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Abstract In this Note we propose a complement to an integral lemma of Laplace—Varadhan arising
in the literature of large deviations. We examine a situation in which the state space may
depend on the rate of deviation. We have used this extension to analyze in a new way
large deviation principles for the empirical measures on path space associated to interacting
particle systems. We prove new large deviation principles on path space for an abstract
class of discrete generation, as well as pure jump or McKean—Vlasov interacting particle
systemsTo citethisarticle: P. Del Moral, T. Zajic, C. R. Acad. Sci. Paris, Ser. | 334 (2002)
693-698. 0 2002 Académie des sciences/Editions scientifiques et médicales Elsevier SAS

Unencte sur lelemmeintégral de Laplace-Varadhan

Résumé Dans cette Note nous présentons un complément d’'un lemme intégral de Laplace—Varadhan
sur les grandes déviations. Nous examinons la situation ou I'espace d'état dépend du taux
de déviation. Cette extension nous a permis d'analyser par une nouvelle approche des
principes de grandes déviations pour les mesures empiriques trajectorielles de systemes
de particules en interaction. Nous démontrons de nouveaux principes de grandes déviations
trajectoriels pour des modéles particulaires a temps discret puis a sauts purs et diffusifs
de type McKean—Vlasowour citer cet article: P. Del Moral, T. Zajic, C. R. Acad. Sci.

Paris, Ser. | 334 (2002) 693-698. 0 2002 Académie des sciences/Editions scientifiques et
médicales Elsevier SAS

Version francaise abrégée

Le lemme intégral de Laplace—Varadhan fait partie des outils classiques permettant de tranferer des
principes de grandes déviations (PGD) satisfaits par une suite de mesures de prok@@f)\ﬁjté\ﬁ > 1}
a une nouvelle séquence de mesqﬂ_élg; N > 1}. On rappelle qu’une suite de mesures de probabilités

{@N; N > 1} sur un espace métriqu#/, d) satisfait un (PGD) lorsque les bornes supérieures et inférieures
décrites dans (2) sont satisfaites. On précise que la fonction de taux est bonne lorsque ses lignes de niveau
sont compactes.
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La relation intégrale de Laplace—Varadhan s’exprime plus précisément par la donnée de mesures

absolument continueB" ~ @N sur un espace meétriqué, d) et liées par la formule (3). Lorsque la
fonctionC : M — R est continue et bornée ce lemme peut s’énoncer de la fagon suivante :

Sila suite de mesure{@N; N > 1} satisfait un PGD pour une bonne fonction de t&lalors la suite de

mesureSFN; N > 1} satisfait un PGD avec une bonne fonction de talx C. Pour plus d’information
concernantles grandes déviations et d’autres méthodes de tranfert de PGD tel le lemme de contraction nous
renvoyons le lecteur a I'excellent ouvrage de Dembo et Zeitouni [2].

Les mesures sous-jacentes sont tres frequemment définies sous forme de mesures images

PY=P¥oryt et Q' =QVony!

par des transformation mesurablg : Q¥ — M et de mesures de probabilité®", QV) définies sur des
espace2’ pouvant dépendre du paraméie

Dans [1] nous présentons des exemples liés aux systemes de particules en interaction. Dans un tel cadre
d’applications I'espac&” est un espace produit dans lequel viventAesrajectoiresw = (o?, ..., 0")
des particules ety (w) = % Zf\’zl 8, representent les mesures empiriques dans I'espades mesures
de probabilités sur les trajectoires. Lorsque les megtifest QV sont absolument continues et les dérivées
de Radon—Nykodim de la forme

N

d(QW(x) = exp(NC(nN(x))) D

=N —N . . Zos 2
pour QN -presque tous les € QV alorsP" et Q sont aussi absolument continues et leurs dérivées

satisfont pou@N-presque tout € M la formule
—N

u)=exp(NCu)).
d@N (u) P(NC(u))
Dans cette situation on peut appliquer le lemme de Laplace—Varadhan dés que la fénetibcontinue

bornée. Dans cette Note nous proposons une nouvelle stratégie permettant de relaxer I'hnypothése de
représentation analytique (1) des dérivées de Radon—NykodiPY dear rapport 8. Notre démarche
consiste a remplacé” et QV par des collections de mesurg¥, et Q) indexées respectivement par

un parameétre réel € R et par un paramétra € M. Plutét que (1) nous supposerons de\%" = IP>11V est
indépendante de etIP’{X‘”m ~ QY pour chaque couple de paramétfesn) € (R x M) et pourQX -presque

tous lesy € QV les dérivées sont liées selon la formule
N

dpy
d(@}V (x) =exp(N [aSy (x,m) + Cq (myn(x), m)]).

Comme précédemment on définit les mesures images
Py, =P oxyl et Q) =QY oyt

Notre principal résultat peut étre énoncé de la fagon suivante : supposons que la suite de mesures de proba-

bilités {@Z; N > 1} satisfait pour chaque € M un PGD de bonne fonction de tauk,, : M — [0, oo].

Supposons de plus que les applicatidds, (-, m); « € R} sont continues en chaque poimt avec

Cy(m, m) = 0 et satisfont la condition de moment exponentiel

1
limsup— |Og/ eXpyN[SN(x,m) + Cl(mv(x), m)] d@,lx(x) <00
Nooo N QN

pour un couple de parameétres, y) € M x (1, co). Dans ces conditions la sui@llv; N > 1} satisfait un
PGD de bonne fonction de taux

I -meM— I(m)=H,(m) €0, oo].
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Laplace—Varadhan’sintegral lemma s a powerful change of reference probability technique which allows
to transfert a large deviations principle (LDP) from a sequence of probability mea{@lj\r/esN >1}to
another{@N; N > 1}. A collection of probability measurq@N; N > 1} on some metric spad@/, d) is
said to satisfy a LDP with rate functidt if there exists a lower semi-continuous functiein M — [0, o]
such that for each open sdtand for each closed subdgt

—inf Hm) <lminf —1ogQ" (4) and fim sup— logQ" (B) < — inf H(m). @)
meA N—>oo N Nesoo meB
The rate function is good if it has compact level sets, that is for éaehO0, co) the level sef{m € M,
H (m) < h} is compact.
Consider a pai(FN, @N) of absolutely continuous measures on some metric sgecéd) such that
—N

——w=exp(NCw) Q" -ae. ©)

for some measurable mappiah: M — R. WhenC is bounded continuous the Laplace—Varadhan lemma
can be stated as follows: if the sequem@N; N > 1} satisfies a LDP with good rate functiai then

{EN; N > 1)} satisfies a LDP with good rate functiad — C. For more information related to large
deviations and ways to transfer LDPs, such as the contraction lemma, we refer the reader to the seminal
book of Dembo and Zeitouni [2].

The above sequences are frequently defined in terms of the image measures

pY —pV 071'1;1 and @N =QVN onﬁl

for some probabilitie®" andQ" on some measurable spa@€ which may depend oW and for some
measurable mappingy : @V — M. It is clear that ifPNY and Q" are absolutely continuous and for
QN -almost every € QV

N
dQ¥V

then the probability image@N and@N are absolutely continuous and their Radon—Nykodim derivative
satisfies (3) and Laplace—Varadhan’s lemma applies as sa@iisas bounded continuous mapping. In this
Note we propose a strategy to relax the analytic representation (4) of the Radon—Nykodim deri&tive of
with respect taQ” .

Our approach consists in replaciBf andQ" by a pair of sequencé&’m andQY indexed respectively
by a real number € R and a parameten € M. Instead of (4) we suppose that for any index pair
(a,m) € R x M), Py, =P} doesn'tdepend om andP)),, ~ Q) and forQ}, -almost every: € Q¥

N

dQN
for some measurable functiofy : Q¥ x M — R andC, : M x M — R. For any(a, m) € (R x M) we
define the image measures

(x) =exp(NC(n(x))) 4)

" (x) = exp(N [aSy (x.m) + Co (i (x).m)]) )

=N _
PY =PV onyl and Q) =QYonyl.

We are now in a position to state our main result.

INTEGRAL LEMMA. — Suppose the sequence of probability measures {@Z; N > 1} satisfies an
LDP with good rate function H,, : M — [0, o], for each m € M. Also assume that the mappings
{Cy(-,m); o € R}, are continuous at each m, Cy(m,m) = 0 and the following exponential moment
condition holds

limsup— |Og/ eXpyN[SN(x m) + Cl(mv(x) m)] dQN (x) < o0 (6)

N—o0
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for some (m, y) € M x (1, 00). Then @zlv; N > 1} satisfiesan LDP with good rate function
I-meM— I(m)=H,(m) €0, oo].

We remark that (6) holds when the mappin@s(-, m) and C, (-, m) are bounded for someén, y)
M x (1, o0). Notice also that whel§y = 0 are the null mappings then we have for any M andN > 1
Py
— (u) = expN [C1(u, m)].
m
If C1(-,m) is continuous and (6) holds, Laplace—Varadhan'’s integral lemma says that the family of
probability measure@jlV =PYo n,Ql satisfies the large deviation principle with rate functionM —
[0, oo] given for anyu € M by I (u) = Hy, (u) — C1(u, m). In caseC1(-, m) is continuous and (6) holds for
all m, sinceC1(u, u) = 0 we have thaf (1) = H,(u). Note that under our assumptions we only require the
continuity of C1(-, m) at the pointn and that (6) holds for one. Therefore, even in the case tifat =0,
our result does not follow from Laplace—Varadhan'’s integral lemma. The proof of the above integral lemma
is described in detail in [1]. The exponential tightness property and the two key estimates needed to transfer
the large deviations principles are stated in the next proposition.

PrRoOPOSITION —Under the assumptions of the above integral lemma the sequence of probability

measures lev on M is exponentially tight. For any Borel subset A ¢ M and for any 1/n + 1/n' = 1,
l<n,n <oo,andm € M we have

By (4) <Qh (Y BY ()" exp[ N5, (m, 4)], @)
Ty (A) <PY (YL ) (DY €XP[N Sqy(m, A)/n] G)

with a(n) = —n’/n and for any o #£0
8 (m, A) = sup|C1(u, m) — Co (u, m)/c|.
ucA

To illuminate the structure of the Radon—Nykodim derivative formula (5) we discuss the different roles
played by the two parametef®, m) € (R x M). One natural and very useful strategy in many applications
of large deviations is to find judicious reference probability measures under which the random sequence at
hand satisfies an LDP with a good rate function. The next stage consists in transferring this result to the
desired sequence of distributions. The choice of this reference seqénee € M, is often dictated by
the problem at hand. In the context of interacting particle systems (PSk often chosen as aN-fold
tensor product measure so that the particle@}eindependent. In this situation Sanov’s theorem tells us
that an LDP holds with a good rate function. Using the integral lemma the LDP transfer is guaranteed
as soon as we can find a collection of distributid’rj‘,%,", a € R, satisfying (5). Intuitively speaking the
parameter can be regarded as a deformation parameter of the sequence of mé@éuheﬂ;he context
of IPS eactPl, is the distribution law of anv-IPS model with an interaction function depending of the
parameter € R. In some sense measures the strength of interaction. For instance, in the forthcoming
examples when — 0 the particles become independent.

As mentioned, we illustrate the impact of the integral lemma in the context of IPS models. Our general
and abstract context is ideally suited to treat in the same frame discrete generation IPS as well as McKean—
Vlasov IPS diffusions and pure jumpsf.([1]). We let7 ={0,1,..., T} CcNor/I =R; =[0,T] C R+
be the discrete or continuous time index with a finite time horiZoffror E a complete separable metric
space we denot®(E) the set of all probability measures dn furnished with the weak topology. By
Q = D(I, E) we denote the set of all cadlag paths frénmto £ with the Skorohod metric. We also denote
by ¢ (n) = (ns):<1 the distribution flow of the marginals with respect to time of a given meagsar®(2).

In the discrete time situation we start with a distributigne P(E) and a collection of Markov transitions
K ={K,; nel, neP(E)}. For any distribution flowy = (y,).c; We denoteQ, the measure o
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(= ET+1) defined by
Qy (d(xo, ..., x7)) = no(dxo) K1,y (x0, dx1) - - K7,pp_; (x7—1, dx7).
It is important to notice that the McKean distribution defined by= Q(,,,., and associated to the
distribution flown, = n,-1K, 5, , is a fixed point of the mapping — Qg ).
The N-IPS associated to the collectiati and the initial distributioryg € P(E) is a Markov chain
£, € EN, n e I, with initial distribution ngw and elementary transitions

N N
. . . 1
PI’O[(S,, Ed(yl’,yN) |§n_1:x) :H Kn,m(x) (xl7dyl) W|th m(x): N E Sxi'
i= i=1

In the continuous time situation we start with a distributighe P(E) and a collection of generators
L={L;,; tel, uweP(E)} defined on some dense domdi({L) in the space of bounded continuous
functions. For any distribution flowy = (y;);c; With v € P(E), t € I, we suppose there exist a
solution Q, € P(2) of the non-homogeneous martingale problem associatefL.tg,; ¢ € I} and
starting atno. In this framework the McKean measuPeis again characterized as the fixed point of the
mappingn — Q- The N-interacting particle system associatedt@ndno € P(E) is an EV-valued

Markov process; = (£, ..., &) having the initial distributiom$" and generatot, (f)(x%,...,xV) =
SN L t(’fn(x)(f)(x L xN) whereL(’) is used instead df, , when it acts on thé-th varlable

Let M = P(Q2) and IetIPN be the probablllty measure induced by tNelPS processé;),<; on the
product path spac”. By B —PNo TN ! we denote the image probability measure of the empirical
measure on path space withy (w) = ﬁ lel »i - For eachy e M we also denote b@nN = (Q¢(n))®N

the N-fold tensor product of the measufgs., and by@nN = Qn"’ o nﬁl the corresponding image
measure. Sanov’s theorem tells us that the seq@ﬁgﬁ, N > 1, satisfies a LDP with good rate function

n' — Hy(n') =Ent(n’ |Qg,). To transfer this result and conclude t#t satisfies a LDP with good rate
functionn — H,(n) = Ent(n |Q4,)) we proceed as follows.

In the discrete time situation we suppose ti&at, (x, ) ~ K, ,(x,-). Under appropriate regularity
conditions [1] if we take in (5)

a dk, (u,-)
Sn (@, ) =Z:/m(wn—1,wn)(d(u,v)) |09{%(v)],

Ca(pt,m) = — Z/un 1(du>log[ dK”“"il((“))( )} Koy, (u, dv)
n,Np—1

we define the desired collection of distributio]ﬁgn, o € R. UnderPY the N-IPS model is theN-
IPS model associated to the collection of Markov transitimﬁ‘é,l defined up to a normalizing constant
Z (. ) (x) by

K\ (x, dy) =

1 { dKp . (x, )
Zy (1, np—1) (x) LAK g,y (-
The second example is th¥-IPS associated to a McKean diffusion i = R¢ with drift function
b: E? — E and generator defined for apye P(E) andg € C2(R?) by

d o2

1L s d 3 .
Lu(fﬂ)(x)=§z;§(§(x)+z; bi[x,u]a—)‘fi(x) with bi[x,u]=4du(dy)bi(x,y).

)( )} nn,-1 (6, dy).

We notice that for any € M, the stochastic proce® (v) = w, —wo — fé blws, ng1ds is aQg ;) -Brownian
motion. Under appropriate regularity conditions [1] if we take in (5)
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T
Sy (@, 1) = /0 / m(w)(@u) (b [u, m(ep)] — blu, ;1) dB} (w),

ol T 2
Cutits == [ matcs o, ) = bt o) e

we define a distribution IaWPOI)’J7 under which theN-IPS model(&);c; becomes theV-IPS model

associated to the time inhomogeneous generdtﬁjisdefined forany € I, n € P(E) andg € Cf(Rd)
by

d
o 0
L@ () = Ly, @) ) +a 3 (bilx, u] = bilx, n,])—af (x).
i=1 t
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