemmall. For% <n<N;(i=1,2), we have

@Iz

1 N;
fzm- F;G;S;Tie(—an)da; = m@(n}](n) +0 7

i

Here &(n) is defined as

9. S3(q,a)S;(q, a)eq(—an)u(q)

1 a=1 0 (q)
(a,q)=1

)

Sm=)

q
Si@a)=Y. eqlar®),
(r,rq:)I:I

and satisfies S(n) > 0.24485083 for n = 0(mod 2). J(n) is defined as

1 2
J(n) = > (m2)~2 (m3my)~3,
n=mp+my+ms+my
mlsN,-,P,-2<mgs4Pi2,
U;3<m3<8U;3, V;i3<my<8V;3

and satisfies
10 10
Nl.9 < J(n) < Nl.9 .
Proof. This can be found in Lemma 2.1 and Section 3 in Liu and Lii [7].
Lemma2. Foraewm;(i=1,2), we have
17
() max|Fil< N®"
aem; i
.. dye
(i) max|G;|< N? °,
aem; l
Bie
(ili) max|S;| < Nl.42 R
aem;
. 2 4e
(iv) max|T;| < Nl.18 .
aem;
Proof. See Lemma 2.5 in Hu and Yang [1].
Lemma3. Fori=1,2, wehave
1
) f |G;S; T;|*da; < 6.4894513U;2V;2,
0

N;L12
log® N;

1
(ii) f |F; H®2a;)|?da; < 2.009
0
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Proof. For (i), we follow the notation as (3.3) in Zhao [12] and define J;(3) as

1 1 2
JiB®) =572 (min)~2(manamzng) 3.
2 3 mi+m+msz=n;+ny+ns

P?<my,nf<4P?

Ui3<m2,n258Ui3

V;i3<ms,n3<8V;3

Moreover, noting from the fact that

my=ny+nx+n3—my—ms
=m+U+Vv3-8U%-8V3

= (1-4nm, (7
and
2
Y mi~3U;, Y  m'~2log2, ®)
U;3<m=8U;3 P;?<m=4P;?
we obtain
~ 1 _1 _2
JiB) = 5—; (I—4m) 2n; (mpnzmznz) 3
2 3 my+mp+msz=ny+nz+ns

Pi2<m1,n154Pi2
Ui3<m2,n258Ui3
Vi3<m3,n358Vi3
1+0(1)

T 22.34

log2
< (% +o(1)) U2V2.

(1+4m)-2log2- 3UH?(3Vy)?

Thus we deduce from Lemma 3.1 and Lemma 4.1 in Zhao [12] that
1
f |G;S; Ti|*da < 6.4894513U;? V;2.
0

We then complete the proof of Lemma 3 (i). For (ii), it is Lemma 2.4 in Lii [8]. O

Lemma4. LetZ(N;, k) ={(1-nN;<n; <N;:n;=N;—2"1-2V2—... -2V} (i =1,2). Fork =2
and N1 = N, = 0(mod 2), we have

11
Y J(m)J(np) 2 43.407769N7 N7 Uy Us Vi Vo LK.

n1€Z(Ny ,k)
n2€E(Ny,k)
nm=n2=0(mod 2)

Proof. The domain of J(#;) can be written as

_ _my < Nj, P} <my < (2P;)?, U} < m3 < QUy)?,
D= {(ml,mz,mg,m4). V2<mz< V)3, mi=n-my—mg—my '
Define

x _ . p2 2 173 13 1/3 13
D" ={(ma, m3, my) : P; <my <3P;, U; <mgz < QU;)°, VP <mg < (2Vy)°}.

For (my,---, mg) € ®*, we can deduce from (1 —n)N; < n; < N; that

my=n;—mp—mg—my<Nj.
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Thus ©* is a subset of ©. Then it follows from (8) and Euler—Maclaurin summation that

D -
2 3

J(ni) = > m,2my*m,
(mp,m3,my)eD*

_1 _ _
= Z m,* Z ms Z my

Wi

Wi
31N}

PZ<my=<3P? Ul<m3=(2U;)3 V3<mz=(2V;)®
VER 1 1
2233(7— E)(l—n)lez Ul‘/l
1
> ©OV3-9(1-mEINIUV;. ©)

It follows from (9) and Lemma 4.1 in Liu [6] that

1 1
Y J(n)J(nz) = (9V3-9)*(1—n)NZ N} U1 Us Vi Vs > 1

n1€E(N1,k) I11€E(N1,k)
ngEE(Ng,k) VlgEE(Ng,k)
n1=n2=0(mod 2) m=n2=0(mod 2)

1 1
> (9v3-92(1-mA -e)N? N2 U Up Vi Vo L

1 1
> 43.407769N2 N} U Uo Vi Vo LF. O

Lemma5. We have

_ 109
meas(&(A) < N; Y, with E(0.9457435) > - +107".

Proof. See Table 1 in Platt and Trudgian [10]. U

3. Auxiliary Estimates

We initiate our proof by recalling the Farey dissections (6) that

1 p1
R(N1,N) =f f F1G1S1 T1F2GaSa To HE (@ + az)e(—ay Ny — aa Np)da day
o Jo

[T Y A A
Ny mNEA) Jm\&WN) N JmpaNEN)  Jma\EN)

F1G1S1 T1F>G2So To HR (a1 + a)e(—ay Ny — ap No)dag das

3 3
= Z Z Rstr
s=1t=1

where R;; denotes the combination of s-th term in the first bracket and the ¢-th term in the
second bracket.

Proposition 6. We have

11
Ri1 =0.008032N? N2 Uy Up Vi Vo LF.
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Proof. By the definition of Z(IV;, k), Lemma 1 and Lemma 4, we get

Rn /971 FIGISITlHk(al)e(_alNl)dalf F2GySy To HY (@) e(—aa No)dar
1

N>

Z f F1G151 Tle(—alnl)dalf FngSsze(—azng)dag
ni1€Z(Ny,k) e} Ny
n2€E(N2,k)

1 0 10
25t 2 StmSm) I + O(ng N, L’H)

ny EE(Nl,k)
ngEE(Ng,k)

1
> Sy X 43407769 x (0.24485083)> Ny No Uy U Vi Vo L
11
> 0.008032N7? N} Uy Up Vi Vo LK.
This completes the proof of Proposition 6. O

We now introduce three lemmas essential in our proof of the following propositions and the
theorem.

Lemma?7. We have

1
n;= f ‘F,-Gl-Sl- T,H* (Zai)’ da; <3.610722N? U; VL.
M
Proof. It follows from Lemma 3 and Cauchy’s inequality that

kg
2
Ilis(male(Za,-)l) f|F,-GiSiTl-H6(2ai)|da,-
aeMN; m;

1 1
1 3/ pl 2
<120 (f IGiSiTilzdai) (/ |F; H (2a;)*da;
0 0
1
<3.610722N> U; V;L? . 0
Lemma8. We have
1
12,-:f |FiGisiTiH? @ap)|day < N U viLE ™)
m;N&EN)
Proof. Using the definition of &(7), the trivial bound of H(2¢;), Lemma 2 and Lemma 5, we get

L; <« max |F;G;S; T;|L* (f lda,-)
aem; &

1)
1 k
< N?UViLz 7. O
Lemma9. We have

k 1 k k
I =f |FiGiSi TiH? (2a)| da; <3.610722N7 U ViAZ~OL.
m;\&W)

Proof. We deduce from the trivial bound |H(2a;)| < |H(a;)|+2 < (1 +0o(1))AL, Lemma 3 and
Cauchy’s inequality that

1 1
. 1 3 3
Igism)f—ﬁ(fo |G,-s,-T,-|2dai) (fo |Fy HS ) da;

1 k_g. k
53.610722Nl.2 U;ViA27 L2,

This completes the proof of Lemmas 7-9. d
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According to Cauchy’s inequality, we have
|H(a1 + az)| < VIHQ2a1) H2a2)|.
Now we turn to give an upper bound of R;2, R21, Ro2, R23 and Rsp.
Proposition 10. We have
R12, R21, Ro2, Ro3, R3p < N1% Nz% U U Vi Vo LKL,
Proof.

Ry2 Zf f FiGi & T1F2G282T2Hk(a1 +az)e(—a1 N1 —axNz)dadas
Ny JmaNEN)

« Il < NN Uy U Vi Vo LK1, (10)
Similiarily to (10), we obtain
Ro1 < 121 < NI% NZ% U1 U2 i Vo LF71
Moreover,

Rzz_f f F1G151T1F2G282T2H (a1 +az)e(—a1 Ny — ax Np)daday
miN&N) mgﬂé"(/l)

< bilp < N? N2U1U2V1V2Lk 1 (11)

Besides, we have

Ry Zf f FG$1 TiF2Go S To HY (a + a)e(—ay Ny — a2 Np)dadas
m;NEN) Jmp\E(N)

<yl < Nf Nz% U U i VoL (12)

Analogously to (12), we get
Rsp < IppI31 < NI% Nf U1 U2 i Vo LF71
Now the proof of Proposition 10 is complete. 0
Next we give the estimation for Ry3 and R3;.
Proposition 11. We have
Rus, Rs1 < (3.610722)> N7 NZ Uy Vi Up VoA £ 5 L

Proof.

Ry3 =f f FiG1S1T1F2GySa To HY (@ + az)e(—ay Ny — az Np)da da;
Dﬁl mz\g(ﬂ.)

<IhIp < (3.610722)2N1% NZ% U ViU VoA 3 LK,
In a similar manner, we get
Ry < Inply < (3.610722)2N2 NJ U, Vi U VoA $ 0 LK
This completes the proof of Proposition 11. O
It remains to estimate Rs3.

Proposition 12. We have

1 1
Rs3 < (0.3486527(3.610722) N2 N2 Uy Up Vi VaAF 12 LK,

C. R. Mathématique, 2020, 358, n° 4, 393-400
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Proof.

Rs3 =f f FiG1S1T1F2GaSa To HY (@ + az)e(—ay Ny — az Np)da da;
mi\&) Jme\E(A)

1 1
< Iy Is2 < (3.610722)° N NZ Uy Up Vi VoAR 12 LK, O

4. Proof of Theorem

On combining recalling Propositions 6-12, we arrive at the conclusion that
11 [ .
R(Ny, Np) = 0.008032N7 N} Uy Up Vi VoL =2 x (3.610722)° Nf N3 Uy Vi Up VoA 2 ° LK
11
~ (3.610722)2NZ N2 U U Vy VoA K12 ¥

> Nl% Nz% Uy Up Vi Vo L¥ (0.008032 — 2 x (3.610722)%A% 6 — (3.610722)°A%712) (13
When k =302 and A = 0.9457435, we get
R(N)>0 (14)
for all sufficiently large even integers N. Now by (14), the proof of the Theorem is completed.
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