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Abstract We study the vibration of an elastic thin shell which is pre-constrained by a large
displacement with a small deformation. In this second Note we come up with an exact
modelp(d,∞) in intrinsic geometry. We take advantage of the exactness of the model for
the existence and regularity of its the solutions.To cite this article: J. Cagnol, J.-P. Zolésio,
C. R. Acad. Sci. Paris, Ser. I 334 (2002) 251–256.  2002 Académie des sciences/Éditions
scientifiques et médicales Elsevier SAS

Vibration d’une coque élastique mince pré-contrainte II

Résumé On étudie la vibration d’une coque élastique pré-contrainte par grand déplacement en
petites déformations. Dans cette seconde partie on donne un modèlep(d,∞) en géométrie
intrinsèque. On tire avantage de l’exactitude du modèle pour l’existence et la régularité de
ses solutions.Pour citer cet article : J. Cagnol, J.-P. Zolésio, C. R. Acad. Sci. Paris, Ser. I
334 (2002) 251–256.  2002 Académie des sciences/Éditions scientifiques et médicales
Elsevier SAS

Version française abrégée

Soit�0 ⊂ R
3 une coque dans sa position au repos et�⊂ R

3 cette coque dans son état contraint qui est
un équilibre statique. Pour des raisons de simplicité nous supposerons que�0 est une plaque. SoitT0 une
application deR3 dansR3 telle queT0(�

0)=�. On suppose queT0 vérifie queE défini parDT0 ◦ T0
−1 a

ses coefficients dans W1,∞(R3).
La coque� est soumise a une vibration. Soitτ le temps final ett < τ , on note�(t) la coque au tempst et

T (t) l’application telle queT (t)(�)=�(t). On suppose que�0 et�(t) sont homogènes et isotropes. On
suppose également queT appartient à L2([0, τ ],H1(�,R3))∩ H1([0, τ ],L2(�,R3)) et satisfaitT|D = I .
Cette application est une perturbation de l’identité, on noteT = I + u avecu petit dans H1. Notons
H1
D
(�;R

3) l’ensemble des fonctions de H1(�,R3) qui s’annulent surD . Le paramètreu appartient
à l’ensembleH qui est défini par (1). On noteT = T ◦ T0. Soit ũ = u ◦ T0, on aT (t) = T0 + ũ(t). On
noteC le tenseur élastique d’ordre 4 et on définieε(u) et�(u) par (2). Soitφ andψ les valeurs deu et∂tu
à t = 0. On supposeφ ∈ H1(�,R3) etψ ∈ L2(�,R3).
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On utilise les notations de la géométrie intrinsèque pour les coques : la fonction distance orientéeb, la
projectionp, la courbure moyenneH , la courbure de GaussK, l’applicationTz, les ensemblesz,  etSh.
On définiUdh etUh par (10). Le modèle estp(d,∞) car la série entière définissant(I + zD2b)−1 s’exprime
de manière exacte. En définissantf etg par (12) on a(I + zD2b)−1 = I − f (z)D2b+ g(z)(D2b)2.

Le tenseurDSHELL introduit dans [1] permet la construction d’un tenseurASHELL pour les coques pré-
contraintes. Ce second tenseur s’obtient par calcul formel à partir du premier. Le calcul explicite est présenté
dans [4]. Notons Lki (u,w)= (DSHELLwk)..Ai✁✁

SHELL et définissonsQki comme une primitive de la matriceqki
donnée par (15), on obtient alors l’équation suivante :

d+4∑
i=0

∫ τ

0

∫


(
−1+ (−1)i+k

i + k + 1
χi�dhi+k+1ρ∂tui∂twk +Lki (u,w)..

(
Qki (h)−Qki (−h)

))
ddt = 0

l’existence et la régularité des solutions s’obtient simplement, en raison de l’exactitude du modèle.

THÉORÈME 2. –L’équation ci-dessus a une unique solutionU dansH2(�)∩ Udh .

L’exactitude du modèle (non troncature) nous affranchi de toute hypothèse géométrique en vu d’obtenir
les inégalités de Korn, Poincaré et la coercivité.

This Note is the sequel to [3], and we use here some of the notations described in that Note. The
numbering of sections, formulas, and equations is continued from [3].

We develop an exact model (truncature free) which alliviate any geometrical hypothesis in order to derive
Korn and Poincaré inequalities as well as coercivity.

We considered a shell�0 ⊂ R
3 in its unconstrained state and� ⊂ R

3 that shell in a constrained state
which is a static equilibrium. For the sake of simplicity we now suppose that�0 is a plate. LetT0 be
thestatic displacement. We supposed� is under a vibration. Letτ be the final time andt < τ , we noted
�(t) the shell at the timet andT (t) the mapping such thatT (t)(�) = �(t). We supposed�0 and�(t)
are homogeneous; moreover, we supposed they were isotropic. We assumedT satisfies the embedding
condition of the shell toD . The mappingT being a perturbation ofI , we hadT = I + u whereu is small
in H1. We noted H1D(�;R

3) the set of functions of H1(�,R3) that vanish onD . We notedT = T ◦ T0

andũ= u◦T0, we hadT (t)= T0 + ũ(t). We notedC the 4th-order elastic tensorε(u)= 1
2(

∗Du+Du) and

�(u)= 2
|det(E)|E(C..(

∗Eε(u)E)) ∗E whereE is the matrix(DT0) ◦ T −1
0 . We notedφ andψ the value ofu

and∂tu at t = 0. We supposedφ ∈ H1(�,R3) andψ ∈ L2(�,R3). We proved the equation of the vibration
around the natural shape of the joint� is given by the hyperbolic equation (3) that we recall here:ρ∂2

t u− div
(
�(u)

) = 0 on[0; τ [×�,
�(u) · n= 0 onσ = [0; τ [×,
u(0)= φ, ∂tu(0)=ψ on�.

2.4. Conventions concerning the tensors

We use the notations of [6]. Subsequently, we will make no difference between a matrix and a 2nd-order
tensor nor between a vector and a 1st-order tensor.

LEMMA 10. – LetA,B,X andY be four matrices andC be a fourth-order tensor then(XAY)..C..B =
A..( ∗X(C..B) ∗Y ).

LEMMA 11. – LetA andZ be two3rd-order tensors andU andV be two vectors then(A.V )..(U.Z)=
(Z..A)..(U ⊗ V ).
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Let X = (xi,j,k)i,j,k be a 3rd-order tensor thenX✁ = (xk,i,j )i,j,k andX✁✁ = (xj,k,i)i,j,k . For a matrix
X and a third-order tensorY = (Yi,j,k)i,j,k we noteX × Y (resp.Y ×X) the third-order tensor(X × Yi)i
(resp.(Yi × X)i ) whereYi is a matrix and× the multiplication of matrices. For a third-order tensorX
let us note tr(X) the vector whose coefficients are the traces of the matricesXi . For a matrixX we note
sym(X)= 1

2(
∗X+X).

2.5. Intrinsic geometry

Let b be the oriented distance function,p be the orthogonal projection fromR3 onto�.

∀x ∈ R
3, b�(x)= d�(x)− dR3��(x)

The projectionp exists in a tubular neighborhood of� (cf. [5]).
We will note b0 andp0 the corresponding function for�0. A similar notation will be used for all

subsequent functions depending and constants on� and will not be pointed out again.
We suppose� satisfies the:

ASSUMPTION 12 (Shell form assumption). –There existsO ⊂ R
3 such that∂O is a manifold and

ω⊂ ∂O such that�= {x ∈ R
3 s.t. |bO(x)|< h, p(x) ∈ ω}.

Let us introduce the following notations:

z = {
x ∈� | bO(x)= z

}
,  = 0, Sh =

⋃
−h<z<h

h,

Tz : x �→ x + z∇b, H = �b= tr
(
D2b

) = λ1 + λ2, K = 1

2

(
H 2 −D2b..D2b

) = λ1λ2,

whereλ1 andλ2 are the main curvature of, they are the eigenvalues ofD2b not associated to∇b. We
consider:

Udh =
{
U ∈ H1(Sh,R3) ∣∣∣ ∃(ui), U =

d∑
i=0

bi ui ◦ p
}
, Uh =

⋃
d∈N

Udh . (10)

ASSUMPTION 13. – T −1
z ◦ T0 = T0 ◦ T 0

z .

2.6. The equation

The Federer measure decomposition on (5) yields:∫ τ

0

∫ h

−h

∫
z

(
�(u)..ε(w)− ρ∂tu∂tw

)
dz dzdt = 0. (11)

In order to compute that integral, let us consider
∫
z
�(u)..ε(w)dz, we perform a change of variable and

obtain: ∫
z

�(u)..ε(w)dz =
∫


(
�(u) ◦ Tz

)
..
(
ε(w) ◦ Tz

)
det(DTz)d.

We have det(DTz)= 1+Hz+Kz2. We will note byj (z) that expression.

LEMMA 14. – We haveE ◦ Tz = (I + zD2b).E.((I + zD2b0)−1 ◦ T0
−1 ◦ Tz).

DEFINITION 15. – Let us definef andg by:

f (z)= z1+Hz
j (z)

and g(z)= z2 1

j (z)
. (12)
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LEMMA 16. – With the notation above we have(I + zD2b)−1 = I − f (z)D2b+ g(z)(D2b)2.

LEMMA 17. –We haveD2b ◦ Tz = f (z)
z
D2b− g(z)

z
(D2b)2.

If �0 is a plate thenE ◦ Tz = (I + zD2b).E and ∗E ◦ Tz = ∗E.(I + zD2b). From now we will
suppose that�0 is a plate. LetX be a matrix. As a consequence of the isotropy of� and [6], one has
C..X= λ

2 tr(X)I +µX therefore:

� ◦ Tz = λ

det(E ◦ Tz) tr
(
( ∗E ◦ Tz)(ε ◦ Tz)(E ◦ Tz)

)
(E ∗E) ◦ Tz

+ 2µ
1

det(E ◦ Tz)
(
(E ∗E) ◦ Tz

)
(ε ◦ Tz)

(
(E ∗E) ◦ Tz

)
.

Following [1] we consider the differential operatorsDN andDSHELL defined by:

DN =

∂z
1
f

g

 and DSHELLv =


(v⊗ n)
(Dv)

(Dv.D
2b)

(Dv.(D
2b)2)

 .

If θ : z �→ θ(z) is a scalar function andv is a vector thenDNθ(z) is a vector andDSHELLv is a 3rd-order
tensor. Letu ∈Udh , we supposeφ andψ belong toUdh as well, then

(Du) ◦ Tz =
d∑
i=0

DNz
i.DSHELLui. (13)

SinceDNz
i = ∗(izi−1, zi, zif (z), zig(z)) the real tr(( ∗E ◦Tz)(ε ◦Tz)(E ◦Tz))may be written as a function

of 10 terms depending onz with coefficients independent ofz. With the conventionizi−1 = 0 for i = 0,
this leads to:

i tr
( ∗E(DSHELLui)1E

)
zi−1,

+ 2i tr
( ∗E(DSHELLui)1D

2bE
) + tr

( ∗E(DSHELLui)2E
)

zi ,

+ (
2 tr

( ∗E(DSHELLui)2D
2bE

) + i tr( ∗ED2b(DSHELLui)1D
2bE

))
zi+1,

+ tr
( ∗ED2b(DSHELLui)2D

2bE
)

zi+2,

− tr
( ∗E(DSHELLui)3E

)
zif (z),

+ 2 tr
( ∗E(DSHELLui)3D

2bE
)

zi+1f (z),

− tr
( ∗ED2b(DSHELLui)3D

2bE
)

zi+2f (z),

+ tr
( ∗E(DSHELLui)4E

)
zig(z),

+ 2 tr
( ∗E(DSHELLui)4D

2bE
)

zi+1g(z),

+ tr
( ∗ED2b(DSHELLui)4D

2bE
)

zi+2g(z).

Moreover(E ∗E) ◦ Tz = (I + zD2b)E ∗E(I + zD2b) hence,

(E ∗E) ◦ Tz =E ∗E + z(D2bE ∗E +E ∗ED2b
) + z2D2bE ∗ED2b

254



Pour citer cet article : J. Cagnol, J.-P. Zolésio, C. R. Acad. Sci. Paris, Ser. I 334 (2002) 251–256

therefore the first term of� ◦ Tz may be written as function of 16 terms depending onz with coefficients
being matrices independent ofz. The same method applies for the second term of� ◦ Tz, it follows

� ◦ Tz =
d∑
i=0

4∑
α=−1

aα,iz
α+i 1

j (z)
+ bα,izα+i f (z)

j (z)
+ cα,izα+i g(z)

j (z)
; (14)

the coefficientsaα,i , bα,i and cα,i have been computed with a symbolic computation system and are
presented in [4]. From those coefficients we define a third-order tensorAiSHELL which is 3×3×3 depending
onu and such that (14) may be rewritten

� ◦ Tz =
d+4∑
i=0

1

j (z)
Ai ✁✁
SHELL.Vi(z),

whereVi(z)= zi ∗(1, f (z), g(z)).
We supposew = bk.(wk ◦ p) thenε(w) ◦ Tz =DNz

k.DSHELLw therefore:

(� ◦ Tz)..
(
ε(w) ◦ Tz

)
det(DTz)=

d+4∑
i=0

(
1

j (z)
Ai ✁✁
SHELL.Vi(z)

)
..
(
DNz

k.DSHELLwk
)
j (z),

then, lemma 11 yields

(� ◦ Tz)..
(
ε(w) ◦ Tz

)
det(DTz)=

d+4∑
i=0

(
(DSHELLwk)..Ai✁✁

SHELL

)
..
(
DNz

k ⊗ Vi(z)
)
.

Let us define the matrix Lki by Lki (u,w) = (DSHELLwk)..Ai✁✁
SHELL and the matrixqki (z) by DNz

k ⊗ Vi(z),
that is

qki (z)=

kzi+k−1 kzi+k−1f (z) kzi+k−1g(z)

zi+k zi+kf (z) zi+kg(z)
zi+kf (z) zi+kf (z)2 zi+kf (z)g(z)
zi+kg(z) zi+kf (z)g(z) zi+kg(z)2

 , (15)

then(� ◦ Tz)..(ε(w) ◦ Tz)det(DTz)= ∑d+4
i=0 L

k
i (u,w)..q

k
i (z) hence

∫ τ

0

∫ h

−h

∫
z

�(u)..ε(w)dz dzdt =
d+4∑
i=0

∫ τ

0

∫


Lki (u,w)..
(
Qki (h)−Qki (−h)

)
dzdt,

whereQki is the matrix whose terms are the anti-derivative of the terms ofqki . The terms of that matrix can
be computed explicitly as the functions to be integrated are rational fractions. On the other hand:

∂tu ◦ Tz =
d∑
i=0

bi ◦ Tz.(∂tui ◦ p ◦ Tz)=
d∑
i=0

zi∂tui;

similarly ∂tw = zkwk therefore Eq. (11) yields for allk ∈ N:

d+4∑
i=0

∫ τ

0

∫


(
−1+ (−1)i+k

i + k + 1
χi�dhi+k+1ρ∂tui∂twk +Lki (u,w)..

(
Qki (h)−Qki (−h)

))
d dt = 0, (16)
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whereχi�d = 1 if i � d and 0 otherwise.

2.7. Existence and regularity of the solutions for the shell model

The function‖ · ‖d defined onUdh by ‖U‖d = ‖∑d
i=0b

iui ◦p‖H1(�) is a norm onUdh , which is a Banach
space for that norm.

DEFINITION 18. – Let;̄ be the operator defined byD(;̄)= H2(�)∩ Udh and

∫


;̄(u)w = − 1

ρ

∫


d+4∑
i=0

Lki (u,w)..
(
Qki (h)−Qki (−h)

)
d dt = 0.

Since we have
∫

;̄(u)w = − 1

ρ

∫
�
�(u)..ε(w).

LEMMA 19. –
(i) ;̄ is self-adjoint;
(ii)

∫
 ;̄(u)u�C‖u‖H1(�) � C‖u‖d .

We note

U =
(
u

∂tu

)
, U0 =

(
φ

ψ

)
and Ā=

(
0 1

−; 0

)
then (3) is equivalent to∂tU = ĀU, U(0)=U0. Following [2, Proposition 2.12], we have

PROPOSITION 20. – The operatorĀ is the infinitesimal generator of a strongly continuous semi-group
of contractionS. Moreover∗Ā= −Ā.

The subsequent theorem derives from [2, Proposition 3.3] and Proposition 20.

THEOREM 2. – Eq. (16)has a unique solutionU in H2(�)∩ Udh .

The proof of this theorem is made easy by the exactness of the model. The hypothesis needed, derive
from the properties of the 3D-equation.
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