C. R. Acad. Sci. Paris, Ser. | 334 (2002) 1101-1106

Géométrie analytiqueAnalytic Geometry
(Topologie/Topol ogy)

On the invariance of the semigroup
of a quasi-ordinary surface singularity

Patrick Popescu-Pampu

ENS Lyon (UMPA), 46, allée d'ltalie, 69364 Lyon cedex, France
Received 9 April 2002; accepted 15 April 2002

Note presented by Etienne Ghys.

Abstract We give an algebraic proof for 2-dimensional germs of the analytic invariance of a
semigroup associated by Gonzéalez Pérez to any irreducible §eofhcomplex quasi-
ordinary hypersurface. We deduce from it a new proof of the analytic invariance of the
normalized characteristic exponents. Moreover, we associate values in the semigroup to the
elements of a subset of the local algebra&ofo cite thisarticle: P. Popescu-Pampu, C. R.
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Sur l'invariance du semi-groupe d’une singularité quasi-ordinaire de
surface

Résumé Nous donnons une preuve algébrique dans le cas des germes bidimensionnels de l'inva-
riance analytique d'un semi-groupe associé par Gonzalez Pérez a tout germe quasi-ordinaire
irréductibleS d’hypersurface complexe. Nous en déduisons une nouvelle preuve de l'in-
variance analytique des exposants caractéristiques normalisés. De plus, nous associons des
valeurs dans le semi-groupe aux éléments d’'un sous-ensemble de l'algebre lo&ale de
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Version francaise abrégée

Cette note expose de maniere abrégée une partie des résultats de [14]. L'objet principal d'étude
est celui de germeuasi-ordinaire (S,0) d'espace analytique complexe réduit (Définition 2.1). Ces
germes apparaissent naturellement dans la méthode de Jung de résolution des singularités d’'un germe
équidimensionnel d’espace par résolution plongée du lieu discriminant d’'un morphisme fini vers un espace
lisse de méme dimensiondir [7] pour la dimension 2).

Dans [5,6], Gonzélez Pérez a introduit un semi-grotipg) associé a un polynéme irréductibfequi
définit un germe quasi-ordinai®. En utilisant I'invariance topologique des exposants caractéristiques
normalisés obtenue par Gau et Lipman [4,10], il a prouvé que, a isomorphisme de semi-grougagpres,
ne dépend pas du choix deet qu’il est un invariant complet du type topologique plongéSdelonc a
fortiori un invariant de son type analytique.

Nous donnonsici une preuve algébrique de I'invariance analytique de ce semi-groupe dans & esis ou
de dimension 2 (Corollaire 3.4), en prouvant que le semi-groupe construit par Gonzalez Pérez est isomorphe

E-mail addressppopescu@umpa.ens-lyon.fr (P. Popescu-Pampu).

0 2002 Académie des sciences/Editions scientifiques et médicales Elsevier SAS. Tous droits réservés
S1631-073X(02)02404-4/FLA 1101



P. Popescu-Pampu/ C. R. Acad. Sci. Paris, Ser. | 334 (2002) 1101-1106

a un semi-groupe gue nous construisons uniguement a pafiirmedépendant d’aucun morphisme quasi-
ordinaire (Théoréme 3.3). Décrivons brievement notre construction.

Nous supposerons dans ce qui suit glie’est pas lisse en 0. Soit: S — S le morphisme de
normalisation du germ&S, 0) et A son algébre locale. Sojt : R — S la résolution minimale des
singularités deS. Définissons le morphisme: R — R comme étant I'éclatement de la préimage de 0
si le lieu réduit(v o 1) ~1(Sing(S)) est lisse et I'identité SUR sinon. Posons enfifi:= v o o 1.

Nous disons que le gernseestquadratique ordinairesi I'algébre.A estisomorphe €{X1, X», Y}/(Y?—
X1X2).

LEmME 3.1. - Sile germeS n’est pas quadratique ordinaire, le sous-espace régiult(Sing(S)) de la
surface lisseR est un diviseur & croisements normaux qui admet au moins un point singulier.

Supposons dorénavant gSen’est pas quadratique ordinaire et gieest un point singulier du diviseur
réduitd ~1(Sing(S)). Considérons des coordonnées localds:= (Xf, XJ') en P qui définissent le lieu
60~1(Sing(S)) p. Alors le sous-ensemble suivant de I'algébtr@e dépend pas du choix d&&” en P :

Dp(S) :={h e A—{0}, 6*(h)p aun terme dominant dans les coordonn?é@%.

DEFINITION 3.2.— Lesemi-groupe d& associé aP, notél'p(S), est le sous-semi-groupe suivant de
(N2, +) : Tp(S) := {vyr (0*(h)p), h € Dp(S)}.

En abrégé, notre résultat principal est le suivant :

THEOREME 3.1. — Le semi-group&'(f) est naturellement isomorphe au semi-grolip€s).

Dans la Section 1 nous expliquons nos motivations, puis dans la Section 2 nous donnons les définitions
principales de ce travail. Dans la Section 3 nous énong¢ons nos résultats et dans la Section 5 nous esquissons
la preuve du Théoréme 3.1. Auparavant, nous dédions la Section 4 a I'un des outils principaux de cette
preuve, les développements suivantdemi-racines’'un polyndme quasi-ordinaire.

1. Motivations

A classical way to study a ger@of irreducible complex analytic plane curve is to introduce its Newton—
Puiseux series in some coordinate systemY), which allows one to define its so-called characteristic
exponents. If the coordinates are generic — which means that-thés and the tangent cone to the curve
are transversal — the characteristic exponents do not depend of them and their collection is a complete
invariant of the embedded topological type of the curve.

Another way to study the germ is to associate to it a semigigupe set of intersection numbers ©f
with other germs. If a gern is defined by a functior, the intersection numbeC, D) is equal to the
order of vanishing of*(g |¢) at the base point af, wherev : C — C is the normalisation morphism 6f.

This shows thal” depends only of the analytic type of the ge€ém

An isomorphic semigroup is obtained considering the orders of the gg&igsvhereg varies inC{X, Y}
and¢ is a Newton—Puiseux series 6fin the coordinatesX, Y). Seen as an abstract semigrolips also
a complete invariant of the embedded topological typ€ dfor the preceding claims, see [15] and [13].

In [5,6], Gonzéalez Pérez introduced an analogous semigroup associated to an irreducible quasi-ordinary
hypersurface germ by using a notion of initial form in a ring graded essentially by Newton polyhedra.
Using the topological invariance of the normalized characteristic exponents, proved by Gau and Lipman
[4,10], he showed that up to isomorphism, this semigroup does not depend on the quasi-ordinary projection.
Moreover, it is a complete invariant of the embedded topological type of the germ, and a fortiori it is an
analytic invariant of the germ.

In the case of surfaces, we give an algebraic proof of the fact that the semigroup defined by Gonzalez
Pérez does not depend on the coordinate system (Corollary 3.4). First, in fixed quasi-ordinary coordinates,
we restrict to series which have dominating terms and we define a semigroup (Definition 2.3) which can
be seen to coincide with the one of Gonzalez Pérez. Then we construct another semigroup (Definition 3.2)
which imitates the intrinsic one given before in the case of curves, and we show the isomorphism of the
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two semigroups (Theorem 3.3). Moreover, we associate values in the semigroup to some elements in the
local ring of the quasi-ordinary germ of surface (Corollary 3.5). From the invariance of the semigroup we
deduce the analytic invariance of the normalized characteristic exponents (Corollary 3.7). Other proofs of
this fact were given by Lipman [8,9] and Luengo Velasco [11,12].

Detailed proofs of our results are given in [14].

2. Basic definitions

Letd > 1 be an integer. Define thegebra of fractional serieé{\X/} = Iim]\ﬁ>0 C{Xi/N, e, X;/N},
where X := (X1,...,Xy). If n € C?{\X/} can be writtenn = X" u(X), with m € Qi andu € 6{3?}
u(0,...,0) # 0, we say that; has adominating termand we define itsdlominating exponento be
vx(n) :=m.

Let A be a reduced equi-dimensional local complex-analytic algebra of dimesisiod (S, 0) a germ
of complex space such thés o ~ A.

DEFINITION 2.1.— The algebral and the germ(S, 0) are calledquasi-ordinaryif there exists a finite
morphismys from (S, 0) to a smooth space of the same dimension, whose discriminant is contained in a
hypersurface with normal crossings. Such a morphjsima calledquasi-ordinary

All germs of curves are quasi-ordinary. A germ of surface whose local algebra is isomorphic to
C{X1, X2, Y}/(Y? — X1X>) is quasi-ordinary, we call irdinary quadratic

Quasi-ordinary germs appear naturally in the Jung method of resolution of the singularities of a germ
by embedded resolution of the discriminant locus of a finite morphism from the germ to a smooth space
of same dimensionsge[7] for the case of dimension 2). Quasi-ordinary hypersurface germs were first
systematically studied by Lipman [8] wheh= 2, see also the survey [9]. This study was extended to any
d >2in[10].

Inthe special case in whichiis of embedding dimensiah+ 1, one can find an elemektin the maximal
ideal of A and local coordinateX on the target space gf such thaty, Y) embedsS, 0) in C? x C. By
the Weierstrass preparation theorem, the imagg by (i, Y), identified in the sequel witl¥, is defined
by a unitary polynomialf € C{X}[Y]. The discriminant locus of is defined by the discriminaty ( f)
of f. So one can choose the coordinaXei such a way thaf\y (f) has a dominating term.

DEFINITION 2.2.— Letf € C{X}[Y] be unitary. If Ay (f) has a dominating term, we say thatis
quasi-ordinary If A~ C{X}[Y]/(f), with f quasi-ordinary, we say that is aqo-defining polynomiadf
S and of the algebral.

By the theorem of Jung—Abhyankaefe[1,10]), which generalizes the theorem of Newton—Puiseux, if
f € C{X}[Y] is quasi-ordinary, then the s&t 1) of roots of f embeds canonically in the algetﬁ:‘/i)?}.

In the sequel, we consider alwaRs ) as a subset d€{X}.

A difficulty for extending the plane branch definition of the semigroup is that in dimensibrfractional
series may have no dominating ter®ne way to force the existence of a dominating term is to restrict to
those functions which do have one

Suppose thay is irreducible. Lett € R(f). We define the following multiplicative subsemigroup of

C{X}Y]—(f):
D(f) :={h e C{X}[Y]— (f), h(§) has a dominating terfn

This semigroup is independent of the chosen

DeFINITION 2.3. — Thesemigroup ofA4 with respect tof, denoted™(f), is the following subsemigroup
of (QL, +): T(f) = {ux (h(€), h € D(f))}.

All the differences of roots of have dominating terms, whose dominating exponents are totally ordered
for the componentwise order [8,10]. We call them tharacteristic exponentsf f and we denote them by
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A1 < <Ag, Ai = (AL, ..., AD),Vi € {1,..., G}. After possibly permuting the variableg, ..., X4,
we can suppose thatl, ..., AL) >jex -+ Z1ex (A9, ..., AL). We say thatf is normalizedwith respect to
S if eitherA% #0or Ay > 1. Lipman [8] proved that any irreducible quasi-ordinary germ of hypersurface
has normalized qo-defining polynomials, see also [9,10] and [5].

Following [10], we define inductively the abelian grouds := Z¢, My := M;_1+ZA;,Vk € {1,..., G}
and the successive indic®g := card My /M;_1), Yk € {1, ..., G}. Following [5,6] we define the vectors
A1:= A1, Ap = Np—1Ap_1+ Ax — Ax_1, Vk € {2,...,G}, ZG+1 1= 00.

Another way to force the existence of a dominating term is/tg/generalize that nlotifs}, Gonzalez
Pérez considered instead the Newton polyhedlig(n) of n € C{X} (seeSection 4). He proved that
the set of vertices ofVx(h(§)), where h varies throughC{X}[Y] — (f), is a semigroup equal to
N? + NA1 + --- 4+ NAg. The definition of'( ) we give leads to the same semigrospd[14]).

3. The results

In the sequel we suppose th@f, 0) is irreducible, quasi-ordinary of dimension 2 and embedding
dimension 3. Moreover, we suppose that 0 is not smootls.deet f be a go-defining polynomial of.
With our hypothesisf is irreducible.

Definev : S — S to be the normalisation morphism of the surfateThe germS is then of Jung—
Hirzebruch type ee[3]). Let 1 : R — S be the minimal resolution of the singular locus®fwhich is
either empty or a point. Define alsp: R — R to be either the blow-up morphism of the point(0)
if (vow)~1(SingS)) is smooth, or the identity o otherwise. Here Sing) denotes the singular locus
of S. In general it is not isolated. In [8,10], Lipman describes it in terms of the characteristic exponents of
any go-defining polynomial of.

Defined :=vopuon:R — S. Let 6* be the corresponding morphism of local algebras. Clearly,
6 depends only on the analytic type®fand not on any particular qo-defining polynomial.

LEMMA 3.1.— If the germS is not ordinary quadratic, the subset1(Sing(S)) of the smooth surface
R is a divisor with normal crossings which has at least one singular point.

Suppose in the sequel thétis not ordinary quadratiand thatP is a singular point 0 ~1(Sing(S)).
Take local coordinatex” := (Xf, X¥) at P that define the germi—1(Sing(S)) . Then the following
multiplicative subsemigroup of the algeb#adoes not depend on the choiceXof :

Dp(S) := {h e A— {0}, 6*(h)p has a dominating term in the coordinal?é@}.
The following definition generalizes the first one presented in Section 1 for plane curves:

DEFINITION 3.2.— Thesemigroup ofS with respect toP, denoted"p(S), is the following subsemi-
group of (N2, +): Tp(S) := {vyr (0*(h)p), h € Dp(S)).

Our main result is:

THEOREM 3.3. — Suppose that the ger&is not ordinary quadratic. Lef be a quasi-ordinary defining
polynomial ofS. For every singular pointP of the reduced diviso#~1(SingS)), the image of the
restriction mappingD(f) — A is contained in the seDp(S). It induces a well-defined mapping which
realises an isomorphism of semigroups

®p: T(f) — I'p(S),

vx ((§)) —> vxr (0 (hlS)P).
The case of an ordinary quadratic germ can be easily treated sepasetf4]).
As the left-hand semigroup does not depend on the choi¢earid the right-hand one does not depend
on the choice of qo-defining, we get:

COROLLARY 3.4.—As an abstract semigroupy( /) does not depend on the chosen defining polynomial
f of S. We call it the semigroup of, denoted™(S).
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As a by-product of the proof of Theorem 3.3, we get a way to associate to some elemdnésvaiue
in the semigroup™(S):

COROLLARY 3.5.— Let f be a qo-defining polynomial of the gehandé € R(f). If h € D(f), then
the dominating exponenty (h(£)), seen as an element of the abstract semigrbgg), depends only on
the image: |se A, and not on the choice of.

If Sing(S) has two irreducible components, then the imageDgf) in A obtained by restriction is
independent of the defining. This fact is no longer true if Sing) is irreducible (look atf := Y2 — X1 X3,
h:=Y € D(f) and change the quasi-ordinary projection).

Let G(S) be the group generated BYS) andE(S) := G(S) ®z R be the real vector space generated
by it. Denote byo (S) the convex cone generated bBYS) in E(S), the union of the nonnegative real
combinations of elements f(S). It is strictly convex. Letx! andu? be the smallest non-zero elements
of I'(S) situated on the two edges 61S). The following lemma shows that one can extract canonically
vectors onEr from the isomorphism type df(S):

LEMMA 3.6.— Foranyj > 1, if a1,...,a;_1 are already defined and verify(S) # Nu® + Nu? +
Na1 + --- + Nej_1, there exists a unique smallest elementof I'(S) not contained in the semi-group
Nut+Nu? +Nog + - - -+ Noj_1. After possibly permuting andx?, the components of, .. ., og Written
in the basisu®, u? coincide with the vectordy, ..., Ag of QfL associated to any normalized qo-defining
polynomial ofS.

Using this lemma, by generalizing the method used in [13] for plane curves, we get another corollary of
Theorem 3.3:

COROLLARY 3.7.— The characteristic exponents of a normalized qo-defining polynophiaf the
germS do not depend on the choice ff

4. Expansions according to semiroots

One of the main tools in the proof of Theorem 3.3 is Lemma 4.3 below, which generalizes the properties
of Abhyankar’s expansions in terms of semiroots in the plane branch sasf] and [13]). Semiroots
were introduced in the quasi-ordinary case by Gonzalez Pérez in [5].

DEFINITION 4.1. — Letus fixt € R(f). Take anyk € {0, ..., G}. A unitary polynomialf; € C{X}[Y]
is called ak-semirootof f if f; is of degreeV; - - - Ni, and fy € D(f) with vi (fi(€)) = Agy1. A (G + 1)-
tuple (fo, ..., fg) such thatvk € {0, ..., G}, fi is ak-semiroot of f is called acomplete system of
semirootdor f. These objects are independent of the choice of

Let (fo,..., fG) be a complete system of semiroots fofwhich always exists, for example the minimal
polynomials of suitable truncations gf see[5]). Generalizing [2], any: € C{X}[Y] can be uniquely
written ash = > cig..ig fo° - - f¢ , the summation being done over @+ 1)-tuples(io, . . ., i¢) € NO*1,
with 0 < iy < Nky1 — 1, Vk € {0, ..., G} (WhereNg41 := +00) andc;,...;; € C{X}.

DEFINITION 4.2.— The preceding equality is calléde ( fo, ..., fg)-adic expansiorof . The set
{(0, ..., iG), cigig # 0} is calledthe (fo, ..., fg)-adic support of:, denoted Supp,

,,,,,

Such expansions are the main tool in the proofs of the results quoted in the last paragraph of Section 2.

If y e C{X}, we define itNewton polyhedrony (n) to be the convex hull ilR¢ of the set Supp(n) +
Ri, where Supp () denotes the support gfwritten as a series is the variabl¥s

LEMMA 4.3.—If h = cigig [0 -+ 1 is the(fo, ..., fc)-adic expansion ok € C{X}[Y], then for
every¢ € R(f), the set of vertices of the Newton polyhedfa(ci,...i; (fo(E))0...(fg(£))'¢) are pairwise
disjoint, when(io, ..., i) varies through the fo, . .., f)-adic support of:.
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5. Sketch of the proof of Theorem 3.3

Denotey := ¥ o6 : R — C2.
As the image ofY € C{X}[Y] in A verifies the equatiorf (X1, X2, Y) = 0, one sees thdt |s can be
thought as an element &f( /). Denoting it by¢, one has the equality:

U (h(E)) =6%(h|s), YheC{X}Y]. (1)

One can choose as representative @ localisation to an open set of a toric morphisee{5] and [14]).
Indeed, one can construct a normalisation morphissuch that) o v is the localisation to an open set of
a toric morphism. Theny andn can also be realised as toric morphisms. With such representatives of the
morphisms, the poinP is an orbit of dimension 0 and one can chooseXércanonical toric coordinates.
With such coordinates, the morphighi is monomial, and using formula (1), we see tht is injective

In order to prove itssurjectivity, we must show that ih € C{X}[Y] verifiesh |s€ Dp(A), then one
can find another element € D(f) such thatvyr (6* (1 |s)p) = vxr (0*(h |S)P). AS f |s= 0, we can
suppose that deg) < deq f), after possibly making the euclidian divisionoby f. We consider then a
complete systenifo, ..., fg) of semiroots off and the(fo, ..., fg)-adic expansion of, which by our
hypothesis is of the form =" cig..ig 5"+ &G_‘ll. Using Lemma 4.3, we see that there exists a tuple

.....

vyr (OF(X™ féo - f&1 1s)p), Wherem is one of the vertices of the Newton polygdfy (cig-..is_,)- But
X”’féO e g”_*ll € D(f), which proves tha® p is surjective.
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