
C. R. Acad. Sci. Paris, Ser. I 334 (2002) 113–118

Équations aux dérivées partielles/Partial Differential Equations

On global discontinuous solutions of Hamilton–Jacobi
equations

Gui-Qiang Chen a, Bo Su b

a Department of Mathematics, Northwestern University, Evanston, IL 606037-2730, USA
b Department of Mathematics, University of Wisconsin-Madison, Madison, WI 53706-1380, USA

Received 18 June 2001; accepted after revision 26 November 2001

Note presented by Pierre-Louis Lions.

Abstract The uniqueness of classical semicontinuous viscosity solutions of the Cauchy problem for
Hamilton–Jacobi equations is established for globally Lipschitz continuous and convex
Hamiltonian H = H(Du), provided the discontinuous initial value functionϕ(x) is
continuous outside a set� of measure zero and satisfies

ϕ(x)� ϕ∗∗(x) := lim inf
y→x, y∈Rd\�

ϕ(y). (∗)

We prove that the discontinuous solutions with almost everywhere continuous initial
data satisfying (∗) become Lipschitz continuous after finite time for locally strictly
convex Hamiltonians. The L1-accessibility of initial data and a comparison principle
for discontinuous solutions are shown for a general Hamiltonian. The equivalence of
semicontinuous viscosity solutions, bi-lateral solutions, L-solutions, minimax solutions,
and L∞-solutions is clarified. To cite this article: G.-Q. Chen, B. Su, C. R. Acad. Sci.
Paris, Ser. I 334 (2002) 113–118. 2002 Académie des sciences/Éditions scientifiques et
médicales Elsevier SAS

Sur des solutions globales discontinues des équations
d’Hamilton–Jacobi

Résumé On établit l’unicité des solutions de viscosité semicontinues classiques du problème
de Cauchy des équations d’Hamilton–Jacobi possèdant des HamiltonienH = H(Du)
convexe et Lipschitz continue globale, si la fonction initiale discontinueϕ(x) est continue
à l’extérieur de l’ensemble� de mesure zéro et satisfait (∗). On montre la régularité
des solutions discontinues des équations d’Hamilton–Jacobi possédant des Hamiltoniens
localement strictement convexes : les solutions discontinues possédant les données initiales
continues presque partout et satisfaisant (∗) deviennent Lipschitz continues après un temps
fini. On prouve la L1-accessibilité des données initiales et un principe de comparaison.
On clarifie aussi l’équivalence des solutions de viscosité semicontinues, des solutions
bi-latérales, des L-solutions, des solutions minimax, et des L∞-solutions. Pour citer cet
article : G.-Q. Chen, B. Su, C. R. Acad. Sci. Paris, Ser. I 334 (2002) 113–118. 2002
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La théorie des solutions de viscosité continues des équations d’Hamilton–Jacobi a été établie (voir [6])
quand Crandall et Lions ont introduit la notion de solutions de viscosité dans [5].

Dans cette Note, on s’intéresse aux solutions globales discontinues du problème de Cauchy des équations
d’Hamilton–Jacobi (1). Les solutions discontinues des équations d’Hamilton–Jacobi surviennent dans bien
des situations importantes, par exemple les mouvements basés sur la géométie, la théorie du contrôle, et la
théorie des jeux différentiels, où les théories standard de solutions de viscosité ne s’appliquent pas.

Dans Ishii [10], les solutions de viscosité semicontinues classiques ont été introduites, et la méthode
de Perron a été appliquée pour montrer l’existence de possibles solutions semicontinues classiques. On
ne sait pas si la solution d’Ishii est unique, même dans le cas particulier important où le Hamiltonien est
convexe. Aussi, voir [1–3,8,15] pour plusieurs notions différentes de solutions discontinues de (1), et pour
des résultats apparentés sur les solutions discontinues.

On établit l’unicité de la solution de viscosité semicontinue classique du problème de Cauchy (2).

THÉORÈME 1. –Supposons queH : R
d → R est convexe et possède une constante de Lipschitz

uniforme, et queϕ(x) est continue presque partout avecϕ(x) � ϕ∗∗(x), x ∈ R
d . Alors la solution

semicontinue classique de(2) est unique et continue presque partout avecu(t, x) � u∗∗(t, x). De plus,
la solution est déterminée par la formule de Lax(3).

Un autre problème est de savoir, quand les données initiales discontinues sont presque partout continues
avec (∗), si les solutions semicontinues classiques deviennent Lipschitz continues après un temps fini pour
les Hamiltoniens localement strictement convexes. Nous disons qu’un HamiltonienH(p) est localement
strictement convexe siD2H(p) > 0 pour toutp ∈ R

d (la stricte convexité peut se détériorer quand|p| →
∞). Un Hamiltonien localement strictement convexe typique estH(p) = (|p|2 + 1)1/2. Des exemples
montrent qu’on ne peut pas s’attendre à des solutions instantanément régulière pour de tels Hamiltoniens.

THÉORÈME 2. –Supposons que le HamiltonienH(p) est C2, globalement Lipschitz, localement
strictement convexe, et quelim|p|→+∞ H(p) = +∞. Alors toute solution semicontinue classique de(2)
devient Lipschitz après un temps fini, à condition que les données initiales discontinues soient uniformément
bornées, presque partout continues, et satisfassent(∗).

On montre la L1-accessibilité des donées initiales et un principe de comparaison. On clarifie aussi
l’équivalence des solutions de viscosité semicontinues, des solutions bi-latérales, des L-solutions, des
solutions minimax, et des L∞-solutions.

1. Introduction

The theory of continuous viscosity solutions for Hamilton–Jacobi equations has been established (see[6])
since Crandall–Lions introduced the viscosity solutions in [5]. In this Note, we are concerned with global
discontinuous solutions of the Cauchy problem for Hamilton–Jacobi equations:{

ut +H(t, x,u,Du)= 0, x ∈ R
d, t > 0,

u(0, x)= ϕ(x).
(1)

The discontinuous solutions of Hamilton–Jakobi equations arise in many important situations. The study of
geometrically based motions demands deep understanding of discontinuous solutions of Hamilton–Jakobi
equations. Many examples in the control theory and the differential game theory do not have continuous
solutions. The conventional theories of viscosity solutions do not apply.

In Ishii [11], the classical semicontinuous viscosity solutions were introduced and the Perron method was
applied to show the existence of possible classical semicontinuous solutions. The classical semicontinuous
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solutions well fit the applications. It is unclear whether the Ishii solution is unique even in the
important special case that the Hamiltonian is convex. Also see [1–3,8,15] for several different notions
of discontinuous solutions for (1) and related results on the discontinuous solutions.

In this Note, we establish the uniqueness and regularity of the discontinuous solutions of (2) with globally
convex Hamiltonians for discontinuous functionϕ(x) that is continuous outside a set� of measure zero
and satisfies (∗). More precisely, we prove the classical semicontinuous solution of (1) is unique whenϕ(x)

is almost everywhere continuous (a.e.-continuous, for short) and satisfies (∗) with the aid of a comparison
principle. We show that the discontinuous solutions preserve the a.e.-continuity, which implies that the
space of a.e.-continuous functions is well-posed for discontinuous solutions. We also conclude that classical
semicontinuous solutions [11], bi-lateral solutions [2], L-solutions [8], and L∞-solutions [3] are the same
a.e. Then we establish the Lipschitz regularity of the discontinuous solutions after finite time for (2) with
globally Lipschitz continuous,locallystrictly convex Hamiltonians. This regularization effect is a nonlinear
feature and is new even for conventional continuous viscosity solutions. We also clarify the connections
among the discontinuous solutions from the different notions in the semicontinuous setting and show the
L1

loc-accessibility of initial data of these solutions for a general Hamiltonian. The comparison principle
between continuous solutions and discontinuous solutions with a.e.-continuous initial data are extended to
a general Hamiltonian in the L∞ setting.

2. Uniqueness and a.e.-continuity

Consider the following Cauchy problem:{
ut +H(Du)= 0, x ∈ R

d , t > 0,

u|t=0 = ϕ(x),
(2)

whereH(p) is a convex function with uniform Lipschitz constant. At first, we introduce the following
sense of a.e.-continuity.

DEFINITION. – A measurable functionf : R
N → R is said to be a.e.-continuous if there is a set�

satisfyingmN(�) = 0 such thatf (X) is continuous at every pointX ∈ R
N\�. That is, limY→X f (Y ) =

f (X), for any X ∈ R
N \ �. Denote f ∗(X) := lim supY→X f (Y ), f∗(X) := lim infY→X f (Y ); that is,

f ∗(X) is the upper envelope off (X) andf∗(X) the lower envelope off (X).

Remark1. – From the definition of a.e.-continuity, it follows that the space of a.e.-continuous functions
with the L∞-norm is a closed subspace in L∞ and contains the well-known space of piecewise continuous
functions with the L∞-norm.

We recall the notion of the classical semicontinuous super(sub)-solutions of Ishii [11] in the context of
the Cauchy problem(2).

DEFINITION. – A functionu(t, x) is called a sub-solution of (2) ifϕt(t̄ , x̄)+H(Dϕ(t̄, x̄))� 0 holds for
all (t̄ , x̄) ∈ [0,∞)×R

d , ϕ ∈ C1([0,∞)×R
d) satisfying max[0,∞)×Rd (u∗ −ϕ)= (u∗ −ϕ)(t̄, x̄); A function

u(t, x) is called a super-solution of (2) ifϕt(t̄, x̄) + H(Dϕ(t̄, x̄)) � 0 holds for all(t̄, x̄) ∈ [0,∞)× R
d ,

ϕ ∈ C1([0,∞)× R
d) satisfying min[0,∞)×Rd (u∗ − ϕ)= (u∗ − ϕ)(t̄, x̄).

The proof of the following comparison principle can be found in [5] and [10], in which the initial data
are locally bounded measurable without restriction of the a.e.-continuity.

THEOREM 1. –Letϕ±(x) satisfy(ϕ+)∗(x)� (ϕ−)∗(x). Letu±(t, x) be Ishii’s semicontinuous super(sub)-
solutions of(2) with initial dataϕ±(x). Then(u+)∗(t, x)� (u−)∗(t, x).

Observe that anyd-dimensional convex body� in R
d has the following interior cone property: for

any x ∈ �, there exists a coneCx with extreme point atx such thatCx \ {x} ⊂ int(�), whereCx =
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B(x, r1(x)) ∩ {x + λ(y − x) | y ∈ B(z, r2(x)), λ > 0, x /∈ B(z, r2(x))} for somerj (x) > 0, j = 1,2.
Then we use this fact to show the following uniqueness theorem in the sense of almost everywhere.

THEOREM 2. –Suppose thatH : R
d → R is convex andϕ(x) is a.e.-continuous withϕ(x) �

ϕ∗∗(x), x ∈ R
d . Then the classical semicontinuous solution of(2) is unique a.e. and a.e.-continuous with

u(t, x)� u∗∗(t, x); and the solution is determined by the Lax formula:

u(t, x)= inf
y∈Rd

{
ϕ(y)+ tL

(
x − y

t

)}
, (3)

whereL(q) := supp∈Rd {〈q,p〉 −H(p)} is the Legendre transform ofH(p).

Proof. –We can construct a monotone decreasing (or increasing) sequence of continuous functions
{ϕ±

k }∞k=1 satisfying

∓(
ϕ∓
k (x)− ϕ(x)

)
� 0, lim

k→∞m

({∣∣ϕ∓
k (x)− ϕ(x)

∣∣> 1

k

}
∩B(0, r)

)
= 0, (4)

for r > 0 and, forx ∈ � (the set of discontinuity points ofϕ(x)),

lim
r→0

(
ϕ∓)

∗(x, r)= ϕ∗∗(x), lim
r→0

(
ϕ+)∗

(x, r)= ϕ∗(x), lim
r→0

(
ϕ−)∗

(x, r)� ϕ∗(x), (5)

where(ϕ∓)∗(x, r)= limk→∞ infy∈B(x,r) ϕ∓
k (y) and(ϕ∓)∗(x, r)= limk→∞ supy∈B(x,r) ϕ∓

k (y).

Let {u±
k }∞k=1 be the sequences of continuous viscosity solutions to(2) with initial data {ϕ±

k }∞k=1. By
Theorem 1, for everyk,

u−
k (t, x)� u∗(t, x)� u(t, x)� u∗(t, x)� u+

k (t, x), (6)

whereu(t, x) is any classical semicontinuous solution with initial dataϕ(x).
It is clear that{u±

k }∞k=1 are monotone decreasing and increasing sequences of continuous functions,
respectively. Denotēu = limk→∞ u+

k (t, x) andu = limk→∞ u−
k (t, x). Then these functions̄u andu are

measurable inR+ × R
d and in{t} × R

d for everyt > 0, andu(t, x)� ū(t, x). From (6), we have

u(t, x)� u∗(t, x)� u(t, x)� u∗(t, x)� ū(t, x). (7)

On the other hand, we can proveu(t, x)= ū(t, x) at a.e. Lebesgue point ofu(t, x) andū(t, x); its proof
is achieved by a contradiction to (5) by using the Lax formula foruk(t, x) and ūk(t, x) for largek with
the aid of the interior cone properties of Dom(L) if we assumem({ū(t, x) > u(t, x)}) > 0. Then theorem
follows by (7). For the details, see [4].

3. Regularity

We say a HamiltonianH is locally strictly convex ifD2H(p) > 0 for anyp ∈ R
d (the strict convexity

may fail as|p| → ∞). A typical locally strictly convex Hamiltonian isH(p)= (|p|2 + 1)1/2.

THEOREM 3. –Suppose that globally Lipschitz continuous HamiltonianH(p) is C2, locally strictly
convex, andlim|p|→+∞ H(p)= +∞. Then any classical semicontinuous solution of(2) becomes Lipschitz
continuous fort � T0 > 0 with T0 depending onsupx∈Rd |ϕ(x)| andH(p), provided that the discontinuous
initial data are uniformly bounded, a.e.-continuous, and satisfy(∗).

Proof. –We first observe that the Legendre transformL(q)= supp∈Rd {〈q,p〉 −H(p)} of H is a convex
function; � := Dom(L) is a bounded convex body inRd containing the origin as its interior point;
�α = {q ∈ R

d | L(q)� α} is a bounded closed convex subset in�; andL attains its minimum in int(�).
SetK = supx∈Rd |ϕ(x)|, M = infq∈∂� L(q), andm = infq∈�L(q). SinceL attains its minimum in

int(�), M −m = a > 0. It is easy to see that�m+ia/4 is a bounded convex body inRd for i = 1,2,3. Set
d = dist(�m+a/2,� \�m+3a/4) > 0. For anyq ∈�m+3a/4, L(q) satisfies|L(q1)−L(q2)| � C1|q1 − q2|,
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whereC1 is a constant depending only onC. For t > 8K/a, we have

u(t, x)= inf
z∈Rd

{
ϕ(z)+ tL

(
x − z

t

)}
= inf

z∈x−t�m+a/2

{
ϕ(z)+ tL

(
x − z

t

)}
.

For any two pointsx1 andx2 with |x1−x2| � 4Kb/a and positiveε < 1, there is a pointzε ∈ x1 − t�m+a/2
satisfyingϕ(zε)+ tL((x1 − zε)/t)− ε|x1 − x2| � u(t, x1), for t > 8K/a. Hence,

u(t, x2)− u(t, x1)� t

(
L

(
x2 − zε

t

)
−L

(
x1 − zε

t

))
+ ε|x1 − x2|

�C1|x1 − x2| + ε|x1 − x2| for t >
8K

a
.

Switching the roles ofx1 andx2 and lettingε → 0, we finally obtain|u(t, x1)− u(t, x2)| � C1|x1 − x2|,
which implies the Lipschitz continuity ofu(t, x) with respect tox for t > 8K/a. Using the equation, the
Lipschitz continuity ofu(t, x) with respect tot immediately follows.

Remark2. – In general, one can not expect the instantaneous regularity in Theorem 3 since the speed
of propagation is finite when the solution experiences a jump. Consider a one-dimensional example
of (2): H(p) = (|p|2 + 1)1/2 andϕ(x) = 0, if x < 0; ϕ(x) = 1, if x � 0. Easy calculation shows that
L(q)= −(1− q2)1/2, u(t, x)= infz∈R1{ϕ(z)− (t2 − (x − z)2)1/2}. Then

u(t, x)=
{−t if x � 0,

−(t2 − x2)1/2 if 0 < x � t whent � 1, or 0< x � (2t − 1)1/2 whent > 1,
1− t if x > t, whent � 1, orx > (2t − 1)1/2 whent > 1,

which is discontinuous on the linex = t for 0 � t � 1, and, att = 1,ux(1, x)→ ∞ asx goes to 1 from the
left side. However,u(t, x) is Lipschitz continuous aftert = 1.

Remark3. – When the HamiltonianH(Du) is strictly convex, the viscosity solutions instantaneously
become Lipschitz continuous after initial time as shown by Kruzhkov [12]. The regularity result was
generalized to superlinear convex Hamiltonians by Lions [13]. In the context of one-dimensional scalar
conservation laws with strictly convex flux functions, Liu–Pierre [14] showed that the measure solutions
in the Kruzhkov sense instantaneously become L∞ functions with initial data involvingδ-measures.
Demengel–Serre [7] showed that, when the flux functions are strictly convex with linear growth at infinity,
there are measure solutions with initial data of positive measures which become L1 functions after finite
time. The example in [4] shows that, even whenu0 ∈ Lq for someq > 1, one can not expect that the
corresponding solution instantaneously become an L∞ function for t > 0.

In particular, the proof of Theorem 3 implies the following theorem.

THEOREM 4. –Let theC2 HamiltonianH(p) be locally strictly convex, andlim|p|→+∞ H(p) = +∞.
Then any continuous solution of(2) with uniformly bounded and a.e.-continuous initial dataϕ(x) becomes
Lipschitz continuous fort � T0 > 0 with T0 depending onsupx∈Rd |ϕ(x)| andH(p).

4. Comparison principle, initial data accessibility, and connections

As usual, we consider a Hamiltonian satisfying:
(A1) H(t, x, z,p) is continuous in(t, x, z,p) and increasing inz;
(A2) |H(t, x, z,p1)−H(t, x, z,p2)| � C0(1+ |x|)|p1 − p2|, and|H(t, x, z,0)| � C0(1+ |x| + |z|), for

all t ∈ (0, T ];
(A3) |H(t, x1, z,p)−H(t, x2, z,p)| � λ(L0)(1+ |p|)|x1 − x2|, for |x1|, |x2| � L0;
(A4) |H(t, x, z1,p)−H(t, x, z2,p)| � C0(1+ |x| + |p|)|z1 − z2|.

The global existence of L∞ solutions was established for a general Lipschitz Hamiltonian for arbitrary
large L∞ initial data in [3] under the conditions (A1)–(A4). It was also shown that L∞ solutions consist
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with viscosity solutions introduced by Crandall–Lions [5] and minimax solutions introduced by Subbotin
[15]. In the semicontinuous setting, it is straightforward to verify that the definition of L∞ solutions is
equivalent to Subbotin’s definition of semicontinuous super-solutions and sub-solutions. The notion of L∞
solutions becomes the notion of semicontinuous solutions when the essential infimum and superemum
in the definition (see [3,4]) are replaced by the standard infimum and superemum. The existence of
discontinuous solutions can be shown by adapting the proof in [3] to the semicontinuous setting. In [15],
it is shown that Subbotin’s definition is equivalent to Ishii’s definition for semicontinuous super-solutions
and sub-solutions. Therefore, in the semicontinuous setting, Ishii’s semicontinuous solutions are the same
as L∞ solutions. In [8], it is shown that the definition of bi-lateral solutions is equivalent to that of L-
solutions when the Hamiltonian is convex, and L-solutions are exactly the maximal sup-semicontinuous
sub-solutions in the sense of Ishii [11].

THEOREM 5. –Assume thatϕ±(x) are a.e.-continuous andϕ(x) is continuous with±(ϕ±(x)−ϕ(x))�
0. Let u±(t, x) be L∞ super(sub)-solutions of(1) with initial data ϕ±(x), and v(t, x) the continuous
solution with initial dataϕ(x). Then±(u±(t, x)− v(t, x))� 0 a.e.

For Ishii’s semicontinuous solutions, if the assumption ofϕ±(x) in Theorem 5 is replaced by(ϕ+)∗(x)�
(ϕ−)∗(x), then(u+)∗(t, x)� (u−)∗(t, x) holds everywhere. The L∞ solutions of (1) access initial data in
L1

loc, provided the closure of the set of discontinuity points is measure zero.

THEOREM 6. –Suppose thatu(t, x) is anL∞ solution of(1) with a.e.-continuous initial dataϕ(x) and
md(�)= 0. Thenu(t, ·)→ ϕ(·), whent → 0, in theL1

loc topology.
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