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Abstract We prove the completeness of the system of eigen and associated functions (i.e., root
functions) of an elliptic boundary value problem in a domain, whose boundary is a
smooth surface everywhere, except at a finite number of points, such that each point
possesses a neighborhood, where the boundary is a conical surface. To cite this article:
Y.V. Egorov et al., C. R. Acad. Sci. Paris, Ser. | 334 (2002) 649-654. 0 2002 Académie
des sciences/Editions scientifiques et médicales Elsevier SAS

Sur la complétude des fonctions propres et associées d’un probléme
au bord elliptique dans un domaine avec points coniques sur le bord

Résumé On montre que les fonctions propres et associées d’ un probléme au bord pour un opérateur
dliptique d'ordre 2m, défini dans un domaine dans R” avec points coniques sur le bord,
forment un systéme total. Pour citer cet article: Y.V. Egorov et al., C. R. Acad. Sci.
Paris, Ser. | 334 (2002) 649-654. O 2002 Académie des sciences/Editions scientifiques
et médicales Elsevier SAS

Version francaise abrégée

On considére un domaine borné 2 dans R” de frontiére 92, réguliére en dehors d’ un ensemble fini de
pointsde structure conique. Soit L un opérateur, différentiel detypeélliptiqued’ ordre 2m défini dans 2. On
suppose aussi qu’ un ensemble d' opérateursdifférentiels B;, j =1,...,m, est défini sur lapartieréguliere
de 02, et quelacondition de Lopatinski est vérifiée pour I’ opérateur L = (L, By, ..., By).

Notre résultat fondamental est |e théoréme suivant.

THEOREME. — Supposons gqu'il existe un ensemble de raygs = 6;, i =1, ..., N, du plan compléxe,
de croissance minimal pour la résolvante du probleme au bord correspondant a I'opéfatetitels que
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les angles parmi de rayons voisins sont inférieuss(@m — y/2)/n, oU0 < y < 2m. Alors le spectre de
'opérateur L est discret et le systéeme des fonctions propres et associées du probléme au bord forment un
systéeme complet dahs ().

Les méthodes utilisent des téchniques élaborées dans[6,10-13,16,17] et [1].

1. Introduction

We prove here the compl eteness of the system of eigen and associated functions (i.e., root functions) of
an elliptic boundary value problem in a domain whose boundary is a smooth surface everywhere except of
a finite number of points such that each point possesses a neighborhood where the boundary is a conical
surface.

The problem of completeness of the system of eigen and associated functions of the boundary
value problems for elliptic operators in domains with smooth boundaries was studied in the articles by
F.B. Browder [6-8], M.V. Keldysh [12], M.S. Agranovich [4], N.M. Krukovsky [14], S. Agmon [1],
M. Schechter [15], M.S. Agranovich, R. Denk, and M. Faierman [5].

All the mentioned authors have used the M.V. Keldysh methods of [12]. We shall use them here also as
well as the methods of T. Carleman asin[9], S. Agmon [1], and of [10,13,11,16,17].

2. Hypotheses

Let © be a bounded domain in R”, and 92 be its boundary, © be the closure of Q. We shall use the
standard notation:

N glel

T 9x0l. . g’ where jo| =a1+ -+ ap, @ = (a1, ..., 0).
1 n

x=(x17"'7xn)7

Assume that 92 is a surface of the class C¥" everywhere except of the point x = 0 (we'll denote it O)
and that it coincidesin a neighborhood of the point O with a conical domain K = {x : l;‘—l € K'}, where K’

isadomain on the unit sphere having a boundary of the class C2".
Consider a differential operator in 2:

L(x,D)= Y au(x)D"

|| <2m

where a, (x) are bounded measurable functionsin 2, and for |o| = 2m they are continuousin  \ O.

The coefficients a, (x) for |a| = 2m havetheform a, (x) = aao(lj—l) + aq1(x), inaneighborhood of the
point O, wherelim, _pag1(x) =0.

Set

Bj(x,D)= Y byj(x)D*, j=1....m, mj<2m,
loe| <
where by (x) arefunctions of theclassC?"~i in3%2\ O, and for || = m;j byj(x) = bajo(lfc_l) + bgj1(x),
wherelim,_0b4j1(x) =0.
Put L' = >, —om aa(x) D*. We will suppose everywhere below that the operator L is elliptic, i.e.,

L'(x,6)#0, EcR"\ 0, x € Q\ O. If n =2, we assume also that the condition of regular ellipticity
isfulfilled. Suppose that the operators:

Lo= )Y aw(@D*,  Bjo= Y bgjo(@)D?,

la|=2m let|=m
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where (p, w) is the spherical coordinate system with its center in O, satisfy the Lopatinsky condition on
AK’'\ O.

We shall consider the complex-valued functions defined in 2. Together with the usual Sobolev spaces
HK () we use special spaces W’;, () consisting of the functions  such that:

_ 2
ull2p o = § |x 7 =22 Doy | % dx < o0.
WE (@) o
lor| <k

L et us consider the boundary problem:
L(x,Du= f(x) ing; Bi(x,D)u=0 ondQ, j=1,...,m. D

The following operator pencil is very important for the study of the boundary problemsin domainswith a
conical point on the boundary:

r_)‘Lo(r)‘cb(a))), weK/; r_)‘Bjo(r)‘dD(a))), we iK',
where

Lo= Y awo(@)D*,  Bjo= Y bgjo(@)D".
l|=m lee|=mj
Itiswell known that the spectrum of the problem,
r*Lo(r*®(@) =0 ink’, r~*Bjo(r*®()) =0 ondK’ 2

isdiscrete.
The following theorem is proved in [13] (seealso [11]):

THEOREM 1. —If there are no points of the spectrum of the problgnon the lineRei = Lf:,m_”
with0 < y < 2m, then

lllwzn @) < C(IlLullwg(Q) + llullL,e)
for all functionsu (x) € W2"(Q) such thatBju =0, j=1,...,m, x €9Q\ O.

From now on we assume the hypothesis of Theorem 1.

3. Raysof minimal growth

Let us denote L the linear unbounded operator L2(2) — L2(R2), definedin Dy ={u:u € W)Z,’", Bju=
0,j=1,....,m, x €9\ O}, whichtransferseach element u € D, in Lu.

The hypotheses of Theorem 1 imply that £ is a closed linear operator L2(2) — L2(2) and the
dimensions of his kernel and cokernel are finite. If the spectrum of L is not the whole complex plane
then it is discrete.

DEFINITION 1.—A ray argh = 0 of the complex plane A is aray of minimal growthfor the resolvent
R(\) = (L —AE)™1:La(2) — L2() of the operator L, if the resolvent exists, for all A on this ray with
sufficiently big module and for all such A we have || R(A)||L,—L, < C|r|7%, 8 > 0, where C = const > 0,
8 =const > 0.

THEOREM 2. - Suppose that the following conditions are fulfitied

(1) (=D™Lo(x.£)/|Lo(x.£)| #6€%, £#0, £€R", x e Q.
(2) Ateach pointx € 92\ O denotev the normal vector t@<2 and let¢ # 0 be a real vector, orthogonal
tov. Lett; (£, 1), ..., 15 (£, 1) be the roots with positive imaginary parts of the polynomial,in

(=D™"Lo(x,& +1v) — A,
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wherel is a complex number such tnag i = 0. Then the polynomialB;, (x, & +tv), j=1,...,m,
are linearly independent modulo the polynonfifl]_, (r — t,j' (&, 0).
(3) The boundary value problem in the infinite cokie

Lo(w, x)u — u = Z ag(w)D% — €%u = f GW]?(K),
|o|=2m
B: - . o
jolw, Dy)u = Z agjo(@)D*u=0 ondk,
la|=m

has a unique solution from the clag& (k) N WO (K) for somey, 0< y < 2m, and
lellwan gy + lellwo (k) < CILF llwo k-

Then the spectrum of the operatbris discrete and the ragrgi = 6 is a ray of minimal growth for
R(A, D).

Using Theorem A1.3 from [1] we prove the following:

THEOREM 3.—LetT be a compact operator ih>(2) such thatT'L>(2) C W]Z,m(sz), 2m >y > 0. Let
X j be a sequence of nonzero eigenvalues,ofith regard to their multiplicity andR (1, 7) be the resolvent
of T. Then
(1) X2 a1/ @m=y/2%¢ < o0 for anye > 0.

(2) For anye > 0 there exists a sequenge — 0, i =1,2..., such thatR(x, T) is defined forlA| = p;
and

[RGL, T)|| < exp(Ia ™/ @=7/278) for |a| = p;, i =1,2....

4. Principal result

Now we can state our principal result: the theorem on the completeness of the system of theroot functions
of an elliptic boundary problem in adomain with a conical point on its boundary. For domains with smooth
boundariesthis result was obtained in [1].

THEOREM 4. —Suppose that there exist the raggA =06;, i =1,..., N, in the complex plane which
satisfy the conditions of Theorethand the angles between the pairs of neighbor rays are less than
w(2m —y/2)/n,where0 < y < 2m. Then the spectrum of the operatbiis discrete and the root functions
form a complete system ip(2).

Proof. —Theorem 2 implies that the spectrum of the operator £ is discrete and each theray argi = 6; is
aray of minimal growth for the resolvent R(1, L) : L2(2) — L2(2). It means, in particular, that

[RG D)yi0)La0) = OUA) &

as|A| > ooandé > 0.
Suppose that there exists afunction f* € L>(2), orthogonal to al eigen and associated functions of the
operator L. We'll show that f* = 0. Then it will mean that the system of root functionsis complete.
Suppose that the point A = 0 is regular for the operator L. Consider the function

N 1
whereT =L71, f € Lo(Q), (-, -) isthe scalar product in Lo(€2).

Since the resolvent of £ is a meromorphic function with poles at the points of the spectrum of L, the
function F is analytic for A which are not eigenvalues of L. We shall use the following relation between
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the resolvents of the operators £ and £~1:

1
R(X,L_1> =11 — 2R}, D). (5)
Let A beapoleof R(A, T). Consider the expansion
o, o) d; = i
RAT)f = - . (O — A
CDf =+ Tt +A_M+Z¥m 0

inaneighborhood of A;. Here j > 1, ®1#0, ®; € L2(Q), g € L2(Q), @1, o, ..., ®; isachain of the
associated functions. This expansion implies that A is aregular point of F (1), since f* is orthogonal to
al ®;. Therefore, F(A) isan entire function.
Therelations (3)—(5) imply that
|FO)| < Cexp(1n*), (6)
for || > o0, argh =6;, i =1,..., N. Besides, Theorem 3 implies that for any ¢ > O there exists a
sequencer; — oo such that
|F()| < exp(|a]"/@m=r/2=¢), @

for [A] =r;.

Consider F (i) in the closure of an angle between the rays argi = 6; and argA = 6;41. Itssize isless
than w(2m — y/2)/n. Since R(A, T) = A1 — A%R(x, L) and theray arg = 6; isaray of minimal growth,
we have inequality (6) on the sides of the angle and (7) on the sequence of the arcs going to infinity.

Choosing ¢ > 0 in (7) sufficiently small and applying the Fragmen-Lindel 6ff theorem we obtain that
|F(A)| = O(JA|%~?%) as |A| — oo in the whole complex plane. Therefore, F(A) is a linear function, i.e.,
F (%) = co + c1A. On the other hand, we have R(1/A, T) = Al + AT + - - -, and therefore,

FO) =A(f* )+ 2(f* T +---.

Since F islinear, we have (f*, Tf) =0 for adl f € L2(2). Since the range of the operator L isdensein
L2(2), we have f* = 0. Thus, the system of the root functions of the operator £ iscompleteinL(2). O

5. Some generalizations

The Theorem 4 implies the completenessin Wg (Q) with y > 0. Now we shall state some corollaries of
Theorem 4.

COROLLARY 1.-—Let the conditions of Theorefbe fulfilled. Then the system of the root elements is,
for y > 0, dense in the space

W2" = {u e W2"(Q), Bju=00ndQ, j=1,....m}.
Remark— Since
W, o (R) € W2T(@)

and the space C3°(R2) isdensein any ng_Zm(Q) with y1 > 0, we can conclude that the system of the root
functionsis densein any space W‘;(Q) withy > —2m.

The obtained results can be expanded to the spaces L , (), p > 1.
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Example 1. — Consider an €elliptic operator of second order:

n n
Lu= Z a,-j(x)ux,.xj + Zai(x)ux,. + ag(x)u,
i=1

ij=1

where g;;(x), a;(x), ao(x) are continuous real functions, which is defined on the set of C2-functions
satisfying the homogeneous Dirichlet conditions in a domain with a finite number of conical points on
its boundary. In this case Theorem 4 is true but we cannot apply the methods using the quadratic form
(Lu,u)L, asin [4,14], since the coefficients a;; can be not differentiable.

Example2. — Another example is given by the oblique derivative problem for the operator L from
Example 1 (se€[1] in the case of the smooth boundary).
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