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Abstract We construct a nonvanishing inner functibm the unit ballB c C" such that the subspace
IHP? (B) is not weakly dense in the Hardy spacB®), with 0 < p < 1. Tocitethisarticle:
E. Doubtsov, C. R. Acad. Sci. Paris, Ser. | 334 (2002) 957-960. O 2002 Académie des
sciences/Editions scientifiques et médicales Elsevier SAS

Unefonction intérieure qui n’est pas faiblement extérieure

Résumé On construit une fonction intérieure dans la boule unitéd c C”" telle quel(z) # 0
pourz € B et le sous-espacEH” (B) n'est pas faiblement dense dans la classe de Hardy
H”(B), pour O< p < 1. Pour citer cet article: E. Doubtsov, C. R. Acad. Sci. Paris, Ser. |
334 (2002) 957-960. O 2002 Académie des sciences/Editions scientifiques et médicales
Elsevier SAS

Version francaise abrégée
1. Fonctionsfaiblement extérieures

SoitD={z € C: |z|] < 1}. Supposons & p < 1, alors I'espace de HardyD) n’est pas localement
convexe, et le théoreme de Hahn—Banach ne reste pas vrai p@y.HEn fait, soitd une fonction intérieure
(c’est-a-dire une fonction holomorphe bornée déndont les valeurs au bord sont de module presque
partout égal a 1). On dit que est faiblement extérieure si le sous-espace fe#é(D) c H” (D) est
faiblement densevir [3]). Pour une tell& on ad(z) # 0, z € D. Supposons qug(0) > 0. Alorson a:

_l’_
6(2) =0 (2) = exp(—/ £xe du(§)>, zeD,
TS —2
ou p est une mesure positive singuliére S dD. Duren, Romberg et Shields [3] démontrent gueest

faiblement extérieure si la mesyteest suffisamment réguliére.
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2. Casdeplusieursvariables

Soit I une fonction intérieure dans la boule complexe- B, = {z € C" : |z|] < 1}, n > 2. Supposons
quel(0) > 0etl(z) #0 pourz € B. Alorson a:

I(z) =ex 2 1lid B
o-o8(- [[rar Y a0) e

ou v est une mesure positive singuliépluriharmonique sur la sphere unités = dB. Les mesures
pluriharmoniques sont suffisamment réguliéres. Donc est naturel de poser la question si toute fonction
intérieure! dansB,, 1(z) # 0 pourz € B,, est faiblement extérieure pour> 2 (Shapiro,voir [5],
Probléme 24.2).

Dans cet Note nous démontrons le résultat suivant :

THEOREME 1. — |l existe une fonction intérieure I € H*(B) telleque 1 (z) # 0 pour z € B, €t
A+1
1(1,0) =exp<ﬁ>, reD, 0eC' L.

Lafonction intérieure I n’est pas faiblement extérieure.

1. Weak outer functions

Consider the unit dis® = {z € C : |z| < 1}. When O< p < 1 the Hardy space HD) is not locally
convex, and the Hahn—-Banach theorem fails. In fact, there exist weakly dense closed subspdces of H
Indeed, lety be an inner function; that i, € H>*(D) and|6*| = 1 a.e., wher@* denotes the boundary
values. Then the closed subsp#@te” (D) ¢ H” (D) can be weakly dense (here and in what follows, we
assume that is not a constant);sée [7]). Such inner functions are said to be weak outer. The tauter
is motivated by the following theorem of Beurling: the polynomial multiples of a funcfienH?” form a
dense subset of Hif and only if f is outer.

Assumef is a nontrivial weak outer inner function. Fpe D, the evaluation functional, (f) = f(z) is
continuous on K, thereforeg (z) # 0 for all z € D. In other wordsg is a singular inner function. So, up to
a unimodular multiplicative constant, we have:

e(z>=9u<z>=exp(—/ ”de;)), zeD,
T —2

wherepu is the associated positive singular measure on the unit citeledD. In 1969 Duren, Romberg

and Shields [3] discovered weak outer inner functions and provedtlietweak outer ifu vanishes

on the Carleson sets. Later Roberts [4] and Korenblum proved that the Carleson smoothness condition
characterizes the weak outer functions.

2. Caseof several variables

Consider a nonvanishing inner functidnin the complex ballB =B, ={z € C" : |z| < 1}, n > 2.
Assumel (0) > 0, then:

2
o=eol- [y aw). <o
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wherev is a positive singulapluriharmonic measure on the unit sphefe= 9 B. Recall that a measure
is called pluriharmonic if its Poisson integral is a pluriharmonic function in the ball. Such measures are
known to be sufficiently smooth, so Shapiro ([5], Problem 24.2) raised the following question.

Is every nonvanishing inner function i), weakly outer whem > 2?

In the present Note we give a negative answer to the above question. The idea is to reduce the problem
to an argument in dimension one. Namely, assume that a slice-functigsay! (z, 0), is a singular inner
functiond,(z), z € D. If the associated measyues sufficiently rough, then the argument below works. To
avoid technicalities, we consider the simplest case of an atomic measure.

THEOREM 1. — There exists a nonvanishing inner function I € H*(B) such that

A+1

I(,,0)=exp| —= ], 1eD, 0eC" L
A, 0 xp<)h_1), eD, Oe
Proof. —For& e D, putf (&) = &. Since||f ||« < 1, there exists an inner functian € H*(B) such that

F(,0)=0(&) =& forall £ € D ([1], Corrollary 1). Define:

F(z)—i—l)

Fo—1 B

I(z) = exp<

Since(¢ + 1)/(¢ — 1) maps conformally the unit dide onto the left half-plane, the functiahis inner. On
the other hand, the slice-functidrii, 0) has the form required. O

PROPOSITION 2. — Theinner function I provided by Theorem 1 is not weak outer.

Proof. —We have to show that the subspaidé” (B) is not weakly dense in HB), with 0 < p < 1.
So we construct a nontrivial continuous linear functional H” (B) — C such thatA (I F) = 0 for all
F € HP(B).

Consider a sequenee= {a;}2; C C. GivenG € H?(B), define:

Au(G) =) arg (b,

k=0

whereg(z) = G(z,0) for z € D.
It is well known that the slice-functiog is in a weighted Bergman spacsed, e.g., [2], Chapter 2,
Theorem 1.3.1). Namely, leto> denote the normalized area measure, then we have:

n—2
gl :=(n—1)/D|g(z)!”(1— 121%)" " dma(2) < |Gy < 0.

Now recall that the Fourier coefficients of df_,-function are0 (k#P-) with B(p, n) < co. For example,
Ag is the classical Bergman space &A@, 2) = 2/p — 1 (see[8] for details). In other words, the following
estimate holds:

G0 < Cp.mkF PP gl yr < Cp KPP |Gl

Thus, the linear functional,, is continuous on the Hardy clas®’HB) provided|a;| = O(k~2-#(") To
finish the proof, we find such a nontrivial sequenciat A, (I F) = 0 for all F € H?(B). This argument
is due to Shapiro [6].

Puta; = h(—k), where

h(A)=21—-1)9I(x,0, xreT, geN,.
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1. Fix g so large that has at least 2 8(p, n) continuous derivatives. Thefk, is continuous on H(B),
sincelag| = Ok~ Fp-m),

2. The functionalA,, is not trivial. Indeed, assumg = 0 for all k > 0, thenk € H2(D). In particular, we
haveh(r) = O(1/+/1—r) asr — 1—. On the other hand,(-, 0) is inner, soz(1 — z)4 = h(z)I (z, 0) for
all z e D. The last identity yields a contradiction, sinté-, 0) = O(exg—1/(1—r)]) asr — 1—.

3. Letm denote the normalized Lebesgue measure on the diral&iven a holomorphic polynomia?
onC", we have:

Aa(IP) =" ar(I(.0)P(-,0))"(k) :/h(A)I(A,O)P(A,O) dm (%)

k>0 T
= / L@ =1TP(,0))dm () =0,
T

since I (»,0) is an inner function. Finally, the polynomials are dense if(B), so A, vanishes on
IHP(B). O
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