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Abstract In this paper, we develop a new approach to the construction of solutions of the
Feigenbaum—Cvitano¥iequation whose existence was shown by H. Epstein. Our main
tool is the analytic theory of continued fractiofi®.citethisarticle: A.V. Tsygvintsevet al.,

C.R. Acad. Sci. Paris, Ser. | 334 (2002) 683-688. 0 2002 Académie des sciences/Editions
scientifiqgues et médicales Elsevier SAS

Fractions continues et des solutions del’équation de
Feigenbaum—Cvitanovic

Résumé Dans ce travail, nous énoncons une nouvelle méthode de construction des solutions de
I’équation de Feigenbaum-Cvitanouilont I'existence a été montrée par H. Epstein. On
utilise la théorie analytique des fractions continlRmr citer cet article: A.V. Tsygvintsev
et al., C. R. Acad. Sci. Paris, Ser. | 334 (2002) 683-688. 0 2002 Académie des
sciences/Editions scientifiques et médicales Elsevier SAS

Version francaise abrégée

(Les numéros d’équations renvoient au texte anglais.) Dans cette Note nous étudions des solutions de
I'équation de Feigenbaum—Cvitan6yil.1) oug est une application de I'intervalle-1, 1] dans lui-méme.
Nous considérons seulement des solutions de (1.1) de la fptme= F(x9), d > 1, oUF est une fonction
analytique et décroissante dans lintervaile1) et sans points critiques. Soif = F~1 une fonction
réciproque deF, alorsU satisfait (1.2). Une fonctiorf analytique dan€, U C_ U (a, b), a,b € R avec
la propriétéf (C4) c C_, f(C-) c C; est appelée une fonction anti-Herglotzienne.

THEOREME 0.1 (Epstein, 1986). La solutionU de I'équation(1.2) existe pour tout! > 1 et peut étre
étendue a une fonction anti-Herglotzienne dans le dom@ine) C_ U (—1~1, A72).
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L’équation (1.2) écrite pour la fonction= U/? est de la forme (3.1) om satisfaitu(1) = 0, u(—1) = 1
etu'(—2) =-24"1 Soitd 22, fi=1L-N"Trh+2)1—-2)"tetD=C; UC_ U (-1, +oo0) alors la
fonctionw =uo f;l a les propriétés suivantes :

() w etw? sont des fonctions anti-Herglotziennes d@&hs
(i) w estréelle pour € (—1, +00), w(0) =1;
(i) La partie réelle dav dansD est positive.

En appliquant le théoreme de Wall [5, p. 279] il est facile de montrer que la fonctamec des propriétés
()—(iii) peut étre représentée a l'aide d'une fraction continue (&4) = {g1, g2, ... | z} qui converge
uniformément sur tous les sous-ensembles compadfs Havantage principal de cette forme est que les
coefficientsg; qui figurent dans (1.4) satisfontQg; < 1. Sil'on revient a I'équation (3.1) nous pouvons
donc établir le résultat suivant

THEOREME 0.2. —Dans le cas/ > 2 la solutionu(z) de I'équation(3.1) s’ecrit sous la forme:(z) =
{g1,82,... 1 fn(2)}.

Par conséquent on en déduit que la fonctiopeut étre bornée par des fonctions rationnelles anti-
Herglotziennes. A titre d’exemple, dans le cas plus simple ces bornes sont données par (2.3) o0 I'on
remplacez par f5.(z). Avec I'équation (3.1) elles nous permet d’obtenir 'approximation uniforme suivante
24 <c,c=0.26308..,d>2.

1. Introduction

In the present paper we consider the Feigenbaum—Cvitafunvtional equation

g =-1"1g(gm)), g0 =1 —g)=1re(0D), (1.1)

whereg is a map of the interval—1, 1] into itself. We only consider solutiong such that, o0, 1),
g(x) = F(x%), d > 1, with F analytic, decreasing, and without critical points. Let= F~1 be the inverse
function of F. ThenU will satisfy

U(U@Ea0)Y) =0Ux), Un=1 U'(-2)=-drt (1.2)

We denoteC; = —-C_={¢ €C, Im¢ > 0}.

THEOREM 1.1 (Epstein, 1986). Fhe solutionU of Eg. (1.2) exists for alld > 1 and extends to a
function holomorphicitC, UC_ U (—A~1, 2=2) which is injective there antl (C,.) c C_, U(C_) c C,.

An analytic functionf which mapsCy into C; andC_ into C_ is called aHerglotzfunction (— f is an
anti-Herglotzfunction). See [1] for detalils.

In the proof of Theorem 1.1 Epstein used in an essential way the integral representation for anti-Herglotz
functions, which provides us with priori bounds of the formr(x) < U(x) < R(x) wherer(x), R(x)
are known rational functionsée[2—4]). These bounds contain some initial basic information about the
behaviour ofU .

The purpose of the present paper is to make more precise the analytic nature of the solution of the
functional equation (1.2) and give some new rational bounds on it. Our main tool here is the analytic theory
of continued fractions, a detailed account of which may be found in the book by Wall [5]. The foundation of
this theory is the natural correspondence between continued fractions, analytic functions and their integral
representation given by a moment problem. For concreteness, let us consider the Stieltjes integral of the
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form

[t dow) ! 3
f(z)—/0 s /Ode(u)—l, (1.3)

wheref (1) is a bounded nondecreasing function(@y1). Then f has the continued fraction representa-
tion [5]

1
f@)= ) 717 , denoted byf (z) ={g1, g2, .- 1 2}, (1.4)
_l’_ - -
1-—
1+ (1-g1)82z
1+--.
where the real coefficienis, € [0, 1], p =1, 2,..., are certain rational functions of tmeomentsg., of

6 (u) defined byu, = folul’ do(u), p > 1. In Section 2 we show that the functian= U<, whereU is

a solution of (1.2), always can be reduced, by a certain conformal change, to the form (1.4). In Section 3
we derive a new uniform bound otf for d > 2 which constitutes the main result of the present paper.
Section 4 contains some numerical results.

2. Wall functions and their continued fraction representation

Denote byD the portion of the complex plaré exterior to the cut along the real axis frorvo to —1.
Let f(z) satisfying £ (0) = 1, be an anti-Herglotz function analytic I and positive for; > —1. We call
f aWall function if its squaref? is again an anti-Herglotz function. L&Y be the set of all Wall functions.

THEOREM 2.1. —For an arbitrary f € W we havef(z) = {g1, g2, - - - | z} for some uniquely defined
sequence of coefficiengs € [0, 1], i > 1. The corresponding continued fraction converges uniformly on
every compact domain iP .

Proof. —Let f € W then from the definition of a Wall function it follows that is an anti-Herglotz
function which is analytic in the domaiR, real for real values of and having a positive real part. Consider
the functionp = /1 + z where the square root is positive on the axid, +o0). The function so obtained
is a Herglotz function since the argument¢gpis one half the argument of & z. We will check that the
product® = ¢f is a function which is analytic in the domain, real for real values of and having a
positive real part. Lelff = f1+1f2, ¢ = ¢1+ i2 where f1, ¢1 and f2, ¢ are the corresponding real and
imaginary parts of the functiong and¢. Then Ré€®) = ¢1 f1 — ¢2f2 > 0 in D. Indeed g1 f1 > 0 since
both f and¢ have positive real parts andg, f> < 0 since the imaginary parts of, ¢ always have a
different sign inD. By the theorem of Wall [5, p. 279] the functiah= ¢ f can be represented in the form
® =+/1+ z{g1, g2, - -- | z} for some uniquely defined sequenge= [0, 1], i > 1, where the corresponding
continued fraction converges uniformly on every compact domaip.i@ancelling/1 + z, it follows that
f is of the form (1.4). This concludes the proofl

Remark1. — It is easy to see from the integral representation (1.3) ftiat = {g1, g2, ... | z} IS an
anti-Herglotz function.

We will use the following notation for partial approximants of (1.4)

1

1
+ (1-g1)g2z

1+

1+
1+ (1 —gr-1)gkz

which are all rational anti-Herglotz functions.
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The continued fractiorf (z) = {g1, g2, - - - | z} can be approximated by rational functions as given by the
following theorem

THEOREM 2.2.— (a)Letk=2n+1,n=0,1,2,..., then
Ar(@) < f(2) < Bk(2), —1l<z<+oo, (2.1)

whereA,(z) ={g1, ..., & |z}, Be(2) ={g1, ..., &k 112}
(b)Letk=2n,n=1,2,...,then

AF@Q < FR<BI(@), 0<z<+oo, and A (2)< f(2)<B;(z), —1l<z<O, (2.2)

whereA] (2) ={g1, ..., g6, 112}, B (2) ={g1, ..., gk | 2} and A; (2) = B{ (2), By (2) = A{ (2).

The proofis based on Theorems 1.11 and 14.2, 14.3 of [5] and is straightforward.
Applying Theorem 2.2 in the cage= 1 we obtaind1(z) < f(z) < B1(2), z € (-1, 00), where

A =00+g107 Bi@=01+1-gz)1+27 L (2.3)

3. Applicationsto the Feigenbaum—Cvitanovi¢ equation

In this section we fixU to be a solution of the functional equation (1.2) given by Theorem 1.1 for a
certaind > 1. Then Eq. (1.2) written in terms of the function= U/? takes the form

A (u(=22)) =u(x), re(0,1), (3.1)

whereu(z) = U(z)Y/? satisfies the conditions(1) =0, u(—A) = 1, u’(—1) = —2¢~1 from (1.2) and is an
anti-Herglotz function analytic in the domaih, UC_ U (—A~1, 1).

Let us consider the conformal mappirigz) = (1 — A)~1(x +z)(1 — z)~1 which sends the real interval
(=271, 1) into (—1, +00) bijectively and satisfieg; (—1) = 0, fi(—1~1) = —1. Note that botty; and £,
are Herglotz functions. Theno f[l € W for an arbitraryd > 2 which proves the following proposition

PROPOSITION 3.1. —Let u(z) = U(z)¥¢ be the solution of the functional equati¢.1) with corre-

sponding parameters > 2, A € (0, 1). Thenu(z) = {g1, g2, - - - | f»(z)} with certain uniquely defined coef-
ficientsgy € [0, 1], k > 1.

It turns out thaig; depends only on the numbersandd. In fact, using the condition’ (—i) = —A9~1,
by a simple differentiation of we obtain

g1=2971(1-122). (3.2)

Using the rational bounds given by Theorem 2.2 it is easy to write the corresponding bounds on the
function u(z): A(f2.(z)) < u(z) < B(f1.(2)), z € (=271, 1), where A(z), B(z) are the lower and upper
bounds given by formulas (2.1), (2.2) for a certaip 1. Let us denoted(z) = A(f5.(z)), B(z) = B(f5.(z))
then we have (—1z) € [A(—=1z), B(—=1z)] andu(u(—rz)) € [A(B(=12)), B(A(=Az))]forz € (=171, 1).

Thus, ifu satisfies Eq. (3.1) then the following inequalities must be satisfied

B(A(—22)) =2 A@), A(B(=12)) <AB(z), Vze (—-1711). (3.3)

The rational functionsA(z), B(z) contaings, ..., gk, A as parameters so that (3.3) imposes certain
restrictions on these numbers and can be used together with (3.2) to obtain relations lgetwesndd.
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The degree of accuracy will depend essentially on the nurhlieit even for smalk this method gives
satisfactory results. We consider the simplest éas€l. Taking.A(z), B(z) corresponding to bounds given
by (2.3) and using the first inequality from (3.3) for> —A~1, we obtain

BO)>rA(—=27Y) or 1-a+Q-gor>rl-gnt

which implies

0< g1<6(n), whered(\) =271 (1+xr—1-21+512)/2. (3.4)

Using (3.2), this gives the following lower bound an

d> Iog<i‘9_(i)2)/log(k), d>2.

The inequality (3.4) can be written in the forfl < £ (1), £ (L) = 10(1)/(1— A2). Itis easy to show that
¢’(A) vanishes at a unique poigrg in (0, 1) and¢” (A.) < 0. Hence in this intervaj has just one maximum.
From this we derive the following uniform bound

2 <e, ¢=0.26308.., ford>2,

where we omit the explicit expression fotwhich is an algebraic number) due to its complexity. We believe
that a more careful analysis of inequalities (3.3)for 1 can considerably improve this estimate.

4. Numerical applications

In this section we will discuss briefly a numerical technique based on the application of Proposition 3.1.
We fix d > 2 and look for a rational approximation of the solutiaKz) of Eq. (3.1) in the form
r(2)=1{g1,..., &l fi,(2)},n > 1, with g1 = 2¢~1(1—A2) for a certain sequence of real numbgys [0, 1]
andi, € R. One can show that the substitutingr@f) into the left hand side of (3.1) with = 1, gives us
the new functionR(z) = {g1, &2, .. . | f»,(2)}. The numberg; are not necessary in the interyél 1] and
are certain functions of,, g1, ..., g, Let us suppose that the finstcoefficients of the continued fraction
representations of(z) and R(z) are the same, i.eg; = g;, 1 < i < n. This system of equations can be
solved using, for example, Newton’s method. Numerical experiments show that it seems to have a solution
forall d > 2 andn > 1 with A,, g1, ..., g, belonging to the intervdl0, 1] which is as expected in view
of our Proposition 3.1. Since(z) is a rational anti-Herglotz function, it can be always be represented in
the simple formr (z) = ¢ + S_X ; £ with somec, z; € R andr; € Ry In the classical Feigenbaum case,

d = 2, this method gives, for = 7Z_tzhe following rational approximation fos(z)

1.144796 0.003406 0.139511 15.718028

=2.82230
“@ o Z+ 4.06181+ z— 1.021068+ Z— l.373872+ z—7.253131

(4.1)

with the corresponding valug, = 0.399778 .. andg; given by
g1=0.33588 g2 =0.27793 g3 =0.29515 g4 =0.39803 g5 =0.50228 g = 0.23676 g7 =0.02773
The value ofy, is in a good correspondence with the value.ef 0.399535 . . for the families of quadratic

maps, known from the classical theory of FeigenbaumrEgrgiven by (4.1) we have m&x(z) — R(z)| <
6 x 10~/ for —1, < z<0and maxr(z) — R(z)| <5x 10 2for0< z < 1.
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