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1. Introduction: main results and applications

T. Ohsawa-K. Takegoshi established a remarkable extension theorem of holomorphic functions
defined on a bounded pseudoconvex domain in C” with growth control in [13]. Since then, many
versions and variants of the L? extension theorems have been studied (see [2,5,10,11,14,15], etc).
These results lead to numerous applications in algebraic geometry and complex analysis.

One interesting problem is to study the L? extension theorem for jets. The first such result was
given by D. Popovici [14], which generalized the L? extension theorems of Ohsawa-Takegoshi—
Manivel to the case of jets of sections of a line bundle over a weakly pseudoconvex Kihler
manifold. Then J.-P. Demailly [6] considered the extension from more general non reduced
varieties. Following a new method of B. Berndtsson-L. Lempert [1], G. Hosono [9] proved an L?
extension theorem for jets with optimal estimate on a bounded pseudoconvex domain in C” (see
also [12]).
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The idea of considering variable denominators was first introduced by ]. McNeal-D.
Varolin [11]. They obtained some results on weighted L? extension of holomorphic top forms
with values in a holomorphic line bundle, where the weights used are determined by the variable
denominators. Recently, X. Zhou-L. Zhu [15] proved an L? extension theorem for holomorphic
sections of holomorphic line bundles equipped with singular metrics on weakly pseudocon-
vex Kédhler manifolds. Futhermore, they obtained optimal constants corresponding to variable
denominators.

The method of solving undetermined functions with ODEs was first used in [8,17]. From then
on, a lot of spectacular works appear along this line, such as [7, 15, 16], etc. Several optimal [2
extension theorems have been proved in this process.

The main goal of this paper is to apply the methods of Zhou-Zhu [15] and Demailly [5] to L?
jet extension to slightly generalize the results obtained by Popovici [14]. As an application of our
main theorem, we also generalize Ohsawa-Takegoshi’s extension theorem [13] to a jet version
(see Corollary 2). In near future, we will try to formulate this work to d-closed high-degree jets on
a weakly pseudoconvex Kdhler case under mixed positivity conditions, such as [3].

We make precise the setting for our work. Let X be an n-dimensional weakly pseudoconvex
manifold with Kdhler metric w, and E a Hermitian holomorphic vector bundle of rank m = 1 over
X. Assume that s € H°(X, E) is transverse to the zero section. Set

V:={xeX:sx) =0}

Futhermore, let L be a holomorphic line bundle equipped with a smooth Hermitian metric
satisfying an appropriate positivity condition.

We denote by A™*Ty the bundle of differential forms of bidegree (r, s) on X, and .#y the sheaf
of germs of holomorphic functions on X which vanish on Y. For any integer k = 0, let Gx/ J{;“
be the nonlocally free sheaf of k-jets which are “transversal” to Y. Fix a point y € X and a Stein
neighborhood U in X of y. Then this gives rise to a surjective morphism

H°(U,Kx® L) — H°(U,Kx ® L8 Ox /.75

of local section spaces, and an arbitrary local lifting f € H(U, Ky ® L) of f. For any transversal
k-jet f € HO(U,Kx ®L®@X/J{f+1) and any weight function p > 0 on U, the pointwise p-weighted
norm associated to the section s, was defined by [14, Definition 0.1.1]:

. IV f12 VEF2
|f|§;ﬂ:(k)(y) :|f|i(Y)+ ZLL M +--+ 2£L ),
|Am(dS)|E'" p2(m+1) IAm(ds)IE'" p2(m+k)
and the Lfk) weighted norm by:

sp(k)
”f"sp(k) f |Am(ds)|2 Y

Here fori=0,...,k, Vif is constructed by induction as the projection of the (1,0)-part
vOVEHeCc®W, kKxe Lo ST Ny, ® Tx)

of V(VK f) with the associated Chern connection V to C®°(U,Kx ® L® SIN
surjective bundle morphism Kx ® L ® T ly = Kx®L® NY/X.
It is worthwhile to notice that the norm | f|2 of the k-jet f at the point y € Y is independent

v X), induced by the

s,0,(k)

of the choice of the local lifting f. Moreover, one has the following notations [14, Notation 0.1.3]:

(a) For a transversal k-jet f € H*(U,Kx ® L®@X/J)’f+1), denote VJ f := (ij)|Umy, for all
j=0,...,k and an arbitrary lifting f € HYU,Kx®L) of f.
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(b) For every integer k = 0, and every open set U c X, set
JEH(U Kx ® L) — H(U,Kx ® Le Ox /.75
as the cohomology group morphism induced by the projection Ox — Ox/ J{f“.

We refer to [14, pp. 2-5] for more details about the notations and the construction of relevant
metrics on jets.

In [15, p. 136], Zhou-Zhu defined the variable denominators. Let YR be the class of functions
defined by

oo R(t)

Re C®(—00.0) R>0,R' <0, [° +Ldr<+oco
-00,0]:
and e’ R(¢) is bounded above on (—oo, 0]

Denote [ 7t 4t by Cr. Notice that the function R(f) equals to the function - defined just
before the main theorems in [7, p. 1143] when A =0.

With such preparation, our main theorem is as follows.

Main Theorem 1. Let R be a function in R. On a weakly pseudoconvex n-dimensional Kéhler
manifold (X,w), let L be a smooth Hermitian holomorphic line bundle, E a smooth Hermitian
holomorphic vector bundle of rank m = 1, and s € H*(X,E) a section transverse to the zero
section. Set
YV:={xeX:s(x) =0}

Assume also that, for an integer k = 0, the (1,1)-form V=10 + (m+ k) v=18dlog|s|% involving the
curvature of L is semipositive on X \'Y, and that there exists a continuous function a > 0 on X such
thaton X\Y,

(i) V=10, +(m+k)v—1dlog|s% =

(i) Islp=e™@.

_1 \WW-10gs, stg
IsI2,

Then for every relatively compact open subset Q ¢ X and every k-jet f € H*(X,Kx ® @X/J)’,‘“)
satisfying

|f|§,,0y(k)
f ———dVy,, < +0o0,
Y

AT (AP,
there exists FX) € HO(Q, Kx ® L) such that JE F®) = f and
2
|Fk)2 k 15,0, 0
B i A Ve f o ® Gy, (1)
fQ Is|2™ R(mlog|s|2) @ EmR |y, |A™(ds) %, ¢

where C;’;‘)R > 0 is a constant depending only on m, k, E, R and supg, 110 (L)]|.

Comparing the statement in [14, Main Theorem], one sees that only in the case of a compact
ambient manifold X, the jet extension F (%) and the final L2 estimate of it can be obtained over
the whole of X; while in the general noncompact case, since the constant in his [2 jet estimate (2)
depends on supq [[i©(L) ||, and then it seems difficult to obtain the jet extension and the final
estimate over X by extracting weak limit as ¢ — oo, where X, will be introduced later in Section 3.

Our Theorem 1 is a generalization of [14, Main Theorem], where a = 1. In fact, if we take
R(1) = (55)° on (~oo, —2m], and then (1) implies Popovici’s L? jet estimate [14, p. 6]

2m

2

|F02 15,0, 0

S —s sc(’“)f—"” dVy,e, 2)
f(zlsljzg"l(—loglsl)2 oo =Tm v [A™(ds)[F e

where Cﬁ,’f) > 0 is a constant depending only on m, k, E, and supg, [|i©(L)|.
Take R(t) = e”! (then Cg = 1) to get the following corollary as a generalization of the main
theorem in [13] to a jet version.
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Corollary 2. Let (X,w), L, E, s, Y be the same as in Theorem 1. Then for every relatively compact
open subset Q. c X, and every k-jet f € H*(X,Kx ® L® @X/J{,C“) satisfying

|f|§,p,(k)
f —ZdVwa < +09,
Y |Am(ds)|E

there exists F*) € HO(Q, Kx ® L) such that JSF® = f and

| I? p,(k
,0, (k) v
|F(k)|2d‘r < C(k) f ; d ’
L ’ Y |A (dS)|2E ’

where Cﬁ,’f) > 0 is a constant depending only on m, k, E, and supg, [|i©(L)]|.

The following theorem is a special case of Theorem 1 for a bounded pseudoconvex open set
Q c C". Denote the space of all plurisubharmonic functions on Q by Psh(Q).

Theorem 3. Let R be a function in R. Let Q c C" be a bounded pseudoconvex open set, and
Y c Q a closed nonsingular subvariety defined by some section s € H°(Q,E) of a Hermitian
holomorphic vector bundle E of rank m = 1 with bounded curvature form. Set |s|g < 1 on Q.
Then for any relatively compact open subset Q' < Q, any k = 0 and any ¢ € Psh(Q), there exists
a constant C%C?R > 0 depending only on E,Q, R and the modulus of continuity of ¢, such that for

any holomorphic section of Oq/ J{f“ satisfying

|f|§,p,(k) _
f ———e ?dVy < +oo,
Y [A™(ds)l5,

there exists a holomorphic function F¥) on Q' such that J§, F® = f and

|f12
0, (k)
fLe v

Y.
vy [A™(ds)[3

F(k) 2
f e vV = C,
o |slg" R(mloglsly) ’

Even studying the special case Y = {zp} is quite interesting. In this case, we just take s(z) =
(diam Q") ™! (z — z), viewed as a section of the trivial vector bundle Q' x C" with |s| < 1. The jet f
at zg is then given by a, € C, |a| < k, @ = (a3, ..., a,). Obviously, one has

15,0, 0
f 5P = _ m0(20) Z |aa|2-
Y |An(ds)|2 lal<k

As a result, one obtains the following corollary.

Corollary 4. Let R be a function in R. Let Q c C" be a bounded pseudoconvex open set. Then
for any relatively compact open subset zg € Q' < Q, any k = 0 and any ¢ € Psh(Q), there exists a
constant C,(f;? > 0 depending only on R, and on the modulus of continuity of ¢, such that for all
complex numbers aq, || < k, there exists a holomorphic function f on Q' satisfying

a

f(z0) = ay, @(Zo) =aq, 1=al <k,
2 C(k) e—(p(Z())
f /! |z—zo| e_(p(Z)dVQ’(z) = L/Zn Z Ia""z'
@ |z - zo?"R(2nlog(5522%7)) (diam Q)= | J2y

Notation 5. Unless otherwise stated, we will always adopt the notations in Section 1 in the
latter sections and in particular, we will denote |s|g and |A™(ds)|g simply by |s| and |[A™(ds)|,
respectively.
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2. Preliminaries for L2 extension

In this section, we present a few results to be used in the proof of our Theorem 1.

Lemma 6. Let X be a complex manifold, Z < X a (possibly singular) subvariety, and L a holo-
morphic line bundle on X. Suppose that u and f are L-valued forms on X with coefficients in L%OC
such that 0u = f on X \'Y (in the sense of currents). Then one has0u = f on X (also in the sense of
currents).

Proof. The proof is almost the same as [4, Lemma 6.9]. Notice that the line bundle L is locally
trivial. 0

Lemma 7. Let X be a complete Kéiihler manifold possessing a non-necessarily complete Kéhler
metric w, and Q a Hermitian vector bundle over X. Assume that p and A are bounded smooth
positive functions on X and put

B:=V-1[u0g-08du— A"'opundu, A,
where A\ := A, is the dual Lefschetz operator. Suppose that 6 = 0 is a number such that B+ 61
is semi-positive definite everywhere on ATy ® Q for some q = 1. Then given a form g €
[X(X,A™1T; ® Q) such that 0g = 0 and [x(B+61)7'g,8) odVx < +oo, there exists an ap-
proximate solution u € L2(X, A™971 T; ® Q) and an error term h € L>(X, A»7 T; ® Q) such that
du++6h=gand

|ul?

Q 2 -1
—dV +f|h| dv. Sf((B+6I) , &) odVx.
.[XIJ""AXXQXX 8, 8/QdVx

Proof. Lemma 7 appeared as [15, Lemma 3.2], which is modified from [5, Remark 3.2]. Demailly
presented the error term method therein aiming to overcome the lack of sufficient positivity to
solve 0-equations. O

Lemma 8 (cf. [4, Theorem 1.5]). Let X be a Kdhler manifold and Z c X an analytic subset. Assume
that Q c X is a relatively compact open subset equipped with a complete Kihler metric. Then
Q\ Z possesses a complete Kihler metric.

Lemma9 (cf. [15, Lemma 3.9]). Let X be a complex manifold, and Q a Hermitian vector bundle
over X. Let

{‘,'}Q : APLAL T)*( ® Q x AP242 T; ® Q N AP1+q2,tI1+P2 T;
be the sesquilinear product which combines the wedge product (u,v) — u A U on scalar valued
forms with the Hermitian inner product on Q. Then for any smooth section s of Q and any smooth
section w of Ty ® Q over X,

V=T{w, s}o As, who = |51 V=T{w, wiq.

3. Proof of Theorem 1

Without loss of generality, set Cp = 1. Otherwise, one replaces R with CrR in the proof. We will
divide the proof into several steps.

Step 1. Constructing special weights and twist factors.

Recall that a complex manifold X is said to be weakly pseudoconvex if there exists a smooth
plurisubharmonic exhaustion function P over X. We shall focus on the relatively compact subset
X\ Y rather than working on X itself, where X, = {P < c} (c=1,2,..., we choose P such that
X1 #®). Then X \Y (c=1,2,...) is complete Kéih_ler thanks to Lemma 8. For an arbitrary relatively
compact subset Q c X, select some ¢ such that Q c X,.
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From now on, the jet order k and ¢ will be fixed during the proof.

Put §:= . Let { : (-00,0) — (0,+00) be a smooth strictly increasing function, and y :
(—00,0) — (0, +00) a smooth strictly decreasing function. Assume that y(¢) = —% for t € (—00,0).
We will find more assumptions on ¢ and y in the proof, by which we will get explicit expressions
of { and y in the end of this section.

Let a € (0,1) and put o, = (m + k)log(|s|*> + £€2) —a and o = (m + k)log|s|> — a. Then -0, =
mlog(sl* + &%) — f-aand f-o = mlog|s|* — B-a. As |s| < e** on X \'Y, there exists a positive
number £, € (0,1) such thato, < -2(m+ k)a — % on X.\Y foree (0,&,).

The holomorphic line bundle L is equipped with a Hermitian metric &y, which is written
locally as e"%L for some smooth function with respect to a local holomorphic frame of L. Let
Lg,¢ denote the line bundle L on X, \ Y equipped with the new metric s, := e 91=0-C(00)

Set 7. = y(o,) and let A, be a smooth positive function on X, which will be determined later.
Set B, =[O, A] on X\ Y, where

= O N O
Oc i=7:v/-10y,, — V=1007, - V-1 £ 1€

Ag
Set
{D's, s}
Ve = sEreE ®
We want to find suitable ¢, y and A, such thaton X \Y,
2
me _
GEZWV_IVEAVE- 4)

Easy computation yields
O, = x(0)(V=100¢1 + V~1000) + (x(0:){ (@) - ¥ (06))V—-100

/ 2 _
+ (X(ag)(”(as) 1" (0e) - @) V-100, Ado,

£

= )((Ug)[\/—_IGL +(m+k) \/—_laéloglsl?‘) +(x(0e){ (o) - X’(Ug))\/—_laéog

! 2
+ (X((TE)(”(UE) 1" (o) - @) V=100, A do,.

£

Assuming the equalities

X0 (o) —x'(0e) =B 5)
and
! 2
¥ (0e)—x"(0e) - W)™ _, (6)
Ag
hold, we can see that
Or = y(0:) (V=101 + (m+ k)V—=1dlog|s|?) + Bv~1000 @)

on X:\Y.On the other hand, by (6) one can also assume that A; = (o) for some smooth function
7 (—00,0) — (0, +00) such that

N
x¢" 1"~ —(Xn) =0. 8)
As Lemma 9 gives

IsI>’V=1{D's,D's} = V—1{D’s, s} A{s,D's},
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we obtain that on X, \Y,
- (m+k)vV-1{D's,D's}y (m+k)vV-1{D's,sin{s,D's} (m+k)vV-1{Ogs,s}
V—1000, = - -
s + €2 (Is? +£2)2 s + €2

_(m+ k)e? vV=1{D's, s} A{s,D's} (m+k)V—1{Ogs,s}

T |s? (IsI? +€2)? |52 + €2

_ (m + k)&? \/—_lvg AV (m+k)vV—-1{Ogs, s}

|52 |5[2 + €2

Then it follows from (7) thaton X\ Y,

mv—1{Ogs,s} me? _
> 2’ + V=1V AV
[s|c+¢€ Is]

Since y(o¢) = _b ';g > ma by the assumption y(t) = —%, it follows from the curvature

conditions on X\ Y in Theorem 1 that

O; = y(0:) (V=101 + (m+ k)vV-18dlog|s|?) -

mv—-1{Ogs, s}

|s|2 + €2

)((Ug)(\/—_lG)L +(m+ k)\/—_10510g|s|2) —

mals? v-1{Ogs, s}
|52 + €2 als|?

= X(ag)(\/—_lé)L +(m+k) \/—_laéloglslz) -

2
mals - v—10gs, s
> Malsl” [ e, + m+ k) V=10ddlog|s|? - v=10gs,s}
[s]2 + €2 als|?
>0
on X, \ Y. Hence, one gets (4) as expected.
As aresult,
2 2
me me
Bz | — V-1V AV, Al = —T;. TS 9)
NE |s|2 ¢ Ye

on X.\Y as an operator on (n,1)-forms, where T, denotes the operator v¢ A- and T. v*g is its
Hilbert adjoint operator.

Step 2. Solvingd on X, with estimates.

With such preparation, we now argue by induction on k = 0. The case k = 0 is a special case
of [15, Theorem 1.1]. Now, assume that the theorem has been proved for k — 1, and we consider
the short exact sequence of sheaves

0— S*Ny, x — OxI I — Ox1.95 — 0.
Let J°1f € HY(X,Kx ® L® Ox/.#) be the image of f € H(X,Kx ® L ® Ox/.#5*!) under
the induced cohomology group morphism. By the induction hypothesis, there exists F*~D ¢
H°(X,Kx ® L) such that

];C(le(kfl) — ]éc(*lf’

2
|Fk-D2 ) /] -
L___dqvy,<c* “[Y ~ep WD 4y q0)

X, IsPmR(mlog|si2) ¢~ MR [A™/(ds)[?

where Cﬁs}l) > 0 is a constant as in the statement of Theorem 1 and Y; := Y n X.. Thus, the
image J&1f - JELF*D e HO(X, Kx @ Lo Ox/.#F) of f— JEF*D e HO(X,Kx @ Lo Ox/.75H)
vanishes. So we can view the jet f —J ;‘(F (k=1) a5 a global holomorphic section (on Y) of the sheaf
KxeL®S'Ny, =Kx o Lo SFE},.

Using the results in [14, p. 12], one can construct an extension f € C*°(X,Kx ® L) of the

holomorphic k-jet f € H*(X,Kx ® L® @’X/J{,C”) by means of a partition of unity, satisfying
5]?: 0 onY,
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and
10f1=0(s/**) inaneighbourhood of Y.

Set

Gék—l) ::9( )(f_F(k—l))ECOO(X,Kx®L),

|s]% + €2
where 0 <& <¢g4,and 6 : R — [0,1] is a C* function such that 6 = 0 on (—oo, %], 6=1on [%,+oo),
and |0'| < 4 on R. Then it suffices to solve the equation

due =Gk, (11)

with the extra condition ‘l;(‘f,L 5 € LIOC in a neighbourhood of Y. This condition guarantees that

U, as well as all its jets of orders < k, vanishes on Y.
By direct calculations, one has
3GHD = gl 4 o)
& £ to

where

a _ £ ’ & F_ k-1
= -0 Ve N(f—F"77),
8 =T Erer (I8|2+82) en(f

2
@ _ plk-1)
g =0 ( s+ )a(f )

Recall that v, is given in (3).

In this situation, g§2) turns out to have no contribution in the limit since it converges uniformly
toOonevery compact set when ¢ tends to 0. Actually, Supp(gm) < {|s| < v2e} and Ig(Z) | = O(Islk“)
because of |6f| O(sl**Y ina neighbourhood of Y as we have previously shown.

Then

fX . (B7'g®,g@y1s172m R vy , = O(e),

provided that B; is locally uniformly bounded below in a neighbourhood of Y. Otherwise, we
shall solve the approximate equation du + v8h = g, with § > 0 small (see Lemma 7 and [5,
Remark 3.2] for more details). One can remove the extra error term v/8/ by putting § — 0 at the
end. Since there is no essential difficulty during this procedure, for the purpose of simplicity, we
will assume to have the desired lower bound for B, and the estimate of géz) as above.

Next, we turn to estimate the term involving gf:l) on X\ Y.By (9),

2
9/( €2 ) g2 (F— Py

[s|2+€2 ) |s|2 + €2 Lae

|sI?

1.0 (1
(Bg gzg )rgs )>Lu£ =

me?
I(f-F*D)(es,2")2

22k Ve
IVE(f = JEF%D)(2")|2 uniformly as € — 0. Then using a partition of unity around X.\'Y and
the Fubini theorem, we obtain

In [14, p. 17], Popovici showed that on every compact set, converges to

~ .2
16e“ e2|f - F&=D|Tdvy
m Jx.n{ £<|s|<fg} (|S|2 + 82) |S|2(m+k—l)

L <Bs lgél)rg£1)>L ae

F=D |
——LdVy, (e—0),
|A™(ds) |25

| leet kf |VE(F-T%
m Y,

m

where

_ f V-1A"(dz) A A" (d2)
m zecm, [I<izisva (12 +1)?|z[20m+k=D
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depends only on m and k. It may be worthwhile to note that | V¥ (f - J§ F&=D)| = | f—Jk FE=D|
where f - JKF*D e HO(Y,Kx ® L& SN, ). Then, one has

16¢“ IVE(f - JEF*=D) 2
Cm,k m+k dVY,a)r
m Yo o |AM(ds)[FTm

fX \Y<B£lg§”,g§”>La,edVX <

when ¢ is small enough. By using Lemma 7 with § = 0, we can solve (11), i.e., there exists
Ucae € L*(X:\'Y, Kx ® Ly) such that

3 3 (k-1 1 2
Ouc,ae = 6G£ )= gé Ly gé )

on X;\Y and

|Uc,a,el2 €0 ¢ ) 16e% IVE(f — JEFtk=D) 2
f ot dvy < Cnk X Ldvy,+ 0. 12)
X\Y Te+ Ag m Y. |Am(d5)|2 m

Since 0, (0¢), Te + A are all bounded above on X, for each fixed ¢, the inequality (12) implies
that uc 4 € I2(X,, Kx ®L).As (11), (12) and Gé"l is smooth, Lemma 6 gives that

Blte,qe = 3GV = gl 1 @ a3)

extends across Y and

|ttg,ael7 e 16¢“ IVE(f = JRFE D)
f il dvy < cmf f—Jx —Ldvy, + 0. (14)
Xe Te+ Ag Yo o |AM(ds))2Tm

The jet extension of f to X, is then given by

F® =Gk gy oy FED,

c,a,e *

Then Fé’ﬁs is holomorphic on X,, thanks to (13), F*~D € HO(X, Kx ® L) as well as the ellipticity of
the operator @ in bidegree (1,0). So Uc,a,e 1S also smooth on X. Locally, near an arbitrary point of
Y, all partial derivatives of orders < k of Fc(k;g are prescribed by f.

By the variant of Cauchy-Schwarz inequality, we have

(K1 +K2+K3,K1 +K2 +K3) < 2(K1 +K2,K1 +K2) +2(K3,K3)

< 4(x1,K1) + 4(x2,K2) + 2(x3,k3) (15)

for any inner product space (A, (-,-)), K1,kK2,k3 € H.
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Then for some sufficiently small €, R(f-0.) < R(B-0), R(mloglslz) < R(B- o), the induction
hypothesis (10), (14) and (15) give the estimate on the relatively compact open subset X,

F 62
—— 5 dVy (16)
x, ePoR(B-0)

2

[t g el? Fle=1)2 ck-D

s4f —o%fL dVX+4f B Libalied A dVX+2[ NG To dvy
X. ePR(B-0) x. ePIR(B-0) x. eP9R(B-0)

alsup Tet Ap)ét (0¢) f |, g c | €= Fo=C00)
Xe R(B-0¢) X, Te+ Ag

=

dVvx

2 2 ~ 2
Fle-1) 2 0(—f—=) If - F& )|
+4eﬁ'“f S L de+2eﬁ'“f s e Lavy
x. |s12™R(mlog|s|?) . Is|2mR(mlog|s|?)

2 ,—0—((0¢)
< 4e(ﬁ—1)u sup (Te + Ag)e{(o'g) f |uc,a,e|Le AV
x.  R(B-oe) X Te+ Ag
Flk=1)2 )
x, |s|2™R(mlog|s|?) x, [s2"R(mlog|s[?)

564eﬁ’“ ( (TE+A£)e((U£)) f|v"(f—1§F”“”)|§ y
Xe Ye

m R(ﬁ'O’g) |Am(d8)|2m7+k

|f|2 _ 2mloge+Cs |
+4eP Ci}f}”[ — o) Gy +C2f ——dt+0(e)

v, 1AM (ds)|? —c0 R(1)
If1?
B-a ~10k) s, p, (k)
<eP?C ———dW;
m,R fYc |A™(ds)|?
6aeba |Vk(]k F(k—l))|2 2mloge+Cs
+ C f —X __Ldvy+ CZf ——dt+0(e),
m Ye |Am(ds)2 ~o0 R(®)
where C;Elk;? = 6%Cm,k + 4C$}1) and Ci, Cy, Cs are all positive numbers independent of €. Here
in (16), we also assume that
(e + A)et (0e) _ a7
R(B-0¢)

on X.. We will solve (17) together with (5) and (8) in Step 4.
Step 3. Passing to the limits to get the final jet extension on Q.

As sup,o(e'R(1)) < oo, applying Montel’s theorem and (16) to extract a weak limit of
{Fék,;g a8~ 0, we get a holomorphic L-valued n-form Fc(k,; on X, such that ]f( Fé’f,; =f
> ¢ G
and

(k)2 2 . k(rk mk=1)yj2
f IF2 dvxseﬁ.acnk)f 15 0,0 - BaeP f IVEUXFE DI .
x. eéPIR(B-0) ™R Jy. 1AM (ds)[? Yo |Am(ds)2
In other words,
IF12
f : dvy
x. |sI?mR(mlog|s|> — B- a)
IF2 o 64 IVEURFE D)
sC’(k)f o ® gy ¢ kf X Lgy,. (18)
mR Jy |Am(ds)|? Y " Y, |Am(ds)|2mr:,rk !
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Since R is continuous decreasing on (—oo, 0], suptso(e”R( 1)) < oo, similarly as before, we use
Montel’s theorem and extract a weak limit of {Féﬁ}m as a — 0, to obtain a holomorphic L-valued
n-form F® on X, from (18) such that J ;C(C F® = fand

2 k(1k plk—-1)y2
IFP2 LIS ok 64 |Vk 7k k-1
f #dvxscﬂf L’”dvﬁ_cmykf MU v, a9)
X, Hy, | m Y,

[s|2™R(mlog|s|?) A™(ds)|? |Am(ds)|2’"7”C

As Popovici [14, Sections 0.4-0.6] has shown that the last term in the right-hand side of (19)
can be controlled uniformly, a slight modification of his proof in [14, Section 0.4] in terms of the
variable denominators introduced by [15, p. 136] can complete the proof of Main Theorem 1.
Indeed, one just needs to modify the first and second inequalities in [14, p. 22], respectively, as

9@ k=1 "
zl —k | 9210 0,z") |2€—2(p(0,z”)—2A|z”|2
al= al

A™(ds)(0, 225
20m+K) o)+ ap? sup s(z/,2")|*™ R(mlogs(2', 2")?)

< Const-
pAomtl @2Neu;  |AM(ds) (0,2
(k=1 (1 12
xf I|F (2", 2 A,
Z/eB(0,p) |S(2,2") > R(mlogs(z/,z")?)
and
|vk(]k F(k—l))IZ 1 ) ”F(k—l) ”2
J AV = Dy NM(©) s 20 | v,
Ye |AM(ds)|2 p ' |s|“™R(mlog|s|*)
where
M@= sup |s(Z/,2")*" R(mlogs(z',2")%)
(22" e [A™(ds) (0, Z”)|2mT+k

and D,,  := Const-2(m + k). Notice that the smoothness of the function R on (-o0,0] ensures
that one can get the suprema on U; and €', respectively. We refer to [14, Section 0.4] for more
explanations about the above notations.

Then as a result, we get a holomorphic L-valued n-form Fc(k) on Q such that ]SFék) =fand

IFO 2 IFP2
2m 7 dVxo = 2m 274Vx,0
a [sl5" R(mlogls|) X. IS5 R(mlog|s|%)

If1?
<C(k)f sp. K)o

= I Y,
mR Jy amds)z

2
Sc(k)f 15,0 AVy.o
mR Jy 1amds)l2

where CELC,)R > 0 is a constant depending only on m, k, E, R and supq, [[i©(L)]l.
Step 4. Solving ordinary differential equations

We have already proved Theorem 1, provided that there exist appropriate y,n,({ satisfying
some assumptions. Now, we will come to use these assumptions about y,7,{ to get their explicit
expressions.
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Notice that (5), (8) and (17) are equivalent to the following system of ordinary differential
equations defined on (—o0, 0):

' -y (1) =B, (20)

() +n)et =R(B- 1), 1)
/t2

(D) n(e), (22)

X" —x"(0)
where g = .. It is noteworthy that when k = 0 (and then § = 1), our system of ODEs
coincides with [15, (4.17), (4.18), (4.19)]. Moreover, we have assumed that {,y and 7 are all
smooth on (—oo,0) and that { > 0,5 > 0,7 >0, > 0,3’ <0 and y(¢) = —% on (—o0,0). In the
pro(())f of Theorem 1, we have assumed that Cg = f?oo ﬁdt = 1. Hence, we get ff)oo %dt =
%f—oo R(é-t)d(ﬁ' n= %

Following the argument of solving undetermined functions with ODEs introduced in [15,
Section 4, pp. 151-153], we get

¢ 1
=-1 1- —dgy |,
¢ %( ﬁﬁmewn J
=B t=P U mpmdmde
1- ,Bf_too mdtl

t Bt+ B ) g dndre
n=(1-8[ _qzdn|rpn+ ST
—0o R(B-11) l_ﬁf—ooR(ﬁ-h)dtl

1
B _5 —5(/1’1)2/ + M A} <0
2 (A2

It is easy to verify all the previous assumptions about ¢, y and 7.

)

and

X+
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