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Abstract We define the Hecke von Neumann algebra £(G, H, o) associated with a group G,
a subgroup H and a unitary representation o of H. We show that when o is finite
dimensional, £(G, H, o) can be seen as a corner algebra of the tensor product of the
group von Neumann algebra of alocally compact group and a matrix algebra. To cite this
article: R. Curtis, C. R. Acad. Sci. Paris, Ser. | 334 (2002) 31-35. 0 2002 Académie des
sciences/Editions scientifiques et médicales Elsevier SAS

L es algebres de Hecke associées aux repr ésentations induites

Résumé Nous définissons I’ algebre de Hecke von Neumann £(G, H, o) associée a un groupe G,
un sous-groupe H et une représentation unitaire o de H. Nous montrons que, si o est de
dimension finie, dlors £(G, H, o) peut sevoir comme |’ a gebre de coin du produit tensoriel
de |’ algébre de von Neumann associée a un groupe localement compact et d’ une algebre de
matrices. Pour citer cet article: R. Curtis, C. R. Acad. Sci. Paris, Ser. | 334 (2002) 31-35.
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Version francaise abrégée

Soient G un groupe, H un sous-groupe de G et o une représentation unitaire de H sur un espace de
Hilbert K. L'algébre de Hecke von Neuma{G, H, o) correspondante se définit comme suit : soit H
I’ espace de Hilbert desfonctions& : H — K tellesque & (hx) = o (h)&(x) pourtoush € H et x € G et

> €)% < oo

HyeH\G

Soit B(K) I'algebreinvolutive des opérateurslinéairesbornéssur K. Soit C(G, H, o) I’ espacedesfonctions
f:G — B(K) telles que f(hixh2) = o (h1)f(x)o (h2) pour tous hi,ho € H €t x € G et telles que le
support de f soit fini dansles espaces quotients G/ H et H\G. Pour laconvolution, cet espace est I'algebre
de Heckautriple (G, H, o). Onadesreprésentations . : C(G, H,o) - B(H) €t p: G — U(H), ouU(H)
désignele groupedes opérateursunitairessur H. Alors L(G, H, o) est I’ adhérencefaiblede A (C(G, H, o))
dans B(H). Il résulte des définitions que L(G, H, o) est dans le commutant de o(G) ; quand o est de
dimension finig, cette inclusion devient une égalité: £(G, H, o) = p(G)'.
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L' objet principal de cette Note est de généraliser & la situation décrite ci-dessus deux résultats pour le
cas particulier du caractére unité o = 1 qui apparaissent dans la theése de K. Tzanev [9] (voir auss le
théoréme 5 de[8]) : d'abord, s H est un sous-groupe compact ouvert d’' un groupe localement compact G,
alors L(G, H,1) est un coin de I’ algébre de von Neumann £(G) du groupe G ; ensuite, étant donné une
paire (G, H) quelconque (sans topologie sur G), on peut construire un groupe localement compact G et un
sous-groupe compact ouvert H telsque £(G, H, 1) et £(G, H, 1) sont isomorphes.

Dans le cas plus général d’une représentation unitaire quelconque de H, nous montrons d abord que,
s H est un sous-groupe compact ouvert d’'un groupe localement compact G et o : H — U(K) est une
représentation unitaire continue, alors £(G, H, o) est un coin du produit tensoriel £(G) ® B(K) ; ensuite,
étant donné un triple (G, H, o) tel que o est de dimension finie (sans topologie sur G ni condition de
continuité sur o), nous construisons un groupe localement compact G, UNn sous-groupe compact ouvert
H, etunereprésentation unitairecontinues de H,, telsque £(G,, H,, 6) € L(G, H, o) sont isomorphes.

Nousillustrons cette construction par des exemples, |’ un avec e produit en couronne F : Z d'un groupe
abelien fini F par le groupe cyclique Z, qui s appelle le groupe de I'allumeur de réverbeéres autres avec
desvariantesde lapaire (Q x Q*, Z) qui apparait dans[3].

Let G be a group with subgroup H and let o be a unitary representation of H on a Hilbert space K.
Denote by H the Hilbert space of functionsé : G — K suchthat £(hx) = o (h)é(x) fordl he H,x € G

and
> e < oo

HyeH\G

together with the natural addition, scalar multiplication and scalar product. The induced representation
p:G— UCH) of o from H to G isdefined by (p(g)&)(x) =&(xg) foral g,x € G.

Denote by C(G, H,o) the vector space of al functions f : G — B(K) such that f(hixho) =
o (h1) f(x)o (hp) for al h1,hp € H and x € G and such that the support of f is finite when seen in the
quotient spaces G/H and H\ G respectively. Endowed with the convolution product:

(ixf@= Y, ALET)= Y Aley ™) () Yged,

xHeG/H HyeH\G

andinvolution f*(g) = f(g~1)* foral g € G, the vector space C(G, H, o) isaninvolutive algebra, called
the Hecke algebraf thetriple (G, H, o). If C(G, H, 1) iscommutativethen (G, H) issaid to beaGelfand
pair [7]. A classical exampleis G = GL,(Q) and H = GL,(Z) (seeSection 3.2.1 of [1]); more recent
examplesinvolving the Grigorchuk group appear in [2].

Denote by A the natural (left) action of C(G, H, o) on ‘H and define the Hecke von Neumann algebok
thetriple (G, H, o) to be the weak closure of A(C(G, H, o)) in B(H). Clearly, L(G, H, o) iscontained in
the commutant o (G)’ of p(G); when o isfinite dimensional thereverseinclusion also holds[6]. Example 1
below shows that the inclusion can be strict when o isinfinite dimensional.

For each g € G, let L(g) denote the index of H N gHg1 in H and let R(g) = L(g~1). The quasi-
normaliserQ = Qg (H) of H in G isthe subgroup of all g € G such that both L(g) and R(g) are finite.
When Q = G we say that H isquasi-normain G, or equivalently, that (G, H) isaHecke pair Functions
inC(G, H, o) areautomatically 0 outside Q, s0o C(G, H,0) =C(Q, H,o). Themap g — R(g)/L(g) isa
group homomorphismfrom Q to Q% , which we will denote by A.

Examplel. — Let G beagroup with asubgroup H suchthat Qg (H) = H andlet o betheright regular
representation of H. Then £L(G, H,o) = L(H, H,0) ~ L(H) and p(G)’' >~ L(G). These algebras are in
general not isomorphic; for example, take H to be an infinite amenable group and G the (non-amenable)
free-product of any non-trivial group with H .
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For each g € Q, denote by C(g) the subspace of operators A € B(K) such that Ao (h) = o (ghg 1) A for
dlhe HNg 1Hg.If f € C(G, H,o) then f(g) e C(g) foral g € Q; conversely, if g € Q and A € C(g)
thenthereisafunction f € C(G, H, o) suchthat f(g) = A.

The subset B, of Q, consisting of all g € QO such that C(g) is not reduced to {0}, is a union of double
cosets of Q with respect to H which contains H and is closed under inverses. Corwin showed in [6] that
when o isfinite dimensional, p isirreducibleif and only if o isirreducibleand B, = H. Examples of this
case (with Q = H) can befoundin [4].

Example2. — Let H = As, the aternating group on 3 letters, let G = S4, the symmetric group on 4
letters, and let o be one of the two non-trivial characterson H. Then Q = G and B,; istheunion of A3z and
the complement of S3, which showsthat B, need not be a subgroup of Q.

Example3. - If o isthetrivial character 1 on anormal subgroup H of G, then B, = G and L(G, H, 1)
isjust the standard von Neumann group algebra £(G/ H) of the quotient group G/H .

PROPOSITION 1.— Suppose thaG is a group with quasi-normal subgroufl and ¢ is a unitary
representation o on a finite dimensional Hilbert spad€. Let¢ be the canonical faithful normal state
on L(G, H,o) defined byp (A(f)) = 2tr(f (1)) for all f € C(G, H, ), wheren is the dimension ok,
and letAy be the modular operator @f. The spectrum ad 4 is the closure oA (B, ) in R ; in particular,
if L(G, H, o) is afactor then

S(L(G, H, o)) € A(By), *)

whereS is Connes’ invarian{5]. The modular automorphism group;) of £(G, H, o) associated with
Ay is given byafb(k(f)) =Mfy) forall f e C(G, H,o) andt € R, wheref; € C(G, H, o) is the function
g A" f(g).

In Example 5(i) below, theinclusion at (*) isan equality; in Example 6(i), it is strict.

When G is a topological group such that H is compact and open and o : H — U(K) is continuous,
the Hecke von Neumann algebra £(G, H, o) is easy to describe. In thiscase, H isquasi-normal in G and
the functions in C(G, H, o) are automatically continuous on G with compact support. Let n be a right
invariant Haar measure on G, scaled so that «(H) = 1. The modular homomorphism Ag of G, defined
by the equation du(gx) = Ag(g)du(x) for adl x, g € G, is such that Ag(g) = A(g) for al g € G; in
particular, Ag(G) € Q7. Consider the Hilbert space H of the induced representation p as a subspace
of L2(G, ) ® K, the Hilbert space of L2-integrable functions from G to K. Denote by C.(G) ® B(K)
the involutive algebra of functions f : G — B(K) of compact support, and consider the Hecke algebra
C(G, H,0) asasubalgebraof C.(G) ® B(K). The action A of C(G, H, o) on H can then be extended
to an action A of C.(G) ® B(K) on L%(G, n) ® K; the von Neumann agebra £(G) @ B(K) is the weak
closure of A(C.(G) ® B(K)) in B(L?(G, 1) ® K). Lét g» : G — B(K) be the function equal to o on H
and 0 elsawhere. Then ¢, isaprojectionin C.(G) ® B(K) and X(qg) isaprojectionin L(G) ® B(K), with
range space H.

PROPOSITION 2.— Suppose tha6 is a topological group with compact open subgrolipando is a
continuous unitary representation &f on a Hilbert spaceC; then

L(G, H,0) = 1(g0) (L(G) ® BK))X(q0).
wherei(qg) is the projection inL(G) ® B(K) defined in the paragraph above.

Given any triple (G, H,o) such that o : H — K is finite dimensional (without any topology on G
nor continuity condition on ¢), it is possible to construct another triple (G5, H,, &) which satisfies
the conditions of Proposition 2 and whose Hecke von Neumann algebra £(G,, H,, &) is isomorphic to
L(G, H, o). We present this construction below.
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Without loss of generality, suppose that H is quasi-normal in G. Let ~ be the eguivalence relation on
G x U(K) defined by (g,u) ~ (gh~1, o (h)u) for al h € H and let S, be the resulting quotient space.
Consider G x U(K) with the product of the discrete topology on G and the compact topology on U (K),
and S, with the corresponding quotient topology. Denote by ¢, the natural action of G on S, given by
0o (g)[x,u] = [gx,u]. Let G, and H, be the closures of ¢, (G) and ¢, (H) respectively in the compact-
open topology on the space of continuous functions from S, to itself. The representation of ¢, (H) on K
givenby ¢, (h) — o (h) extendscontinuously to aunitary representationof H, on K, which wewill denote
byao.

THEOREM 3. — Let G be a group with subgroug/, leto : H — U(K) be a finite dimensional unitary
representation and lef,, H, ando be as defined in the paragraph above. Tlagnis a topological group
with compact open subgrougl, andg is a continuous unitary representation 8f, on . Moreover,

L(G,H,0)~L(Gs,Hs,5).

Below we present three examples of triples (G, H, o) whose Hecke von Neumann agebras we can
under-stand using the ideas presented above.

Example4 (The lamplighter group). — Let F be afinite Abelian group and let:

0 00
Y= F. vi=PF ad Y=Y oY,
=—00 =1
where Fy ~ F for dl ¢ € Z. Denote by « the action of Z on Y given by the shift to the right, i.e.,
(k)¢ =ye—x foral k,t e Zandy € Y. Let G bethe semi-direct product Y x Z, let H bethe subgroup
Y, of G and let o be aunitary representation of H on C.

Write o = (0¢)¢>1, Wwhere oy : Fy — U(C) = St for al ¢ > 1. To understand thetriple (G, H,, 5), we
will need the compact group

oo
X4+ = H Fy,
=1

the locally compact group X = Y_ @ X+ and the finite subgroup I' = o (Yy ) of S2.

Case(i). Suppose that oy = o1 for al £ > 1, i.e., o is periodic of period 1. We denote by « (again) the
action of Z on X given by the shift to the right and by 8 the action of Z by topological automorphismson
X @ T givenby

Be(y,u) = (ax(»), o (ax(M))o (y™u) V(y,u)eY®T, ke

Then G, isisomorphicto thelocally compact group (X @ I') x g Z; under thisisomorphism, H, is mapped
to the compact open subgroup X @ I' and ¢ becomesthe representation (x, u) +— u of X4 & I' on C. By
Proposition 2, £(G, H, o) can be seen as a corner of the group von Neumann algebra L((X @ T') xp Z),
which is isomorphic to the crossed product L*° (X & I') ®g Z. It turns out that the centre of £(G, H, o) is
isomorphicto L°° (D), where D isafundamental domain of X with respect to «.

Case(ii). Suppose that o is periodic of period N, i.e., oy+n = oy for al £ > 1 and N is the smallest
positive integer for which this is true. Then B, = Y x, NZ. Let o’ be the action of Z on X given by
o, =gy foral k e Z and let B’ be the corresponding action of Z on X @ I'. The results of case (i), where
F isreplaced by

N
F'=F.
=1
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show that £(G, H, o) isisomorphicto the crossed product L> (X & T') ®4 Z and the centre of L(G, H, o)
isisomorphicto L*° (D), where D is afundamental domain of X with respect to o’.
Case(iii). If o isnot periodic then B, =Y and £(G, H, ¢) isisomorphicto L®(X).

Example5 (The Bost—Connes example with an arbitrary character). — Let G = Q x Q*, where Q* acts
on Q by multiplication, let H =7 and let o be a character on Z.

Case(i). Suppose that o (Z) is finite. Denote by .A the finite adele group [’ Q,, (where the product is
over all finite places p and the dash indicates arestricted direct product, i.e., elementsof A are sequencesin
[1Q, whose entriesliein Z,, for all but afinite number of prime numbers p € N). Let R be the subgroup
[1Z, of A. Then G, is isomorphic to the locally compact group A x Q*; under this isomorphism,
H, is mapped to the compact open subgroup R of A and 6 becomes the character on R defined by
x = lima (™), where {b™)} isasequencein Z which convergesto x in A. By Proposition2, £(G, H, o)
can be seen as a corner of £L(A x Q*), whichisatypelll4 factor [3]; it followsthat £(G, H, o) isatype
I117 factor too. Note that S(£(G, H,0)) =R% = A(B,).

Case(ii). If 0(Z) isdensein the unit circle, then B, = Q and L(G, H,0) ~ L(Q/Z) ~ L*°(K), where
K denotesthe Pontryagin dual of Q/Z.

Example6 (Variant of the Bost—Connes example). — Again, let G = Q x Q*, where Q* acts on Q by
multiplication. Let p be afixed prime number and let H = Z,) =Z, N Q.

Case(i). Let o be acharacter on H, which can be extended to Z,,. Then G, ~ Q,, x Q* and under this
isomorphism, H,, ismappedto Z,, and ¢ becomesthe extension of o to Z,. By Proposition 2, £(G, H, o)
isisomorphic to a corner of the von Neumann algebra £(Q, x Q*), which is atype |1 factor. It follows
that £(G, H, o) is atype Il factor. If o # 1 then the canonical faithful normal state ¢ of Proposition 1
istracial, so L(G, H,o) isof typell;. If o =1then L(G, H,0) is of type ll, sinceif f: G — Cis
the function equal to p—%/2 on the double coset H (0, p)H and 0 elsewhere, then the element A = A(f)
of £L(G,H,o) issuch that A*A =1+# AA*; in this case S(L(G, H,o0)) = {1} is strictly contained in
A(By) = {p™:m € Z}U{0}.

Case(ii). Let o be acharacter on H which cannot be extended to Z,,. Then B, = Q and L(G, H,0) =~
L>°(K), where K denotes the Pontryagin dual of Q/Zp).
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