
C. R. Acad. Sci. Paris, Ser. I 335 (2002) 73–78

Statistique/Statistics
(Probabilités/Probability Theory)

Extreme values of particular non-linear processes

Dominique Guégan a, Sophie Ladoucette a,b

a École normale supérieure de Cachan, GRID, UMR CNRS 8534, 61, avenue du Président Wilson,
94235 Cachan cedex, France

b Banque de France, 41-1391 DGERI-DEER-Centre de Recherche, 31, rue Croix des Petits Champs,
75049 Paris cedex 1, France

Received 19 November 2001; accepted after revision 29 April 2002

Note presented by Paul Deheuvels.

Abstract We investigate the asymptotic behavior of the maxima of a general class of deterministic
chaotic processes – including the tent map and the logistic map –, of noisy chaotic
processes, and of the Gaussian long memoryk-factor Gegenbauer processes.To cite this
article: D. Guégan, S. Ladoucette, C. R. Acad. Sci. Paris, Ser. I 335 (2002) 73–78.  2002
Académie des sciences/Éditions scientifiques et médicales Elsevier SAS

Valeurs extrêmes pour des processus non linéaires particuliers

Résumé Nous étudions le comportement asymptotique des maxima d’une classe générale de
processus chaotiques déterministes – comprenant les applications tent et logistique –, de
processus chaotiques bruités et des processus longue mémoire gaussiens de Gegenbauer àk
facteurs.Pour citer cet article : D. Guégan, S. Ladoucette, C. R. Acad. Sci. Paris, Ser. I 335
(2002) 73–78.  2002 Académie des sciences/Éditions scientifiques et médicales Elsevier
SAS

Version française abrégée

Dans cette Note, nous nous intéressons au comportement extremal de certains processus stationnaires
non linéaires à partir du comportement asymptotique de leurs maxima. Nous considérons d’abord les
processus générés par une famille paramétrique d’applications chaotiques définie par le système (3), où le
paramètreν est tel que 1/2� ν � 2 (voir Hall et Wolff [9] et Lawrance et Spencer [11]). Nous considérons
aussi les processus générés par une version bruitée du système chaotique (3) pris enν = 2 définie par le
système (4), où(εn)n∈N est une suite de variables aléatoires indépendantes et identiquement distribuées
de densitéβ(a, b) (a, b > 0), indépendantes de(Xn)n∈N. Enfin, nous considérons les processus longue
mémoire de Gegenbauer àk facteurs définis par l’équation (5), où les paramètres sont tels que|di | < 1/2
si |υi |< 1, |di |< 1/4 si |υi | = 1, di �= 0, pouri = 1, . . . , k, et où(εn)n∈Z est un bruit blanc gaussien (voir
Giraitis et Leipus [4] et Woodward et al. [14]).
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Dans la suite,(Mn)n∈N désigne la suite du maximumMn = max(Z1, . . . ,Zn), n � 1, associée à un
processus(Zn)n∈N de fonction de distribution marginaleF . Les Théorèmes 2, 3 et 4 établissent la fonction
de distribution limite de la suite(Mn)n∈N associée respectivement aux processus dépendants (3), (4) et (5).

THÉORÈME 2. –Soit (Xn)n∈N un processus stationnaire associé au système(3) avecν fixé, dont la
fonction de densitéf est continue et strictement positive en1/2. Si (Xn)n∈N possède un indice extrémal
vérifiant0< θ � 1, alorsF appartient au domaine d’attraction de Weibull d’indice1/ν, i.e. :

P
{
c−1
n (Mn − dn) � x

} →�1/ν(x)

aveccn = (f (1/2)θn)−ν et dn = 1.

THÉORÈME 3. –Soit(Yn)n∈N un processus stationnaire associé au système(4) avec(εn)n∈N de densité
β(a, b) (a, b > 0). Si (Yn)n∈N possède un indice extrémal vérifiant0 < θ � 1, alors F appartient au
domaine d’attraction de Weibull d’indice(2b+ 1)/2, i.e. :

P
{
c−1
n (Mn − dn)� x

} → �(2b+1)/2(x)

aveccn = ( 4�(a+b)θn
(2b+1)π�(a)�(b)

)−2/(2b+1)
et dn = 2, où� est la fonction Gamma.

THÉORÈME 4. –Soit (Xn)n∈Z un processus stationnaire de Gegenbauer àk facteurs gaussien(5)
d’écart-typeσ , tel quemax(d1, . . . , dk) > 0. Alors,F appartient au domaine d’attraction de Gumbel, i.e.:

P
{
c−1
n (Mn − dn) � x

} →�(x)

aveccn = σ(2 logn)−1/2 etdn = σ
(
(2 logn)1/2 − log logn+log4π

2(2 logn)1/2
)
.

Les Théorèmes 2 et 3 sont basés sur l’existence et la non nullité de l’indice extrémalθ défini en (2). Ne
prouvant pas ce fait de manière théorique, nous proposons une méthode permettant l’estimation empirique
de cet indice. Ainsi, toutes les constantes de normalisations apparaissant dans les différents théorèmes
peuvent être estimées, et les résultats de cette Note peuvent être utilisés pour faire des calculs de risque par
le biais des quantiles extrêmes.

1. Introduction and background

Extreme value theory is an area of statistics devoted to the development of models and techniques
for estimating the behavior of unusual or rare events which are important in several domains, such as
meteorology, physics, biology, finance and internet traffic. In this Note, we investigate this theory for a
family of chaotic maps (the generalized tent family) representing deterministic dynamical systems, with or
without measurement noise, and for a particular class of long memory processes.

Throughout this Note, we denote by(Mn)n∈N the sequence of the maximum defined byMn =
max(Z1, . . . ,Zn), n � 1, associated with a process(Zn)n∈N with marginal distribution functionF , xF the
right end point of a distribution functionF , andg ∈ R+∞

δ a positive Lebesgue measurable function on
]0,+∞[ which is regularly varying at+∞ with indexδ ∈ R.

Let (Xn)n∈N be a sequence of independent and identically distributed (i.i.d.) random variables. The
classical extreme value theory deals with the distribution ofMn asn → +∞, and its central result is the
following theorem derived by Fisher and Tippett [3] and first proved rigorously by Gnedenko [5]. This
theorem gives the possible limiting forms for the distribution ofMn under linear normalizations.
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THEOREM 1. –Let (Xn)n∈N be a sequence of i.i.d. random variables. If for some sequences of constants
cn > 0 anddn ∈ R we have:

P
{
c−1
n (Mn − dn)� x

} → H(x) (1)

for some non-degenerate distribution functionH , thenH belongs to the type of one of the following three
distribution functions:

Fréchet: #α(x)=
{

0, x � 0,
exp(−x−α), x > 0, α > 0,

Weibull: �α(x)=
{

exp(−(−x)α), x � 0, α > 0,
1, x > 0,

Gumbel: �(x)= exp
(−e−x

)
, x ∈ R.

We say that the distribution functionF of a sequence of random variables(Zn)n∈N belongs to the domain
of attraction of a distribution functionH , and we writeF ∈ D(H), if (1) holds for some sequencescn > 0
anddn ∈ R. Necessary and sufficient conditions are known for each type of limit, involving the behavior of
the tail 1− F(x) (denoted byF(x)) asx increases to infinity.

Before defining the three kinds of models that we consider in this Note, we recall the definition of the
extremal index which turns out to be useful in the sequel. Following Leadbetter et al. [12], a stationary
process(Zn)n∈N has an extremal indexθ (0 � θ � 1) if for every τ > 0 there exits a sequence(un)n∈N

such that:

lim
n→+∞n

(
1− F(un)

) = τ and lim
n→+∞ P(Mn � un)= e−θτ . (2)

First of all, we consider the processes generated by a parametric family of chaotic maps defined by:

Xn+1 = ϕν(Xn)=
{

1− (1− 2Xn)
ν, 0 �Xn < 1/2,

1− (2Xn − 1)ν, 1/2 �Xn � 1,
(3)

where 1/2 � ν � 2. These processes are used for instance in engineering systems, see Lawrance and
Spencer [11]. This family of chaotic maps contains the tent map (ν = 1) and the logistic map (ν = 2)
and it is referred to as the generalized tent family, see Hall and Wolff [9]. Invariant densities associated with
the processes (3) are only known forν = 1/2 (the density isf (x)= 2(1−x), x ∈ [0,1]), ν = 1 (the density
is uniform on[0,1]) andν = 2 (theβ(1/2,1/2) density).

In the sequel, we also consider the processes generated by the following scheme:

{
Yn =Xn + εn, n ∈ N,

Xn = 4Xn−1(1−Xn−1), n ∈ N
∗, (4)

which is a noisy version of the system (3) whenν = 2, where(εn)n∈N is a sequence of i.i.d. random variables
independent of(Xn)n∈N with a density which belongs to theβ(a, b) class (a, b > 0). Such processes with
an additive noise whose density has a finite support are useful to take into account measurement errors.
They are extensively used in physics, see for instance Loreto et al. [13]. We choose this class of densities
for the noise since it contains the uniform density (a = b = 1) and theβ(1/2,1/2) density.

The last model we consider is the Gaussian long memoryk-factor Gegenbauer process(Xn)n∈Z defined
by:

k∏
i=1

(
I − 2υiB +B2)diXn = εn (5)
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with |di| < 1/2 if |υi | < 1, |di | < 1/4 if |υi | = 1, di �= 0 for i = 1, . . . , k, and(εn)n∈Z a Gaussian white
noise (seeGiraitis and Leipus [4] and Woodward et al. [14]). When max(d1, . . . , dk) > 0, the process (5) is
persistent since its spectral density explodes at least at one frequency. We investigate this process because
recently it has been proved that specific chaotic systems can also present long memory behavior, see Guégan
and Ladoucette [7] for the general logistic map and Guégan [6] for systems in higher dimension.

In the following section, we provide some results related to the extremal behavior of the processes (3),
(4) and (5) through the asymptotic behavior of their maxima.

2. Maxima’s limiting distribution of processes (3), (4) and (5)

The set of the invariant densities associated with the processes (3) which are continuous and strictly
positive at 1/2 is non empty (seethe casesν = 1/2, 1 and 2). Taking this property into account, we provide
in Theorem 2 the domain of attraction of the marginal distribution function associated with the process (3).

THEOREM 2. –Let (Xn)n∈N be a stationary process associated with the system(3) for a fixedν whose
density functionf is continuous and strictly positive at1/2. If (Xn)n∈N has an extremal index0< θ � 1,
then the distribution functionF of the process belongs to the domain of attraction of the Weibull distribution
with index1/ν, i.e.:

P
{
c−1
n (Mn − dn) � x

} →�1/ν(x)

with cn = (f (1/2)θn)−ν anddn = 1.

For instance, we getF ∈D(�1), cn = (θn)−1 anddn = 1 for the tent process (ν = 1), andF ∈ D(�1/2),
cn = (π/(2θn))2 anddn = 1 for the logistic process (ν = 2).

In Theorem 2 we assume that the extremal indexθ of the process (3) exists and is different from zero.
This assumption is also made in the next theorem for the process (4). Since we do not provide the theoretical
value ofθ in these two theorems, we shall discuss a method for estimating it in the next section.

In the following theorem, we provide the domain of attraction of the marginal distribution function of
the process (4).

THEOREM 3. –Let (Yn)n∈N be a stationary process associated with the system(4), assuming(εn)n∈N

has a β(a, b) density (a, b > 0). If (Yn)n∈N has an extremal index0 < θ � 1, then the distribution
function F of the process belongs to the domain of attraction of the Weibull distribution with index
(2b+ 1)/2, i.e.:

P
{
c−1
n (Mn − dn)� x

} → �(2b+1)/2(x)

with cn = ( 4�(a+b)θn
(2b+1)π�(a)�(b)

)−2/(2b+1)
anddn = 2, where� denotes the Gamma function.

We now establish the limiting distribution of the suitably normalized maximum associated with the
Gaussian long memory process (5) when it is persistent.

THEOREM 4. –Let (Xn)n∈Z be a stationary Gaussiank-factor Gegenbauer process(5) with standard
deviationσ , such thatmax(d1, . . . , dk) > 0. Then, the distribution functionF of the process belongs to the
domain of attraction of the Gumbel distribution, i.e.:

P
{
c−1
n (Mn − dn) � x

} →�(x)

with cn = σ(2 logn)−1/2 anddn = σ
(
(2 logn)1/2 − log logn+log4π

2(2 logn)1/2
)
.

In establishing the limiting distribution of their maxima, we extend the Theorem 1 of Fisher–Tippett [3]
to the non-linear dependent processes (3), (4) and (5). Proofs are given in Section 4 and details can be found
in Guégan and Ladoucette [8].
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3. Estimation of the extremal index

Theorems 2 and 3 are based on the assumption of the existence of the extremal indexθ and of its strict
positivity. In this section, we propose to estimateθ for both processes (3) and (4) using simulations.

We choose the blocks method which involves dividingN given data intom blocks of lengthn and setting
a high thresholdu. A natural estimator ofθ is θ̂ = Ku/Nu, whereKu andNu are respectively the number
of blocks and the number of observations that exceed the threshold. In order to get the properties of this
estimator, we propose a simulation approach. Indeed, Hsing [10] has proved the asymptotic normality of
this estimator under particular conditions, but we are unable to verify these conditions for the processes
we consider here. The general method that we use is the following. We simulates realizations of length
N = mn of a process withs different initial conditionsX0. We obtains estimated valueŝθ1, . . . , θ̂s of θ

and we calculatêθ = (
∑s

i=1 θ̂i )/s and its standard deviation̂σθ =
√
(
∑s

i=1(θ̂i − θ̂ )2)/s.
As examples, we consider the system (3) withν = 1 andν = 2. In both cases, we fixm = n = 200 and

s = 100. The thresholdu is chosen such that the ratiosKu/m andNu/mn are small enough. Then, for
ν = 1 we chooseu = 0.9950 and forν = 2 we chooseu = 0.9999. We obtain̂θ = 0.98 andσ̂

θ̂
= 0.02 for

the tent process (ν = 1), andθ̂ = 0.99 andσ̂
θ̂

= 0.01 for the logistic process (ν = 2). Other examples can
be found in Guégan and Ladoucette [8].

The extremal index is a measure of the clustering tendency of extremes:θ = 1 for sequences of i.i.d.
random variables but the converse is false. Here, it turns out that the estimated values ofθ are close to one
whereas the simulated processes are dependent.

Using the estimate obtained forθ , we can deducêcn, an estimate for the normalizing constantscn which
appear in both Theorems 2 and 3. Then, we can provide estimates for the normalizing constants which
appear in all the theorems and the results of this Note can be used for computing quantile risk measures.

4. Proofs

Proof of Theorem2. – We assume that(Xn)n∈N has an extremal index 0< θ � 1. We havexF = 1.
Following Hall and Wolff [9], we consider the pre-image of a general point 1− x−1, x > 1, and we get:

f
(
1− x−1) = (2ν)−1x1−1/ν(f (

1/2
(
1+ x−1/ν)) + f

(
1/2

(
1− x−1/ν))).

Then, we have the asymptotic expansionf (1 − x−1) ∼ ν−1f (1/2)x1−1/ν asx → +∞, i.e.f (1− x−1) ∈
R+∞

1−1/ν . Using a Karamata’s theorem (seeTheorem 1, p. 281 in Feller [2]), we haveF(1 − x−1) ∼
f (1/2)x−1/ν asx → +∞, i.e.F (1− x−1) ∈R+∞

−1/ν .
Using Theorem 1.6.2 and Corollary 3.7.3 of Leadbetter et al. [12], we conclude thatF ∈ D(�1/ν),

cn = (f (1/2)θn)−ν anddn = 1, and the theorem is proved.

Proof of Theorem3. – Assume that(Yn)n∈N has an extremal index 0< θ � 1. The invariant densities of
(Yn)n∈N, (Xn)n∈N and(εn)n∈N are respectively denoted byf , g andh. It is obvious thatxF = 2. Forx � 1,
we have:

f
(
2− x−1) =

∫ 1

1−x−1
g(y)h

(
2− x−1 − y

)
dy

= �(a + b)

�(a)�(b)

∫ +∞

x

y−2g
(
1− y−1)(x−1 − y−1)b−1(1+ y−1 − x−1)a−1 dy.

Using Karamata’s theorem, we getf (2 − x−1) ∼ 2�(a+b)
�(a)�(b)

x−bg(1 − x−1) asx → +∞, i.e.f (2 − x−1) ∈
R+∞

(1−2b)/2. Then, we apply again Karamata’s theorem to obtain
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F
(
2− x−1) ∼ 2

2b+ 1
x−1f

(
2− x−1) ∼ 4�(a + b)

(2b+ 1)�(a)�(b)
x−(b+1)g

(
1− x−1)

∼ 4�(a + b)

(2b+ 1)π�(a)�(b)
x−(2b+1)/2

asx → +∞, i.e.F(2− x−1) ∈R+∞
−(2b+1)/2.

Using Theorem 1.6.2 and Corollary 3.7.3 of Leadbetter et al. [12], we conclude thatF ∈ D(�(2b+1)/2),

cn = ( 4�(a+b)θn
(2b+1)π�(a)�(b)

)−2/(2b+1) anddn = 2, and the theorem is proved.

Proof of Theorem4. – A stationary Gaussian process whose autocovariance functionγ satisfies the decay
rate conditionγ (n) logn → 0 asn → +∞ of Berman [1] belongs to the Gumbel domain with the same
normalizing constants as in the i.i.d. case (seeTheorem 4.3.3 of Leadbetter et al. [12]). Since it has a
causal representation, the process (5) is Gaussian. From the expression of the asymptotic behavior of its
autocovariance functionγ given in Giraitis and Leipus [4], we obtain:

∣∣γ (n)∣∣ �
∑

i=1,...,k:di>0

An2d∗
i
−1(B + o(1)

)
asn→ +∞

with d∗
i = di if |υi |< 1 andd∗

i = 2di if |υi | = 1 (i = 1, . . . , k : di > 0), and withA andB two finite positive
constants. Since 2d∗

i − 1< 0, we haven2d∗
i
−1 logn → 0 asn → +∞. Hence, Berman’s condition holds,

and the theorem is proved.
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