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Note presented by Paul Deheuvels.

Abstract We determine maximum attractors for copulas star (or 2-) unimodal (about a(potnte
Rz). If (a,b) # (1, 1) these attractors form a two-parameter family of copulas extending
that of Cuadras—Augé, whereas(if, b) = (1, 1) they cover all maximum value copulas.
We also examine the relationship between unimodality and Archimax coJuage this
article: |. Cuculescu, R. Theodorescu, C. R. Acad. Sci. Paris, Ser. | 334 (2002) 689-692.
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Attracteurs de valeurs extrémes pour les copuleg-unimodales

Résumé Nous déterminons les attracteurs des valeurs maximales pour les copules 2-unimodales (par
rapport a(a, b)). Si (a, b) # (1, 1) ces attracteurs forment une famille de copules a deux
parameétres généralisant celle de Cuadras—Augé alors quebsi= (1, 1) elles couvrent
toutes les copules de valeurs maximales. Nous examinons aussi la relation entre 'unimo-
dalité et les copules ArchimaRour citer cet article: |. Cuculescu, R. Theodorescu, C. R.

Acad. Sci. Paris, Ser. | 334 (2002) 689-692. 0 2002 Académie des sciences/Editions scien-
tifiques et médicales Elsevier SAS

1. Introduction

An important property of a distribution is unimodality. It is then natural to ask whether copulas are
unimodal. This question has been answered for central convex, block, and star unimodality in Cuculescu
and Theodorescu [3]. As a follow-up we examine in this Note the maximum domain of attraction for star
unimodal copulas.

The Note is organized as follows. Section 2 has an auxiliary character; here we indicate several
definitions, notations, and results to be used throughout this note. In Section 3 we show that the maximum
domain of attraction to which a copula that is star unimodal alé@ut) # (1, 1) belongs is an element
of a two-parameter family of copulas extending that of Cuadras—Augé. \Whén = (1, 1) the set of all
possible attractors changes dramatically and covers all maximum value copulas. As a consequence of the
results in Section 3 we examine in Section 4 the relationship between star unimodality and the Archimax
copulas of Capéraa, Fougeres, and Genest [2]; we show that many of them are not star unimodal.

This Note summarizes the results obtained in Cuculescu and Theodorescu [4]; details and proofs will be
published elsewhere.
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2. Prelude

We shall use the term probability measure or distribution at our convenienisel ebesgue measure,
® stands for measure product; for the indicator function ofA, 7z for the ‘survival’ function ofu, and
fu for the measurd’ f du.

Let 7 = [0, 1]. It was Sklar [9] who in 1959 coined the tercopula for a distribution on/2 whose
margins are uniform. The notation$, W, andIl stand for the copulas mjn, v}, maXu + v — 1, 0}, and
uv respectively. For details on copulas we shall refer the reader to the recent book by Nelsen [7].

A copulaC* is said to be thenaximum attractor of copulaC (or C belongs to thenaximum domain of
attraction of C*) if we have (Galambos [6, Theorem 5.2.3, p. 294])

nli_)mooC”(xl/",yl/") =C*(x,y), x,ye€l (1)
Here (1) is equivalent to
lim n(1—C(xY", yY")) = —logC*(x,y), x,yel. )

n—oo

Since 1I-C(x,y) =A—-x)+(1—y)—C(x,y),x,y eI, whereC(x, y) = C((x, 1] x (v, 1])) is the joint
survival function of C, (2) is equivalent to

nli_)moonf(xl/", yl/”) = —log(xy) +logC*(x,y), x,yel.

Only the behavior o near the point1, 1) is important when deciding wheth€r belongs or not to the
maximum domain of attraction af*. Similarly copulaC belongs to theminimum domain of attraction
of C, if and only if C is the maximum attractor of theurvival copula C(x,y) =C(1 —x,1—y) =
x+y—1+C(1—x,1-y),x,y € I. Therefore any assertion concerning the minimum domain of attraction
is equivalent to one concerning the maximum domain of attraction by chaagiod”.

Since the work of Pickands [8] (see also Tawn [10]) it is known &fatalso calledextreme value copula,
can be expressed in the form

C*(x,y)=Ca(x,y) =exp{log(xy)A(log(x)/log(xy))}, x,yel, 3)
in terms of a convexiependence function A defined on/ in such a way that mdx, 1 — ¢} < A(r) < 1
forall r € I. The bounds 1 and méx 1 — ¢} correspond to copulad and M respectively. A dependence
function A which will occur in the sequel is
Agpo, (1) =max{l—61(1—1),1—6}, 61,62€(0,1], (4
andAg o= 1. Such ardy, 4, leads to the copula
1-0; f 1/61 < |,1/02
X or x~/"1 < ,
C91,92(x7 y) = y_ Y
Xl 92y for y1/92 < x1/91,
andCo o = I1. This two-parameter family of copulas is an extension of the one-parameter Cuadras—Augé

(Nelsen [7, p. 12 and 17]) family of copulas

1-6
Xy forx <y,
Co(x,y) __{x1_9 for v <
y ysox,

wheref € 1.

In what follows we shall be concerned wistar unimodality (n-unimodality) (Dharmadhikari and Joag-
dev [5, p. 38], Bertin, Cuculescu, and Theodorescu [1, p. 72]): a distrib@timnsaid to bestar unimodal
aboutx € R” if it belongs to the closed convex hull of the set of all uniform distributions on sets which are
star-shaped abouit

3. Asymptotics of extremes

Let copulaC be star unimodal about, b) # (1, 1).
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PrRoPOSITION 3.1. — Let copula C be star unimodal about (a, b) # (1,1). Then C belongs to the
maximum domain of attraction of copula Cy, ¢, With 61 = 2c¢11/(1 — b), 62 = 2c11/(1 —a) for a,b < 1
and 6y =6, =0for a =1 or b = 1; the quantity c11 isdefined in (6).

Sketch of the proof. — In view of Choquet's representation, a distributiGns star unimodal about:, b)
if and only if it is a mixture of the form

CZ/U(a,b>,(u,u) du(u, v), (5)

where the probability measugeon R? is unique,o(a,p).(a,b) = (.b)(€w Stands for the point mass af),
O(a.b),(u,v), 1O (1, V) # (a, b), is concentrated on the segment joiniiag ) to (u, v) and has with respect

to the uniform distribution a probability density functigifu’, v') which is proportional to the distance be-
tween(u’, v') and(a, b). We now suppose that is a copula which is star unimodal abdut b) € 2. In Cu-
culescu and Theodorescu [3, Proposition 3.3] we completely determined the unique probability measure

n= ) captp +doeo® (fom) +dier® (fim)+dg(f§m) ® eo+di(fim) ®e1+c. (6)
,fe(0,1)
wherec = 3", sc(0.1) Cup, the remaining’s andd’s are nonnegative such that

coo+cor+di=a/2, clo+cu+di=1-a)/2
coo+ cr0+ds =b/2, co1+c11+di=(1—b)/2,
and £} are probability density functions ahsatisfying
(dofo +di fi)m +ci2 = (b f§ +df ff)m + cs1=Lim/2,

&1 andé; being the margins of the distributidn The remaining of the proof is a succession of evaluations
involving survival functions.

Remark 3.2. — CopulaCy, ¢, is not star unimodal except whéh =6, =1 (i.e.,C11=Cysy, = M)
and 6, = 62 =0 (i.e., Co,0 = IT). This is the consequence of the fact that the singular part of a star
unimodal (abouta, b)) copula is concentrated on a union of half-lines originatingdnd) (Cuculescu
and Theodorescu [3, Remark 4.3]).

The following result deals with the case, b) = (1, 1) which was left out in the preceding proposition.
In what follows copulaC is related to the measureby (5).

PROPOSITION 3.3. — Let copula C be star unimodal about (1, 1). The following are equivalent:
() C belongsto the maximum domain of attraction of C4 (given by (3)) for some dependencefunction A.
() For all x,y e I there exists lim,— oo n(1 — u(x¥", y/")) = h(x, y). Moreover h(x,y) = —0.5x
logCa(x,y),x,yel.

4. More on unimodality and Archimax copulas

The results in Section 3 allow us to infer that certain copulas are not star unimodal.
Leto : I — [0, oo] with ¢ (1) = 0 be a continuous, convex, and strictly decreasing function and denote
by ¢[~1! its pseudo-inverse given by
-1 <r <
¢[—1](t)={¢ )] forO\t\dz(O),
0 forp(0) <r < oo.
If ¢(0) = oo theng!~ = ¢—1. Further we consider a dependence functior copulacC is Archimax if

-1 &)
Cp.a(u,v)=¢ {(qb(u)—l—qﬁ(v))A(id)(u)+¢(v)>}, u,vel.
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The functiong is its generator. For ¢ (¢) = log(1/¢) we are led to an extreme value copula (3) and for
A = 1 we obtain arArchimedean copula (Nelsen [7, p. 90]). Archimax copulas were introduced by Capéraa,
Fougéres, and Genest [2]. The name ‘Archimax’ was chosen to reflect the fact that the new family includes
both the maximum value distributions and the Archimedean copulas. We observe that for any generator
we haveCy 4., = M, whereAy j is given by (4).

According to Cuculescu and Theodorescu [3, Propositions 6.1 and 6.2] Archimedean copulas are not star
unimodal excepIl andW. In addition we have:

PROPOSITION 4.1. — No extreme value copula except IT and M is star unimodal about (a, b) € I?,
whatever the choice of (a, b).

Since in general neither Archimedean nor maximum value copulas are star unimodal let us look closer at
Archimax copulas.

PROPOSITION 4.2. — Supposethat A # A1.1. If ¢(1 — 1/1) isregularly varying at infinity with degree
—r for somer > 1 then copula Cy 4 isnot star unimodal about any (a, b) # (1, 1).

PROPOSITION 4.3. — Suppose that A # A1.1. If ¢(0) = oo and ¢ (1/¢) isregularly varying at infinity
with degree k for some k > 0 then copula Cy, 4 is not star unimodal about any (a, b) # (0, 0).

From Propositions 4.2 and 4.3 we deduce

COROLLARY 4.4. — Supposethat A # A1 1. Under theregularity conditionsin Propositions4.2and 4.3
copula Cy, 4 isnot star unimodal about any (a, b) € 2.
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