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Note presented by Philippe G. Ciarlet.

Abstract The aim of this Note is to give explicit limit expressions, for diffusion equations involving
a small parameter ¢, describing both nonperiodic homogenization and reduction of
dimension. We consider two kinds of reduction of dimension: the case of plates and the
case of thin cylinders. In particular, we give the limit diffusion equation for stratified plates.
Thisis completely explicit and requires no specia assumption, except stratification. In the
case of thin cylinders, the formulae are less explicit, but we also indicate some simple
applications to fibered materials. To cite this article: B. Gustafsson, J. Mossino, C. R.
Acad. Sci. Paris, Ser. | 334 (2002) 977-982. O 2002 Académie des sciences/Editions
scientifiques et médicales Elsevier SAS

Limites explicites pour I"’homogénéisation non-périodique et 1a
réduction dedimension

Résumé Le but de cette Note est d'indiquer les limites explicites d équations de diffusion
comprenant un petit parametre ¢, décrivant alafois |’ homogénéisation non-périodique et la
réduction de dimension. Nous considérons deux cas de réduction de dimension : les plagues
et les cylindres minces. En particulier nous donnons I’ équation limite explicite pour les
plaques strtifiées. Dans le cas des cylindres minces, les formules sont moins explicites,
mais nous mentionnons également des applications aux matériaux fibrés. Pour citer cet
article: B. Gustafsson, J. Mossino, C. R. Acad. Sci. Paris, Ser. | 334 (2002) 977-982.
O 2002 Académie des sciences/Editions scientifiques et médicales Elsevier SAS

Version francaise abrégée

Dans cette Note, ¢ est un domainemincede RV (N > 2), représentant soit une plague horizontale, soit
un cylindre mince vertical, et I’ on considére |’ équation de la diffusion dans Q2¢, avec des conditionsau bord
mixtes, de type Dirichlet-Neumann.

Le point générique de RY est noté x = (x’, xy) = (x1,..., xny—1, xn). Les coefficients de I’ équation
composent une matrice de conductivité notée A° = A®(x’, xy /), pour x = (x’, xy) dans |la plaque, ou
bien A® = A®(x’/e, xy), pour x dans le cylindre mince. Dans les deux cas A° = A®(x), pour x dansun
cylindrefixe Q.
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Par changement de variable, I’ équation de la diffusion, écrite sous forme variationnelle dans 2, est

u®eHY(Q), ¥ =0 surTp e VYveHY(Q), v=0 surlp,
/[Aﬁ(x)vgug,vgv] dx:/f'svdx+/ (8, V] dx+/ hevdy, (0.2)
Q Q Q Ty

ou 92 =Ip UTy, lesconditions de Dirichlet et Neumann étant satisfaites respectivement sur I'p et 'y ;
[-, -] dénote le produit scalaire dans RY et I’ opérateur V¢ prend deux formes différentes:

R , 1 dv v v 1 dv
vViv=|Vv,-——|=—,..., —, — pour laplague,
g 0xN 0x1 0XN_1 & 0xn

e 1_, ov 1 0v 1 ov v . .
Vev=|-Vv, — |=-—,..., —, — pour le cylindre mince.
e oxnN £ 0x1 g0xXN_1 OxXpN

Le passage a la limite dans (0.1), lorsgue ¢ tend vers zéro, combine les difficultés bien connues de
I"homogénéisation et de la réduction de dimension (cf. e.g. [1,17,22,2—6,13-16,19]). Dans cette Note,
en supposant que A® satisfait certaines hypothéses de compacité par compensation ne requérant aucune
périodicité, nous donnonslaforme explicite de laH-limite de lasuite A¢, notée A, et nous montronsquele
probléme limite de (0.1) prend laforme

/ [AV”(u, y), V' (v, z)] dx =/ fudx +/ [g, VvV (v, z)] dx +/ hvdy, (0.2)
Q Q Q r

N

ou I’ opérateur V" est défini par
9z
V'(v,z) = (V’v, —Z> pour la plague,
3XN

1" _ / 3U H H
Vi(v,2) =| V'z, Fr pour le cylindre mince.
XN

Ce résultat n’est pasvrai en général (cf. [20,21,12]).

La preuve utilise la méthode classique de compacité par compensation [22], appliquée a une décompo-
sition convenable de A¢ : A¢ = (M¢)~1 P¢, avec deux expressions différentes du couple (M¢, P?), I'une
pour la plaque, I’ autre pour le cylindre mince. L’ application la plus simple concerne les plagues stratifi ées,
mai s nous mentionnonsdes applicationsaux cylindres minces constitués de matériaux fibrés (cf. aussi [12]).

1. Nonperiodic homogenization and reduction of dimension for plates

Let » be a bounded domainin RY~1, N > 2, and let 2 be the cylinder @ = w x (=3, 3). Now, for &
(<1) taking a sequence of values tending to zero, Q¢ (C €2) represents the horizontal plate, that is the flat
cylinder Q° = w x (=5, §), with lateral boundary £° = dw x (=5, 5).

Let A®: Q@ — RV*N pe asequence of (not necessarily symmetric) matrices with L>°-coefficients, such
that

Jo, f.0<a < B, aexeQ, VEeRY, [A°(0)EE] >altl? and |A°(0)E| < BIEI (1.3
where[-, -] denotes the scalar product in RY and | - | denotes the Euclidian norm.

We consider the variational problem, with given data F¢ € L(Q°), G* € L2(Q9)V, h® andh® e
H™Y2(w),

U eV ={VeH (Qf, V=00onx‘} and VVe)*,

/ [A6<x’,x—N)VUS,VV]dx:/ F8de+/ [G*,VV] dx
e & e 3
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+ / eh® (x)V (x’, %) dx’ +/ eh® (xV (x’, —g) dx’, (1.4)

wherethe generic pointin RY isdenoted by x = (x”, xy) = (x1, ..., xy_1, xn). FOr convenience, sincethis
is not restrictive, we have choosed to write the coefficientsin the form A (x, xy /) instead of A®(x). Itis
classical that (1.4) admits a unique solution U#, solving (in aweak sense) a standard diffusion equation.

Such problemswere considered by A. Damlamian and M. Vogeliusin [10], with symmetric matrices A®.
They proved that, up to extraction of a subsequence, there exists a symmetric matrix A% : w —
RNV=Dx(N-D 'qych that U? (x', exy) convergesweakly in H1(Q) to the solution U = U (x’) of a (N — 1)-
dimensional problem defined in terms of A°, provided the data convergein anatural sense. Asit is the case
for H-convergence, the limit matrix A° does not depend on the source and boundary data. But of course,
AP isnotthe H-limit of A®, since A hassize (N — 1) x (N — 1) andisdefined in w, while A® isaN x N-
matrix, defined in ©2. Moreover, no explicit expression of A° was known, except if A® isaperiodic function
depending on x’ only (see[2,3,13]).

By using Theorem 1 below, it is easy to prove (cf. Remarks 1 and 2) that A° is explicit in terms of
the H-limit A of A, under some compensated compactness condition, which requires no periodicity and
generalizesthe stratified case A = A% (xy).

More precisely, we write

A — <(A8)/ ce ) _ (M'S)_lPS, (15)

L?  ayy
with (A%)}; =af;, Cf =afy, LS =ajy;, fori, j < N, and with
e (1 —C%lafy e (A% —C®L?/a%y O
M= (0 vat,y ) T L* Jaf,y 1) (1.6)
We denote by P; and M; the ith line (i.e, row) vectors of P and M, respectively, and define div P
and curl M by (div P); = div P; and (curl M);;x = (curl M;) j. Though the decomposition of A® will be

differentin the next section, in the whol e note the compensated compactness condition is the oneintroduced
by P. Courilleauin [7] (see also [11,8,9]), namely

{ curl M#} isrelatively compact in H=H ()" N and
{div P¢} isrelatively compact in H™1 ()", (1.7)

and the convergence condition is that
Mé&—~M and PS— P, weskly* inL>®Q)N*N, (1.8)

THEOREM 1.—Assume (1.3) and (1.7), with M*¢ and P¢ defined in (1.5) and (1.6). Then the H-limit of
A? is characterized by A = M~1P, with M and P given by (1.8), which we assume in addition. Define
f¢ and g from F¢ and G* by f¢(x) = F*(x’, exn), g°(x) = G*(x’, exy). Assume moreover that the data
convergein the following sense:

fé—~f weaklyinL%(Q), g°®—g weaklyinL?(Q)", (19)
he —~hy and he —~h_ weaklyin H"Y%(w) '
and assume also that
ag;v . . . -1
—= > isrelatively compactin H™ (). (1.10)
3XN e
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Let u®(x) = U®(x’, exy), where U® is the solution of (1.4) and let V¢ be the operator defined by

£y /.y 1 dv v v 1 9v
Vv = (V'v, sde) (dx1 T s de) Then, when ¢ tends to zero,

e IxXN XN
V'u
dy/oxn
where u dependsonly on x” and (u, y) isthe unique solution of the limit variational problem:

11 11
u € Hi(w), yeL2<w; H,%,(—E,E)) and Vv e Hi(w), VzeL2<w; H,{,(-E,E»,

V'u ’
LIS (e V] oem [ [ o (o0 Y] [

HZ denoting the subset of functions of H*, having mean value zero.

uf —~u weaklyinHY(Q), 12 .9 weaklyinL%(Q),
(1.12)

08 =AVEuF ~o=A ( ) weakly in L2(Q)"V,

Remark 1. - By eliminating y in profit of u, itiseasy to seethat u isthe unique solution of thevariational
problem

/[on/u,v/v] dx/=/fovdx/+/ [go, V'] dx/+/(h++h_)vdx/,
w w w

whereal =m(pij), fO=m(f), g =m(gi - i gy), m denoting the mean value over the x y-direction.
Then y isgiven by m(y):Oand

Ay <N—Zazv, )_a

oxXNy  ann

1

NN

(gv —[L,V'ul).

Remark 2. —Inthe case of stratified plates, A* = A®(xy), condition (1.7) isautomatically satisfied, since
curl M¢ = 0 and div P¢ = 0. Moreover (1.8) are the classical formulae giving the H-limit of A¢ (see, e.q.,

[17]).
2. Nonperiodic homogenization and reduction of dimension for thin cylinders

Asin Section 1, w is a bounded domain in R¥—1, N > 2. Now € denotes the cylinder @ = w x (0, 1)
and for ¢ small, Q¢ represents the vertical thin cylinder Qf = ew x (0, 1), with lateral boundary X¢ =
edw x (0,1) and horizontal bases I'* =T"* UT = (ew x {0}) U (ew x {1}).

The matrices A® : @ — RV*N satisfy (1.3) again.

We consider the variational problem, with given data F¢ € L2(Q2¢), G¢ € L2(Q5)N, ht e H=Y2(0, 1),

U eV ={VeHY(Q"), v=00onT*} and VVe)*,
/ [Aﬁ(x—,xN>VU€,vv] d
Qf &
= / FeV dx + / [G*, VV]dx + / eh® (xn)V (', xn) dHy—2(x) dey.  (2.13)

Again the notation of coefficients (A'S(";/, xx)) is chosen for convenience. Classically (2.13) has a unique
solution U¢ and U*? solves (in aweak sense) a diffusion equation.
In this section, we write again A¢ = (M¢)~1P?, asin (1.5), but M¢ and P¢ are here given by

R® 0 I R°C®
MEZ(—LSRS 1>’ Psz(o aj‘"VN—LsRSCg)’ (2.14)

with R¢ = ((A%))~L.
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THEOREM 2.—Assume (1.3) and (1.7), with M¢ and P¢ defined in (1.5) and (2.14). Then the H-limit of
A? ischaracterized by A = M~1P, with M and P given by (1.8), which we assume in addition. Define f¢
and g¢ = ((g°), gi) from F and G by f*(x) = F®(ex’, xn), g° (x) = G®(ex’, x). Assume moreover that
the data convergein the following sense:

fe—~f weaklyinL?(Q), g°—g weaklyinL2()V, (2.15)
he —h weaklyin H=1/2(0, 1) '
and assume also that
{div, (g°)'}, isrelatively compactin H=(). (2.16)

Let u®(x) = U¢(ex’, xy), where U? is the solution of (2.13) and let V* be the operator defined by

ey — (iyry, Ovy_10v 1_dv = dv
Vév = (3 V', Z,XN)_(MM, S TN’ aXN).Then, when ¢ tends to zero,

u® —u weaklyinHY(Q), 1vu®—V'y weaklyinL?(Q)",

V/y . 2
E __ AE\TE,E — N
o0 =A*Véu®* —o A(au/axN> weakly in L=(2)",

where 1 dependsonly on xy and (u, y) isthe unique solution of the limit variational problem:

(2.17)

u € H5(0,1), yeL?(0,1; H}(w)) and Vv eHj(0, 1), Vz e L?(0, 1; HY (),

V'y V'z B V'z 1
/Q{A<8u/8x/v>’<8v/8x1v>} dx-/gfvd.x+/Q {g, <8v/8x/v>] dx+|8w|/0 hvdxy, (2.18)

HZ denoting the subset of functions of H!, having mean value zero.

Remark 3. —Inthecaseof fibered rods, A* = A®(x’), div P = 0and (1.7) reads:. {curl,s R®}. isrelative-
ly compact in H=1(Q) N —DxV=Dx(N=1) gnd {curl,» L? R¢}, isrelatively compactin H=1(Q)(V-Dx(N-1),
Examplesare givenin[12].

It is possibleto expressthe limit problemin terms of « only, by eliminating y. This allows us to compare
our result with the more general, but not explicit one, of F. Murat [18].
Detailed proofs and some complements are given in [12].
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