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Abstract. We completely compute the mod 2 Margolis homology of the Dickson algebra Dy, i.e. the homology
of Dy, with the differential to be the Milnor operation Q;, for every n and j. The motivation for this problem
is that, the Margolis homology of the Dickson algebra plays a key role in study of the Morava K-theory
K(j)* (BSm) of the symmetric group on m letters S;,.

We show that Pengelley-Sinha’s conjecture on Hx (Dy; Q) for n < j is true if and only if n = 1 or 2. For
3 < n < j, our result proves that this conjecture turns out to be false since the occurrence of some “critical
elements” g, s, 's of degree 2/t _omy +Z;C:1 (2" —25i) in this homology for0 < s; < --- < s <nand k> 1.

Résumé. Dans cette note on calcule entierement ’homologie de Margolis modulo 2 de 'algébre de Dickson
Dy, i.e. 'homologie de Dy, en choisissant pour différentielles les opérations de Milnor Q;, pour tous n et j.
La motivation pour cette étude est le role clé joué par cette homologie dans I'étude de la K-théorie de Morava
K(j)* (BSm) du groupe symétrique Sy, en m lettres.

Nous montrons que la conjecture de Pengelley-Sinha sur Hx (Dy; Qj) pour n < j est vraie si et seulement
sin=1,2. Pour 3 < n < j notre résultat montre que la conjecture est fausse a cause de I'occurence d’éléments
«critiques » hs),.. 5, de degré @/t _onmy 4 Zi.“zl(zn —2%i) dans cette homologie pour 0 < s; < -~ < s <n
etk>1.
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Let o/ be the mod 2 Steenrod algebra, genenated by the cohomology operations Sg/ with j =0
and subject to the Adem relation with Sq° = 1. Further < is a Hopf algebra, whose coproduct is
given by the formula A(Sq/) =¥/_ Sq' ® Sq/~".

Let o/, be the Hopf algebra, which is dual to <. Let {; = (quj ---8g°Sq")* be the Milnor
element of degree 2/*! —11in o/, for j > 0, where the duality is taken with respect to the admissible
basis of «/. According to Milnor [4], as an algebra, </« = F2[¢0,¢1,...,¢},...], the polynomial
algebra in infinitely many generators ¢o,¢1,...,¢;,....

Let Qj, for j = 0, be the Milnor operation (see [4]) of degree (2/*1 —1) in o, which is dual to
¢ j with respect to the basis of </, consisting of all monomials in the generators ¢o,¢1,...,¢5, ...
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Remarkably, Q; is a differential, that is Q? =0 for every j. In fact, Qp = Sql, Qj=1Qj-1, quj], the

commutator of Q;_; and $g* in the Steenrod algebra <, for j > 0.

In the article, we compute the Margolis homology of the Dickson algebra D,,, i.e. the homology
of D,, with the differential to be the Milnor operation Q;.

The real goal that we persue is to compute the Morava K-theory K(j)* (BSy,) of the symmetric
group S;, on m letters. It was well known that, the Milnor operation is the first non-zero
differential, Q; = d,j+1_;, in the Atiyah-Hirzebruch spectral sequence for computing K (j)*(X),
the Morava K-theory of a space X. So, the Q;-homology of H* (X) is the E, ;.1 -page in the Atiyah-
Hirzebruch spectral sequence for K(j)*(X). (See e.g. Yagita [10, §2], although the fact was well
known before this article.)

A key step in the determination of the symmetric group’s cohomology is to apply the Quillen
restiction from this cohomology to the cohomologies of all elementary abelian subgroups of
the symmetric group. For m = 2" and the “generic” elementary abelian 2-subgroup (Z/2)"
of the symmetric group S»», the image of the restriction H*(BSz») — H*(B(Z/2)") is exactly
the Dickson algebra D, (see Mui [5, Thm. I1.6.2]). So, the E,;+1-page in the Atiyah-Hirzebruch
spectral sequence for K(j)*(BS,2) maps to the Margolis homology H, (Dy; Qj). This is why the
Margolis homology of the Dickson algebra is taken into account.

Let us study the range n Dickson algebra of invariants

Dy =Falxy, ..., x,] S,

where each generator x; is of degree 1, and the general linear group GL(#,[F») acts canonically on
F2[x1,...,x,]. Following Dickson [1], let us consider the determinant

2€1 201

b

le1,...,ex] =det] :
2¢n 2en

T Xy

for non-negative integers ey,...,e,. Then wley,...,es] = det(w)les,...,e,], for w € GL(n,F)
(see [1]). Set

L,s=10,1,...,5,...,n], (0<s<n),

where § means s being omitted, and L, = L, ,. The Dickson invariant ¢, s of degree 2" —2° is
originally defined as follows:

cns=Lns/Ly, (0<s<n).
Dickson proved in [1] that D,, is a polynomial algebra on the Dickson invariants
Dy =Faleno,-.-)Cnn-11-
To be explicit, the Dickson invariant can be expressed as in Hung—Peterson [3, §2]:

Cnys = > X' xy, (0<s<n).
i1+ +i,=2"-2%

where the sum is over all sequences i1,..., i, with i} either 0 or a power of 2.
We are interested in the following element of the Dickson algebra D,;:

Ajns=10,...,8...,n—1,j1/Ly,

for0=s<n< j. Byconvention, Aj, 1 =0.
In this article, when j and n are fixed, the elements ¢, s and A; ; s will respectively be denoted
by ¢s and A; for abbreviation.
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Lemmal. For0<j0<s<n,

Co, 0<j<n-1,j=s-1,

0, O0<j<n-1,j#s-1,
Qjles) = =/ !

CoCs, j=n-1,

cocsA2_ |+ A% ), Oss<n<j.

The action of the Steenrod algebra on the Dickson one is basically computed in [2]. Related
and partial results concerning the lemma can be seen in [7-9].
The next two theorems are stated in Sinha [6]. Their proofs are straightforward from Lemma 1.

Theorem2. For0<j<n-1,
H,(Dp,Q)) ZF2[c5, 1 ®Falct, .., Cjiyeens il
whereCjy1 means cjy\ being omitted.

_Let Fzlcy, ..., cn-1lev be the F2-submodule of Fz[cy,..., cp-1] generated by all the monomials
et ool with iy + -+ + i1 even.

Theorem 3.
H.(Dy;Qp-1) =F2lcy, ..., cn-1ler-

Proposition4. For0<si,...,sp<n<j,
k

_ 2 ~ 2
Qj(csy-++Cs) = Co| ke, - Cs A 1+ D €50 Csyonn Csp AT |,
i=1

where Cs, means cs; being omitted.
Conjecture 5 (D. Pengelley - D. Sinha, see [6]). Forn< j,
H. (Dp; Q)) = D7 1(Qj(co), Qj(coct), .-, Qj(Cocn-1))-
in-1

Let D‘,’l‘]ld be the F2-submodule of D, spanned by all monomials cé"---cn_1 with at least
one of the exponents iy,...,i,—1 odd. Note clearly that D(,’ldd is not a Qj-submodule of Dy, but
ImQ; n D% is, since Q; vanishes on this module.

Pengelley-Sinha's conjecture is equivalent to the equality: KerQ; = (ImQ; N D‘,’,dd) @ D?. In
other words, there is no class in H.(D;;Q;) represented by an element in ngd. The following
two theorems show that Pengelley-Sinha’s conjecture is true for n =1 or 2 and every j.

Theorem 6. Forn=1,0<],
j+1
H.(D1;Q)) =Fa[c31/(2'™).

In particular, H. (D1; Qo) = F» (this is also a special case of Theorem 3), H.(D;;Q1) = A(cé),
where A(cj) denotes the F-exterior algebra on .

Theorem 7. Denote A(c3) = A(c2)/(F2-1). Ifn=2,0< j,
Falc?], forj=0,1,
H.(D2;Q)) =1 A(c2) @ F2[c?], Jorj=2,
Falc2, c21/(c2 A3, 2 AD), forj>2,

j j j j
where Ay = (x2x3 +x2 x3)/ (X1X5 + x3x2), A1 = (X1 X5 + X5 X2)/ (X1X2 + X2 Xp).
The cases j = 0,1 in the previous theorem are special cases of Theorems 2 and 3.

Proposition 8. Pengelley-Sinha’s Conjecture for n < j is true ifand only if1 < n < 2.
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How can we adjust Pengelley-Sinha’s conjecture to make a correct one in the problem for
3 = n < j? The critical elements hy,, . 's, defined below in the Margolis homology of the
Dickson algebra D,,, are the main ingredient in our correction of Pengelley-Sinha’s conjecture for
3sn<j.

Note that, cg divides Qj(cocs, * - C5.) in Dy, if 51, ..., Sy are pairwise distinct.

Definition9. Forn<j,0<s,...,5c <n,andsy,..., Sk pairwise distinct:

1
hsl,...,sk = ?Q] (COCs1 tee Csk)-
0

To be more explicit, under the hypotheses of the definition:

k
2 -~ 2
hg,,.sp = (k+1)cg - Cs, A5 1+ Y _(C ... B, s ) ATy
i=1

Note that, hy,,.. s, € D?de if k> 1, and that hy,, s, depends also on n and j.

Lemma 10.

0 mod (cy,...,cr), 0<s<r<n,

#0 mod (cy,...,¢r), 0<r<s<n.

(i) A, and A are coprimein Dy, forO<r #s<n.

(iii) Ifn < j, then hy,, s, € KerQ; and |hy,,.. 5] # 0 in the Margolis homology H.(Dy;Q;) for
0<s1<---<sp<nl<k.

(i) As=

The lemma is based on the following inductive formula, in which the complete notations A;,, s
and cy,s are used instead of the simplified ones A and c;:

Ln
Ly
for 0 < s< n < j. Here, by convention, A,—1,n,n-1 =1, ch—1,n-1 = 1.

Note that Q; is a (total) derivation, thatis Q;(ab) = Q;(a)b + aQ;(b). We study the s-th partial
derivation for 0 < s < n, and its “inverse”, the so-called integral on a direction. These notions will
play key roles in the remaining part of the article.

a2 2
Ajins = Aj_ 1 porso1 FAj1 ppo16n-1s

)

Definition 11. Let sy,..., S be pairwise distinct, with 0 < s3,...,5x < n, and R € Dy,. The s-th
partial derivation is the morphism defined for 0 < s < n by

CoCs, "'CskAfl_le, kodd, s=n,
2y _ ~ 2 2
0s(cs, -+ c5, R) =4 cocy Ty ey AS, R s=si,
0, otherwise.

Since A_1 =0, it yields dg = 0. If d5(c, -+ ¢5,) # 0, then s should be one of the indices s, ..., sg
or n. Obviously, Imds coAi_an. Proposition 4 leads to:

Lemma 12. Letsy,..., S be pairwise distinct, with0 < sy,...,Sx <n < j,and R€ D, Then
n
Qjlcs, -+ cs R =Y 05(cy, -+ C5 )R%.
s=1
Definition 13. The integral on the r-th direction I, : coAf_an — ngd, for 0 <r < n, is the
morphism given by:
s, -rcs R%, kodd r=n,
Ir(cocs, € A2 R®) =1 c5, -+ €5 CrR%, T #S1,000, 5501,
0, otherwise.

where sy, ..., sk are pairwise distinct, 0 < s1,...,Sy <n,0<k, and R € D,.
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Lemma 14. Letsy,..., S be pairwise distinct, with0 < sy,...,5x <n,0<s<n,and R€ Dy,. Then

Cs --Cs R2, eitherk odd, s=n,orselsy,..., si},
@) I;0s(cs, -+ e RH =4 1 % . sl
0, otherwise.

. CoCs ++Cs. A2 R?, eitherkodd, s=n,ors#si,...,Sun,
(i) OsIs(cocs "'CskAi_le) = o sl .
0, otherwise.
Let hch% and hD? be the submodules of D,, generated by the generators {hsy,.5 10< 81 <
-+ < sk < n,1 < k}over ¢;D? and D? =F[ci,...,c%_, ] respectively. Let iy D% be the submodule of
D, generated by {hgs,, 5, |0=51 < sp << s <n,1<k}over DZ.

Theorem 15. For3<n=<j,
KerQ; n D% = (Im Q; n D%%) + hD?,
whereIm Q; N D% = hyD? @ hc2D?, and hoD% N hD? = {0}.
The exponent of ¢p in each Dickson monomial of hoD? is odd, whereas the exponent of
¢o in every Dickson monomial of hejD3, or of kD, is even. It yields hoD? N hej D3, = {0} and
hoD? n hD? = {0}.

The smallest natural number 7 such that there exists a sequence 0 < s; <--- < sy < nwith k> 1
isn=3.

Remark 16. The sum in Theorem 15 is not a direct sum. This is a consequence of the fact that
the critical elements are not linear independent over D?.
Let S = (sy,...,Sx) be asequence with 0 < s; <--- < s < mand k > 2. It is remarkable that

k
Hg = khslwyskA%z—l + Z hSl,---vﬂy---,SkAii—l =y
i=1
Letm: Dfl — [Fg[cf,..., ci_l] be the projection, whose kernel is CSD%. We denote 7(Z2) by Z?2
for abbreviation. So Z2 + Z% € C(Z)D%L for Z% € D?. The equality Hs = 0 implies

k
HS + HS = khsl,-msk (A%L—l + A?I—l) + Z hsl,...,fs\,',...,sk (Ai»—l + A?,‘—l)
i=1

72 k 72
= khsl,...,skAn_l + Z hsl,...,E[,...,skAgi_l = Hg.
i=1

The left hand side belongs to hciD? < (ImQ; N D‘,’ldd) (it is in D44 as k—1 > 1), while the
right hand side is in hD%l with at most one “coefficient” A?i_l being zero. (The zero-coefficient
occurs when s; = 1, since E?i_l # 0 for s; > 1 by Lemma 10.) Therefore, (Im Q;n D‘,’ldd) n hﬁ% =

hc2 D% n hD? # {0}.

The following main result of the article is a consequence of the preceding one and the
equalities: Qj(co) = c3A%_,, Qjlcocs) = A2, (0< s<n).
Theorem 17. For3<n<j,
D? hD?

H.(Dp;Qj) = = ® —.
MR, RA ) heZD2 KD

Example 18. For j = n = 3, we have A = ¢, for 0 < s < n. So the critical element, which also
depends on 7 and j, is explicitly given by

k
_ 2 ~ 2
hey,..sp = (k+1)cs; -+ Cs Crq + E (Csy - Cs; - C5 ) C5, 1)

i=1

C. R. Mathématique, 2020, 358, n° 4, 505-510
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for0<s; <---<sg<n, 1<k Theorem 17 yields
H. (D Qu) = Di o IDn__
(cgrCoet, - rCoC5_))  hc2D3nhD?
hciD% N hD?

= A o Flc},...,c2_ )]

For k > 2, by Remark 16,

k
hSz,...,Sk Cg = khl,sz,...,sk Ci_l + Z hl,SZ,A..@-...,sk Ci‘—l
i=2
is a nonzero element in hch‘Z‘l NhD? for 1 = s; <+ < s < n, while
k
KRy 55,05 Cno1 + 0 Pty isi C?i—l =0
i=1

is a linear relationship of the critical elements over D? for 1 < s; <--- < s; < n.

The contains of this note will be published in detail elsewhere.
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