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Abstract. We study the existence of ground states of a Schrodinger-Poisson—Slater type equation with pure
power nonlinearity. By carrying out the constrained minimization on a special manifold, which is a combi-
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1. Introduction and main result

In [2] and [3], it is showed that the following minimization problem

p(n+a)—4n 2n-p(n-2) 2)
] (Jan IVI2dx) 2 e=m [L(¢p)] 2a+a-—m
inf , @))
PeXLa\(0} Jrn |®IPdx
is attained if and only if n # 4 + a and
pe 8D o), n=2
pe[EHY 21 3<n<d+a; )
2n 24
pe [nT", (2:6‘:)], n>4+a.

Here X% := {v € 2V?(R"); L(v) < oo} with n> 2, and L(v) := Jn fen %dxdy The functional
Lis the so-called Coulomb energy of the wave. We endow the space X''* with the norm ||u|?, , =

Xla
Jpn IVul?dx + (L(w)?.
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The minimization problem (1) is associated with the best constant of the Coulomb-Sobolev
inequality
p(n+a)-4n

+a-n 2n-p(n-2
fwlfbl”dxs C(fwwwzdx) e [L()] z<4+a m Ve xhe, 3)

which is helpful to well understand the lower bound of the Coulomb energy. The Euler-Lagrange
equation of (1) is the following Schrédinger—Poisson-Slater type equation

—Au+ ("""« uPu=plul’%u, u>0inR", 4)

where n = 2, a € (0,n), p > 0 is the so-called Slater constant of the equation, and p belongs
to the intervals in (2). Equation (4) appears in various physical frameworks, such as plasma
physics or semiconductor theory. In equation (4), |x|* " * u? is known as the repulsive Coulomb
potential, which makes the usual Sobolev space H'(R") not to be a good framework for posing
the equation (4). In this paper, we are interested in studying the ground state solutions of (4)
in xbe,

There are a series of analytical results on equation (4) in literatures, see [8, 10] and the refer-
ences therein. In particular, Ianni and Ruiz [6] studied the following version of the Schrédinger—
Poisson-Slater system

—Au+(u2* )uz,ulul”_zu, in RS, (5)

47| x|
We also note that there are many results on other Schrodinger-Poisson systems in literatures;
see [1,4,5,7,11] and many others.

This paper is concerned with the variational problem of (4). It is known that every solution to
equation (4) is a critical point of the energy functional J : X% — R, which is given by

u? () u? (y) u
Juw) == f IVulPdx + = fnfw T yia dy—;fwlul’”dx.

Clearly, the trivial solution 0 is a local minimum of J. So J has a mountain pass geometry
structure. However, it seems difficult to verify the (PS) condition when p € (2,4). It is natural
that the critical point can be searched for in some constrained classes. We point out that the
usual Nehari manifold is not suitable because it is difficult to prove the boundedness of the
minimizing sequences. Neither the Pohozaev manifold is a suitable constrained class. In fact,
when n = 2, the minimization problem inf, 4 J(#) has no solution when p = 2048 \where

24+a’
= {u e XHb0\{0}: 2+T"‘L(u) fRz |u|Pdx = 0}. In addition, J is unbounded from below on A
when p > §48,

Now we try to minimize J on another suitable manifold. In Section 2, we carry out the
constrained minimization on a new manifold .# . Here,

M = {ue XVON0): I(w) = 0}, ©6)

where

- 4+a- 2n \u
I(u):= —— Vul? +— —-\p-— —f Pdx.
(u) 2 fRnI ul“dx 22t a) L(u) (p 2 ) nlul dx

This new manifold .# can be viewed as the combination of the Nehari manifold and the Po-
hozaev manifold which was introduced in [9, 12]. A function u is called the Nehari-Pohozaev
type ground state solution of (4), if u is a solution of the least energy problem

min{/J(u): ue 4}.

We summarize our main existence result in the following statement.

Theorem 1. Assume that 2(2‘1;4) <p<-L 2 whenn<4+a, or 75 <p <

Then problem (4) has a ground state solutzon of the Neharl—Pohozaev type.

2n 2(0c+4)

when n >4+ a.
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2. Proof of Theorem 1

Let us define & : X1 — R as

Fw) —f vardes [ [ X LaCLC7.
rRe Jre |x—y|"@

Similar to Proposition 3.6 in [6], by the concentration-compactness principle and the non-local
Brezis-Lieb lemma (cf. [2, Lemma 2.2]), we also have the following result.

Lemma 2. Assume that {u,,} < X>% is a bounded (PS) sequence of ] at a certain level ¢ > 0. Then,
up to a subsequence, there exists k € NU {0} and a finite sequence

(o, V1y..., Vi) € XV 0; 20, fori>0

of solutions of equation (4) and k sequences {E}n}, . {551} cR", such that as m — +oo,

k . . X .
Um—vo— Y Vi =& =05 1EL ] — +oo, IE, — El — +oo, i # J;
i=1

and

k k

Y Jwd=c, Flum) — Y Fw).

i=0 i=0
Lemma 3. Assume that 2(2‘?4) <p<5 2 whenn <4+a or 55 2n 5 <p< 2(2‘?(;“ whenn>4+a. Then
J is unbounded from below.
Proof. (i). If 2;‘{‘;” <p< =4 wnh n<4+a. Lletue X" and u; = tu(tPx), b = 2+a, t>0.
By the standard scaling we have Jpn IVuel?dx = P Jpn IVul?dx, L(ug) = 2 L), and

S lulPdx = tP~ [0, |u|Pdx. Hence,

1 1
J(ut)=—f |Vut|2dx+—L(ut)—%f lugPdx
Rﬂ

2(4+a n) 2(4+a—n) 'U,tpinb
f Vul? dx+ L(w) - f |u|Pdx.

p R"
and p > 0.

We see that J(u;) — —oo as t — +oo provided p >

8+2a

(ii). For the case 2—” <p< 2(20_‘:;4) when n > 4 + a Letting ue Xb® and u; = t‘ u(tgx) with
b= —5+z and ¢ > O we also have [z, IV, 2dx = - fRn IVul?dx, L(u;) = P L(u), and
Jrn |ut|pdx: P "bfw |u|”dx. Therefore,

2(n—-4-a) 2(n—4-a)

I 2+a t
Ju) =22 f IVul2dx +
2 2

t—p—n@
L(u)—” ’ f |u|Pdx.

It is easily see that J(u;) — —oco as t — +oo if and only if p < BJ;Z; and p > 0. The proof is
complete. 0
2.1. Case 1. 28 < p< 20 yiithn<d+a

By calculations, we can easily get the following lemma.

.. 2(+a-n) _
Lemma 4. Let ay,a, be positive constants, and f(t) = art ra - — atP nb for t = 0. When

% <p< % withn <4+ a, f has a unique critical point, corresponding to its maximum.
+a—2n —
Proof. Fort>0,and p >822 f/(y) = " a2 g, (p - nb)tP~ % a . Clearly, f'(¢) has a

unique positive real zero point fy. Noting that f(z) — 0% as t — 0" and f(t) — —oco as t — +oo,
thus f achieves its maximum at the point 7. The proof is complete. d



222 Chunyu Lei and Yutian Lei

Assume that u is a critical point of J. Write u, = tu(t’x) with b = m and ¢ > 0. Clearly,
(1) := J(u,) is positive for small ¢ and tends to —co as £ — +oco. By Lemma 4, ¢ has a unique
critical point which corresponds to its maximum. Since u is a critical point of J, the maximum of
@(t) should be achieved at ¢ =1 and ¢’(1) = 0. Clearly, I(u) = ¢’(1), where I is defined in (6). This
is a reason why we choose . as the constrained manifold.

Obviously, 4 # @. Indeed, for given any v # 0, Lemma 3 shows that there exists ¢ > 0 such that
u; € 4. Moreover, the curve I' = {1} cp intersects the manifold .# and J|r attains its maximum
alongI at the point u. If u is a mountain pass type solution of problem (4), it is natural to look for
the minima of J on .#. In addition, For any nontrivial critical point u of J, it is standard to prove
the following Pohozaev identity

2(u) ——f IVul? dx+ L( )——f |ulPdx =0.

Itis clear that I(u) = (J'(w), u)—b2?(u) with b = m. If u is a nontrivial solution of (4), then u € /.
Moreover, we have the following result.

Lemmab5. If 82-:2; <p< ;S withn<4+a.Then M isa C'-manifold and every critical point of

J in M is a critical point of]
Proof. We proceed in four steps.

Step 1. We claim 0¢ 0.4 .
By (3), there exists C > 0 such that

pn+a)-4n
2 2(d+a-n) 2n—p(n-2)
f lu|Pdx < C(f [Vu| dx) (L(w)) 2G-n+a) |
R" R"
Since p > 2254 with n < 4+ @, we deduce Z\Z'E;p—m < 1. Using Young’s inequality, there holds
4+« 4+a—n
I(w) = ————||Vul|? + —— = ulPdx
(= vut+ S uf||
Sy iy O Mo f7m4n@(n"7"”
- - — u +ta-n u)) 26@-n+a)
2+« 2 o2+ 2
4+a n 2p(n+a)-8n

8+2a—antp(n-2)
=T||VM||2 CillVull, 7,

. s . 8+2a 2p(n+a)-8n
where C; is a positive constant. In view of p > o there holds S 2a—tnipi=2) > 2. Therefore, we

can find suitably small r > 0 such that when ||Vu||, < r, there holds I(u) > p for some p > 0. Then
0go..

Step 2. We claim inf ,, J > 0.
Forany u € ., let o = [on |IVul>dx, 8 = L(u), € = u [gn lulPdx. Then of, %, € are positive and
I(u)=4a-n gy dta-ngp pfpnbcg = 0. Therefore, by p > &t2¢

2+a 22+a) 24+a’

1 1 1
= d+-B——%€
T = el + 7B~

_p2+a)-(8+2a) +p(2+a)—(8+20¢) @
C 2(p-nb)2+a) 4(p-nb)2+a)

Step 3. We claim that ./ is a C'-manifold.
By the implicit function theorem, it only need I’ (1) # 0 for any u € .4 . We prove it by argument

of contradiction. Namely, suppose that I'(z) = 0 for some u € .#. Thus, in a weak sense there
holds

20+a—n) 2+a—n)
- Au+

(x| *™"
2+a 2+a

s u?)u=(p—nb)uuP'. (8)
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Multiplying (8) by u and integrating, we have
2(4+a’—n)£¢+ 24+a—n)
2+a 2+a
The Pohozaev identity corresponding to equation (8) is

B—-(p—nb)é =0. 9)

24+a—-n) n—2d+2(4+a—n) n+ag8_ p—nb

€ =0. (10)
2+a 2 2+a 4 p

(i). When n = 2, it follows from (10) that (p —2b)6¢ = 24"% 5. Inserting into (1) = 0 and (9), we

geto/ —§AB=0and o — MQB 0, which implies w%’ 0. This is impossible since

p> 82120‘[" and 2 > 0.

(ii). When n # 2, it follows from I(x) = 0 and (9) that 4“’ ”38 %Z(p — nb)€. Applying
(n—2)I(u) = 0 and (10), we have 4*“ Y 2(p nb)¥§. Therefore, ((p= 2)(2“72 Hp=nb) o — 0, Since
% >0and p—nb#0,wehave p= 8+2“

. We reach a contradiction. Thus, # is a C'-manifold.

Step 4. We claim that every critical point of J on ./ is a critical point of J in X%,

Assume that u is a critical point of J on ./, there exists a Lagrange multiplier A such that
J'(u) = AI'(w). It can be written, in a weak sense, as

2+a—n) 2+a—n)

 2+a 2+a
It remains now to prove that A = 0.

Recalling the definitions of <, 28,6, arguing as Step 3, we can establish the following equa-
tions

A Au+[1— ALUx1 "« v u=[1-(p-nb)MuuPt. 11

JW) = 354 + ; B~ 6,
I(u) 4+a— nd+4+az n% p_”h(g:()

24+a 2(2+a) (12)
1- Qa3 o 4 [1- 24 A | 8 (1~ (p - nb)A)E = 0,
nT_Z 1— 2(4+a ”)/l of + 1t n+a 1- 2(42+fa ")/1 —[1—(p—nb)7t]%<€=

where the third equation follows by multlplying (11) by u and integrating, and the fourth equality
is the Pohozaev identity corresponding to equation (11).

(i). When n = 2, from the fourth equation in (12), we have [1 — (p — 2b)A]€ = w%'
Inserting into (12), we have

4[1-(p—2b)A]-(2+a) (p—2b)(1-21)
o + 8[1-(p—2D)Al % =0,

1-20) - P(2+8a) 81 _2nZ -0, "
[1-(p—2b) A% = LI2NED) g

IfA= %, from the third equation in (13), we obtain p = 82125

. This is impossible, and hence A # %
Therefore, from the second equation in (13), we have o = W%. Inserting into the first
equation in (13), and noting that 98 # 0, we obtain that (p —2b)[(8 + 2a — p(2 + @)]A = 0. This

implies that 1 = 0.

(ii). When n # 2, the second equation is multiplied by 24, and add to the third equation in (12),
we have

4 - -2
d+1-2 "z 1—p7(p—nb)/1 < (14)
The fourth equation in (12) can be rewritten as
2@+ a- 2(4+a- )
_ramm ) e [ 20ran )l g g p-nA—2"—%.  (5)
2+a 2(n-2) 2+a pn-2)
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It follows from (15) and the third equation in (12) that

2+a-2(d+a—nmA 22n—-(n-2
a-28ra-mid o o npy 2R nz2pl, (16)
24+a pd+a-n)
The second equation in (12) can be rewritten as «f = %:rgi(—m% 1%. Inserting into equa-
tion (14), one obtains
2 —-2(4 -mAi —-nb)(p-2 —nb)(2
ta-2@ta-mA ,_, |, _p=nbp=2), (p-nbe+a] 17
2+a p pld+a-—-n)

By ¥ > 0, it follows from (16) and (17) that
2n—-(n-2)p-pd+a-n+(p-nb)2+a)=(p-nb)2n—(n-2)p—(p-2)4+a-n)lA.

By computing, we have p—nb>0,2n-(n-2)p-(p—-2)d+a—n)=8+2a—p2+a) <0, and
2n—(n-2)p—pl@+a-n)+(p-nb)2+a) =0. Consequently, A = 0. We conclude that J' (1) =0
forn=2,i.e., uisacritical point of J. The proof is complete. O

Proof of Theorem 1 in Case 1. We prove that J attains its minimum in ..

Let {u,,} < 4 be a minimizing sequence of J in .4, that is, J(u,;,) — inf 4 J as m — oco. We
follow the ideas of Theorems 8.6 and 8.7 in [13] to claim that {u,,} is also a (PS) sequence of J.
In fact, Step 3 in the proof of Lemma 5 shows I'(i,,) # 0. Therefore, by the Ekeland variational
principle (see [13, Theorem 8.5]), there exists {A,,} < R such that

J () — A (u) — 0 as m — oo. (18)
Therefore, when m — oo, we have
I(Up) = 4+a7n£¢m 4+afn'%m P—nb%m =0,

2+a 2(2+a)
1- 2aon ) |+ [1 - 2 Am] B == (p=nb) Al € = 0(1), (19)
nT—Z 1- 2(42+J:xa n)/lm] dm I’H—Uz 1— 2(42+J:Ia H)Am] %m [1- (p nb)lm] Il(gm o(),

where oy, = [ [Vim|*dx, Bm = L(tm), €m = i fgn |um|Pdx. Similar to the proof of Step 4 in
Lemma 5 (replacing (12) by (19)), we can deduce A,, — 0 as m — co. Combining with (18), we get

J (uy) — 0 as m — oo.
Thus, {u;,} < 4 is (PS) sequence of J.
By (7), there holds
p2+a)-(8+2a) 2 p2+a)-(8+2a)
f IVt 2dxc +
2(p—-nb)2+a) 4(p-nb)2+a)
Since p > 8+2“, we obtain that {||#; | x1.«} is bounded. In addition, by the Step 2 in the proof of

Lemma 5, the level value is positive. By Lemma 2, up to a subsequence, and there exist k € Nu {0}
and a finite sequence

L(uy,) — i};{f] (m — o0).

(o, V1y..., V) € XV 0; 20, fori>0
of solutions of problem (4) and k sequences {cf}n}, s {651} cR", such that as m — +oo,

k .
Um—vo—y vi-=&Dl =0 (20)
i=1 Xxla

& — +oo, &0, =&l | = 400, i # j;

Z](v,) =infJ. 1)

i=0
Since v; (i = 0,1,...,k) is a solution of equation (4), we have J'(v;) = 0 and 2?(v;) = 0 for
i=0,1,...,k. This implies that v; € .4, and thus J(v;) =zinf, J for i =0,1,..., k. Applying (21)
and noting that Step 2 in Lemma 5, there are two possibilities: either vy # 0 and k =0, or vy =0
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and k = 1. In the first case, u;,(-+ f}n) — yo(+) in X1@ (by (20)) and vy is a solution of equation (4)
(by Step 4 in Lemma 5) with J(vg) = inf 4 J (by (21)), and so vy is a ground state solution of (4).
In the latter, u,, (- +¢&L) — v1(-) in X% as m — oo (by (20)) and v is a ground state solution of
equation (4) with J(v1) =inf 4 J (by (21)). The proof is complete. O

2(a+4)

Sra withn>4+a

2
22. Case2. 25 <p<

.. . 2(n—a-4) —n—nh .
Similar to Lemma 4, we remark that the function f (1) := a; ¢ Ta o — at™P nb (with £ = 0, a, as >

2(:?3 b:= ﬁ) has a unique critical point, corresponding to its maximum provided % <p<

WWlthl’l>4+a.

Define

C paes a4 —pnb
I(”)::&f Wuldx+ 22 2 - 2P~ pf lulPdx.
2+a Jgn 22+ a) p R

Itis clear that I(w) # —I(u), and T(w) = —{J' (w), u) —}_a?)’(u). Now,
M= {ue X0} : T(u) = 0}.

It is similar to Lemma 5 that we also have the following lemma.

2n 8+2a
Lemma6. Assumethat-=5 <p<32

point of ] in M is a critical point of ].

withn > 4+a. Then ./ is a C'-manifold and every critical

Proof. Similar to the Step 1 in Lemma 5, we can prove that 0 ¢ 0.4 .

(i). We claim inf 4 J > 0. _
Actually, for any u € 4, set of = [pu |Vul?dx, B = L(u), € = i fgn lulPdx, and § = —p — nb.

Clearly, § > 0 and T(w) = “7224 o/ + §58°5 28— 56 = 0, which implies € = 527040/ + £ 15028,

Therefore, by p < £t2% there holds

2+a

Jw=ret+im-Le
27 4T

(22)
8+2a—p2+ 8+2a—p2+
_ a-p2+a) N a—p( a)ga

262+ a) 462+ )

(ii). We claim that I(u) # 0 for any u € .4, then ./ is a C'-manifold.
We prove it by argument of contradiction. Suppose that I’ (1) = 0 for some u € .4 . In a weak
sense, the equation I' (z) = 0 means that
2n—a—-4) 2(n—a—4)
- Au+
2+a 2+a
Then, we establish the following system

(x5 u?)u = SpuuPL. (23)

JW) = 3 + 1B~ 56,

T _ n—a-4 —a—-4 1 _
T(a) = 2584t + 424 B~ 165 =0,

2(n7¢x74)d + 2(n—a—4)gg —€6=0,

2+a 2+a

n=22(n-a-4) nta 2n-a-4) g _n =
2 ma 9T e 2 p60=0

(24)

It follows from the second equation and the third equation in (24) that ”2%“;4% = P25,
Multiplying the second equation by (n — 2), and together with the fourth equation in (24), we get
”%‘_4% = %‘66. Therefore, W%é = 0. Since §,% >0, we have p = 822 Tt is impossible.

2+a
Thus, .4 is a C'-manifold.
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(iii). We claim every critical point of J on .# is a critical point of J in X%,
Suppose that u is a critical point of J on .#, there exists a Lagrange multiplier A such that
J'(u) = AI'(u). Consequently, u solves the equation

1_2(11—&—4)/1 2(0n—a—4)
2+a

Au+|1- ALUx1* "« w?)u = [1-6A puP L. (25)

2+a
In the following we prove A = 0 (since T'w+#0 by (ii)).

Recalling the definitions of ¢, 28, €, §, we can establish the following equations
Jw) =1ot + 1% - lcg
7, 4 4 1 _
I(uw) = "Zfa o + ;’(Zia),% -€6=0,
[1 Z(na4)/1]d+ 1- 2(n— a4)/1]38—(1—51)(€=0,

2+ta
nT—Z 1 2n-a- 4)/1]’,&_,’_ nta 2(n2+(fx 4)&] —(1—62,)%(6:0,

2+a

(26)

where the third equation follows by multiplying (25) by © and integrating, and the fourth equality
is the Pohozaev identity corresponding to equation (25).
It follows from the second equation and the third equation in (26) that

-a-4 26
d+|1-22 %) %= 1+—/1—5/1]<€. @7)
2+a p
From the fourth equation in in (26), we have
1_2(n—oc—4) n+a _2(n—a—4)/1 %:Zn(l—é/l) 28)
2+a 2(n-2) 2+« pn-2)
Applying (28) and the third equation in (26), we get
2+a-2(n—-a-HA 2[2n—(n-2
a2n—a=Dr oy ) sy (z2ple, (29)
2+a pd+a-n)
The second equation in (26) can be rewritten as «f = %% %. Inserting into (27), one
obtains 2 a2 A 26 62+a)
G g |14+ 24- 227 Y 50|« 30)
2+a p pn—a-4)

Noting that §,% > 0, it follows from (29) and (30) that
p(n-2)-2n pn—-a-4)-62+a) __5[;7—2 _2n-pn-2)
pn—-a-4) pn—-a-4) B p pd+a-n)

By computing, we have p(n—2) —2n— [p(n—a —4) - 52+ a)] = 0, and ijz - % > 0.

Consequently, A = 0. We conclude that J'(u) = 0, i.e., u is a critical point of J. The proof is
complete. g

Proof of Theorem 1 in Case 2. Let {u,,} < .4 be a minimizing sequence of J in .#, that is,
J(uy,) — inf 4 J as m — oo, similar to the proof of Case 1, we can deduce that J'(u,,) — 0 as
m — oo. By (22), there holds

8+ 20— p(2+“)f (VitglPelx + 252 ”(2+“)L(um)~inff (m—o0).

262+ a) 462+ a)
Since p < 5 fa , we obtain that {||u, || x1.«} is bounded. Similar to the proof of Case 1, we can obtain
that equation (4) has a ground state solution. The proof is complete. d
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