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Abstract We classify the holonomic systems of (micro) differential equations of multiplicity one
along a singular Lagrangian irreducible variety contained in an involutive submanifold of
maximal codimension. We show that their solutions are related tokFk−1 hypergeometric
functions on the Riemann sphere.To cite this article: O. Neto, P.C. Silva, C. R. Acad. Sci.
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Systèmes holonomes avec solutions ramifiées le long d’un cusp

Résumé On classifie les systèmes holonomes d’équations (micro) differentielles de multiplicité un
dont le support est un espace analytique complexe Lagrangien, singulier, irréductible et
contenu dans une sous-varieté lisse de codimension maximal. On montre que leur solutions
sont en rapport avec des fonctionskFk−1 hypergeométriques sur la sphère de Riemann.
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Version française abrégée

Dans la suitek et n sont des entiers positifs tels que 2� k � n − 1 et (k, n) = 1. On définitϑ =
x∂x + (n/k)y∂y . SoientIt la matrice identité d’ordret etNt le bloc de Jordan nilpotent d’ordret .

THÉORÈME 1. – SoitL un C{x}-module libre de dimensionk. Soit∇ un endomorphismeC-linéaire
deL tel que∇(f u)= x(df/dx)u+ f∇u pourf ∈ C{x}, u ∈ L. Soitp un endomorphismeC{x}-linéaire
deL tel que[∇,p] = ((n− k)/k)p etpk = (n/k)kxn−k.

Alors il y a des nombres complexesλi , i ∈ Z, et générateurs deL, ui , i ∈ Z, tels que(1) soit vérifiée,
ui+k = ui , (u0, . . . , uk−1) soit une base deL, ∇ui = λiui etpui = (n/k)xαi ui+1, i ∈ Z.

On va noterR la C-algèbreC{x,p, t1, . . . , tm−2}/(pk − (n/k)kxn−k). La dérivationx∂x + ((n −
k)/k)p∂p deC{x,p, t1, . . . , tm−2} induit une dérivation� deR.

THÉORÈME 2. – SoitL un R-module sans torsion de type fini et rang un. Soit∇ un endomorphisme
C-linéaire deL tel que∇(f u)=�(f )u+ f∇u pourf ∈R, u ∈ L.
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Si les∂tj , 1 � j � m − 2, agissent surL comme des endomorphismesC-linéaires tels que∂tj (f v) =
(∂f/∂tj )v+f ∂tj v, 1 � j �m− 2, f ∈ R, v ∈L, alorsL estC{x, t1, . . . , tm−2}-libre de rangk. De plus, il
y a des nombres complexesλi , i ∈ Z, et des générateurs deL, vi , i ∈ Z, tels quevi+k = vi , (v0, . . . , vk−1)

soit une base duC{x, t1, . . . , tm−2}-moduleL et (1), (5) soient verifiées.

Preuve. –Supposonsm = 2. PuisqueL est unR-module de type fini etR est unC{x}-module de type
fini, L est unC{x}-module de type fini. PuisqueC{x} est un domaine d’ideaux principaux etL est un
C{x}-module sans torsion,L est C{x}-libre de dimension finie, disonsl. Soit K le corps des fractions
deR. Puisque les anneauxC{x}[x−1][p]/(pk − (n/k)kxn−k) et C{x}[x−1] ⊗C{x} R sont isomorphes et
puisquepk−(n/k)kxn−k définit un polynôme irréductible sur le corpsC{x}[x−1], C{x}[x−1]⊗C{x}R �K.
PuisqueR est C{x}-libre de rangk, K est un espace vectorial surC{x}[x−1] de dimensionk. Puisque
C{x}[x−1] ⊗C{x} L� K ⊗R L etL est unR-module de rang un,K est un espace vectoriel surC{x}[x−1]
de dimensionl. Ceci entrâine l’egalitél = k. Par le Théorème 1 on a le résultat pourm= 2. Le cas général
est prouvé par induction enm. ✷

THÉORÈME 3. – Les systèmes holonomes de multiplicité un sont réguliers holonomes.

PROPOSITION 4. – Soit� le germe enq ∈ T ∗X \X d’un ensemble analytique Lagrangien, conique et
irréductible. SoitM la fibre au pointq d’un EX-module holonome de multiplicité un le long de�. SoitN le
réseau canonique deM (voir Théorème5.16de [3]). AlorsN/N(−1) est unO�,q (0)-module sans torsion
de type fini et rang un.

THÉORÈME 5. – Soientc, λ′
i , i = 0, . . . , d − 1, des nombres complexes tels quec ∈ (C \ R)∪]0,1[,

λ′
i �= 0, for all i, et {λ′

i − λ′
j : 0 � i, j � d − 1} ∩ (cN + (1 − c)N) ⊂ {0}. Alors il y a une solution,

unique, du problème microdifferentiel de Cauchy(6) où A0 = diag(λ′
0, . . . , λ

′
d−1), U ∈ Md(EX,(0,dy)(0)),

etA−1 ∈ Md (EX,(0,dy)(−1)).

Étant donnés des nombres complexesλi , i ∈ Z, tels que (1) soit vérifié, on noteM(λi) (resp.L(λi)) le
ECm-module (resp.DCm-module) engendré parui , i ∈ Z, vérifiant les rélations (7).

THÉORÈME 6. – Étant donné un système d’équations microdifferentiellesM de multiplicité un le long
du conormal de l’hypersurface deCm, yk = xn, il y a des nombres complexesλi , i ∈ Z, tels que(1) soit
vérifiée etM(0,dy) soit isomorphe à(M(λi))(0,dy).

Preuve. –Soit N le réseau canonique deM. La fibre au point(0,dy) de O�(0) est égale àR. On
va noterM, N et L les fibres au point(0,dy) des faisceauxM, N et N /N (−1) respectivement. Par la
Proposition 4,L est unR-module sans torsion de type fini et rang un. L’operateurϑ agisse surR comme la
dérivation�. De plus,[ϑ,p] = Hσ(ϑ)(p) = ((n− k)/k)p. En définissant∇ = ϑ , on conclût queL vérifie
les conditions du Théorème 2. Soientvi , i ∈ Z, des générateurs pourL vérifiant (5). Il existentui ∈ N ,
i ∈ Z, tels quevi = ui +N(−1) etui+k = ui, i ∈ Z. Lesui ’s engendrent leEX,(0,dy)(0)-moduleN . De plus,
(∂x∂

−1
y )ui + (n/k)xαi ui+1 et (ϑ − λi)ui ∈ N(−1). Par le Théorème 5 on peut supposer queϑui = λiui .

Par une variation de l’argument de la preuve du Théorème 1(∂x∂
−1
y )ui + (n/k)xαi ui+1 ∈N(−l) pour tous

l � 1. Donc(∂x∂−1
y )ui = −(n/k)xαiui+1, i ∈ Z. ✷

THÉORÈME 7. – Soit L le germe à l’origine d’unDCm -module coherent de varieté caractéristique
l’union du conormal de l’hypersurfaceyk = xn avec la section nulle. AlorsL a multiplicité un le long
du conormal deyk = xn et on a un isomorphisme de espaces vectoriels complexes∂y : L0 → L0 si et
seulement si il y a des nombres complexesλi , i ∈ Z, tels que(1), (11) soient vérifiées etL soit isomorphe
à L(λi).

Le Théorème 7 c’est une conséquence du Théorème 6 et du Théorème 8.6.19 de [2].
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On définit v(x, y, t) = y−λ0k/nu0(x, y, t). Puisqueϑv = 0, v est constant le long des fibres de
l’application γ : (C2 \ {(0,0)}) × Cm−2 → P1, définit par γ (x, y, t) = (xn : yk). Alors il existe une
fonctionϕ multivaluée holomorphe surP1 \ {0,1,∞}, telle queu0(x, y, t) = yλ0k/nϕ(yk/xn). De plus,
ϕ est une solution d’une equation differentielle hypergeométriquekFk−1.

Let k, n be integers s.t. 2� k � n − 1 and(k, n) = 1. Let X be a complex manifold of dimension
m. Let π : T ∗X → X be the cotangent bundle ofX. Let � be a germ of a conic Lagrangian subvariety
of T ∗X \ X. By Theorem 8.3 of [7], if� is singular and irreducible and� is contained in an involutive
submanifold ofT ∗X\X of codimensionm−1, there exist a system of local coordinates(x, y, t1, . . . , tm−2)

s.t.� can be identified with the conormal of the hypersurfaceyk = xn. These are the singular Lagrangian
varieties with milder singularities. We can find in [7], Theorem 8.6, the classification of the systems of
microdifferential equations with simple characteristics along�. The purpose of this paper is to classify
the systems of microdifferential equations of multiplicity one along�. As a consequence we obtain a
classification theorem forD-modules. For a topological approach to this problem cf. [5].

1. Main result

We denote the identity matrix of ordert by It and the nilpotent Jordan block of ordert byNt .

LEMMA 1. – Letα ∈ C andY ∈ Mµ×ν(C{x}[x−1]) s.t.(x(d/dx)−α)Y = YNν −NµY . If α /∈ Z, Y = 0.
If α ∈ Z, Y = Cxα , whereC ∈ Mµ×ν(C) s.t.CNν −NµC = 0.

THEOREM 2. – LetL be a freeC{x}-module of dimensionk. Let∇ be aC-linear endomorphism ofL
such that∇(f u) = x(df/dx)u+ f∇u, f ∈ C{x}, u ∈ L. Letp be aC{x}-linear endomorphism ofL s.t.
[∇,p] = ((n− k)/k)p andpk = (n/k)kxn−k .

There exist complex numbersλi , i ∈ Z, and a system of generators ofL, ui , i ∈ Z, s.t.

λi+k = λi, αi := λi − λi+1 + (n− k)/k is a nonnegative integer, (1)

ui+k = ui , (u0, . . . , uk−1) is a basis ofL, ∇ui = λiui andpui = (n/k)xαiui+1, i ∈ Z.

Proof. –If A= (ai,j ), B = (bi,j ) are respectively the matrices of∇, p w.r.t. a basis(u0, . . . , uk−1) of L,(
x

d

dx
− n− k

k

)
B = [B,A]. (2)

Assume the additional hypothesisA is constant. We can assume thatA is the direct sum ofl Jordan
blocksAr of sizemr and eigenvalueλr , 0� r � l− 1, where 1� l � k. Consider the block decomposition
B = (Br,s), 0 � r, s � l − 1, Br,s ∈ Mmr×ms (C{x}). Let Ar = λrImr + Nmr be the decomposition of the
Jordan blockAr into semisimple and nilpotent parts. We get a block decomposition[B,A] = (Br,sAs −
ArBr,s), Br,sAs − ArBr,s = (λs − λr)Br,s + Br,sNms − NmrBr,s . Hence(x(d/dx) + λr − λs − (n −
k)/k)Br,s = Br,sNms − NmrBr,s . By Lemma 1 there are matricesCr,s ∈ Mmr×ms (C), 0 � r, s � l − 1,
s.t.Br,s = Cr,sx

λs−λr+(n−k)/k. HenceBr,s = 0 orλs − λr + (n− k)/k ∈ Z. By the assumptions onk andn,

Br,r = 0 and Br0,r1,Br1,r2, . . . ,Brt−1,rt �= 0⇒ Br0,rt = 0 for t = 2, . . . , l − 1. (3)

In particular l � 2. SinceBk = (n/k)kxn−kIk , there are integersi0, . . . , ik−1, s.t. 0� ij � l − 1 and
Bi0,i1Bi1,i2 · · ·Bik−1,i0 �= 0. If 0 � r < s � k − 1, ir �= is . Otherwise there would exist a constant matrix
C �= 0 s.t.Bir ,ir+1 · · ·Bis−1,is = x(s−r)(n−k)/kC and(s − r)(n− k)/k ∈ Z. Hencel = k andj �→ ij defines
a circular permutation of{0, . . . , k − 1}. We can assumeBj,i �= 0 if j ≡ i + 1 (modk), i = 0, . . . , k − 1.
By (3) Bj,i = 0 if j �≡ i + 1 (modk), i = 0, . . . , k − 1. ThusA is a diagonal matrix with eigenvaluesλi ,
0 � i � k − 1. Moreover,pui = Ci+1,ix

αi ui+1, whereαi = λi − λi+1 + (n− k)/k, i ∈ Z, andλj = λi if
j ≡ i (modk). By Lemma 1,αi ∈ Z. Since(ul, . . . , ul+k−1) is a basis of theC{x}-moduleL, αi � 0. Up
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to aC-linear change of basis,Ci+1,i = n/k for 0 � i � k − 1. The reduction of the general case to the case
A is constantis a variation on a standard manipulation of shearing transformations.✷

It follows from (1) thatαi+k = αi , for all i, and
∑k−1

i=0 αi = n− k.
Let R denote theC-algebraC{x,p, t1, . . . , tm−2}/(pk − (n/k)kxn−k). The derivationx∂x + ((n −

k)/k)p∂p of C{x,p, t1, . . . , tm−2} induces a derivation� of R.

THEOREM 3. – LetL be a finitely generated torsion-freeR-module of rank one. Let∇ be aC-linear
endomorphism ofL s.t.

∇(f u)=�(f )u+ f∇u, f ∈R, u ∈L. (4)

If ∂tj , 1 � j � m − 2, act onL as C-linear endomorphisms and∂tj (f v) = (∂f/∂tj )v + f ∂tj v, 1 � j �
m− 2, for f ∈ R andv ∈ L, L is a freeC{x, t1, . . . , tm−2}-module of rankk. Moreover, there are complex
numbersλi , i ∈ Z, and a system of generators ofL, vi , i ∈ Z, s.t.(1) holds,vi+k = vi , (v0, . . . , vk−1) is a
basis ofL as aC{x, t1, . . . , tm−2}-module and

∇vi = λivi , pvi = (n/k)xαi vi+1, ∂tj vi = 0, 1 � j �m− 2. (5)

Proof. –Assumem = 2. SinceL is a finitely generatedR-module andR is a finitely generatedC{x}-
module,L is a finitely generatedC{x}-module. SinceC{x} is a principal ideal domain andL is a torsion-
free C{x}-module,L is a finitely freeC{x}-module. Letl be the dimension of theC{x}-moduleL. Let
K be the quotient field ofR. Since the ringsC{x}[x−1][p]/(pk − (n/k)kxn−k) andC{x}[x−1] ⊗C{x} R
are isomorphic andpk − (n/k)kxn−k is irreducible overC{x}[x−1], C{x}[x−1] ⊗C{x} R is a field. Hence
C{x}[x−1] ⊗C{x} R→̃K. SinceR is C{x}-free of rankk, K is aC{x}[x−1]-vector space of dimensionk.
SinceC{x}[x−1] ⊗C{x} L is isomorphic toK ⊗R L andL is anR-module of rank one,K is aC{x}[x−1]-
vector space of dimensionl. Hencel = k. The result follows from Theorem 2.

The general case is proved by induction inm. Assumem = 3. Set t = t1. The C{x,p}-module
L̃ = L/(t)L verifies the assumptions of the theorem form = 2. Let ṽi , 0 � i � k − 1, be a basis of̃L.
Choosevi , 0 � i � k − 1, s.t.ṽi = vi + (t)L. Let M be theC{x, t}-module generated by thevi ’s. Since
L=M+ (t)lL for all l,M = L (see[6], Proposition II. 1.1.3.). If

∑k
i=1 aivi = 0,ai ∈ (t) for 0 � i � k−1.

Henceai ∈ (t)l for 0 � i � k − 1, l � 1. Thereforevi , 0� i � k − 1, is a basis ofL. After performing a
base change coming from the solution of Cauchy problem we can assume that(∂vi/∂t)= 0, 0� i � k− 1.
Since∇vi − λvi , pvi − (n/k)xαi vi+1 ∈ (t)L, relations (5) hold. ✷

THEOREM 4. – Holonomic systems of multiplicity one are regular holonomic.

Proof. –A nonvanishing sectionu of a holonomicE-moduleM of multiplicity one along� is a local
generator ofM. SetM = EX(0)u/EX(−1)u. By the definition of multiplicity of [6] (Appendix D), there
is a dense open subsetU of the support ofu s.t. (I� ⊗ M)|U = 0. Henceu|U is a generator with simple
characteristics ofM|U . ThereforeM is regular holonomic at a generic point of�. ✷

PROPOSITION 5. – Let � ⊂ T ∗X \ X be the germ at a pointq of an irreducible conic Lagrangian
variety. LetM be the fiber atq of a holonomicEX-module of multiplicity one along�. Let N be its
canonical lattice(see [3], Theorem5.16). ThenN/N(−1) is a finitely generated torsion freeO�,q (0)-
module of rank one.

THEOREM 6. – Consider the microdifferential Cauchy problem

[cx∂x + y∂y,U ] − [A0,U ] −A−1U = 0, σ0(U)
(
(0,dy)

) = Id , (6)

whereU ∈ Md (EX,(0,dy)(0)), c ∈ (C \ R)∪]0,1[, A0 ∈ Md(C) and A−1 ∈ Md(EX,(0,dy)(−1)). If A0 is
semisimple with eigenvaluesλ′

0, . . . , λ
′
d−1 verifying {λ′

i − λ′
j : 0 � i, j � d − 1} ∩ (cN + (1 − c)N)⊂ {0}

there is one and only one solution of(6).
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Setϑ = x∂x + (n/k)y∂y . Let λi , i ∈ Z, be complex numbers s.t. (1) holds. We denote byM(λi) the
ECm-module given by the generatorsui , i ∈ Z, and relations

ui+k = ui, (ϑ − λi)ui = 0, ∂xui = −(n/k)xαi ∂yui+1, ∂tj ui = 0, 1 � j �m− 2. (7)

We denote byL(λi) theDCm-module given by the same sets of generators and relations.

THEOREM 7. – Let X be a complex manifold of dimensionm. Let � be the germ atq ∈ T ∗X of an
irreducible conic Lagrangian variety contained in an involutive submanifold ofT ∗X \ X of codimension
m − 1. Given a system of microdifferential equationsM of multiplicity one along�, there are complex
numbersλi , i ∈ Z, s.t.(1) holds and, after a convenient quantized contact transformation, the germ atq of
M is isomorphic toM(λi).

Proof. –LetN be the canonical lattice ofM. By the remarks in the first paragraph of this Note the germ
at (0,dy) of O�(0) equalsR. LetM, N andL denote, respectively, the germs at(0,dy) of the sheavesM,
N andN /N (−1). By Proposition 5L is a finitely generated torsion freeR-module of rank one.

Since [ϑ,EX(0)] ⊂ EX(0) and [ϑ,I�(−1)] ⊂ I�(−1), the operatorϑ acts onR as a derivation by
ϑ(f ) = σ0([ϑ,P ]) = {σ(ϑ), σ0(P )} = Hσ(ϑ)(f ), whereP ∈ EX(0) s.t. σ0(P ) = f . The Hamiltonian
vector fieldHσ(ϑ) equalsx∂x + (n/k)y∂y + ((n− k)/k)p∂p − η∂η. Henceϑ acts onR as the derivation�
and[ϑ,p] = Hσ(ϑ)(p) = ((n− k)/k)p. By the regularity conditionsϑN (k) ⊂ N (k) and∂tjN (k) ⊂ N (k)

for k ∈ Z and 1� j �m−2. If u ∈N , v = u+N (−1), P ∈ EX(0) andf = σ0(P ), ϑPu= [ϑ,P ]u+Pϑu.
Setting∇ = ϑ we deduce that (4) holds. HenceL verifies the conditions of Theorem 3.

Let vi , i ∈ Z, be a system of generators ofL s.t.vi+k = vi and (5) holds. There areui ∈N , i ∈ Z, s.t.

vi = ui +N(−1) and ui+k = ui, i ∈ Z. (8)

Theui ’s generate theEX,(0,dy)(0)-moduleN . Moreover,(
∂x∂

−1
y

)
ui + (n/k)xαi ui+1, (ϑ − λi)ui ∈ N(−1). (9)

By Theorem 6 we can choose theui ’s verifying (8), (9) and s.t.ϑui = λiui . A variation on the argument of
the proof of Theorem 2 shows that(∂x∂−1

y )ui + (n/k)xαi ui+1 ∈ N(−l) for all l � 1. Hence(∂x∂−1
y )ui =

−(n/k)xαiui+1, i ∈ Z. ✷
2. D-modules

Given a ringR and an elementε ∈R, we use Pochammer’s notation(ε)j = ε(ε + 1) · · · (ε + j − 1).

THEOREM 8. –Let L be the germ at the origin of a coherentDCm-module with characteristic variety
equal to the union of the conormal of the hypersurfaceyk = xn with the zero section. ThenL has multiplicity
one along the conormal ofyk = xn and

∂y : L0 →L0 (10)

is an isomorphism of complex vector spaces if and only if there are complex numbersλi , i ∈ Z, verifying(1)
s.t.L is isomorphic toL(λi) and

λi /∈ (n/k){−1,−2, . . .}, 0� i � k − 1. (11)

Proof. –Let us show that the condition (11) is necessary. Setq = (0,dy). By Theorem 8.6.19 of [2] and
Theorem 7,L is isomorphic to someD-moduleL(λi). Hence

y∂yul = (k/n)λlul + xαl+1∂yul+1, ∂tj ul = 0, l = 0, . . . , k − 1, j = 1, . . . ,m− 2. (12)

It follows from (12) and (7) that we have an isomorphism of complex vector spaces

(L(λi))0
∼=

k−1⊕
i=0

(C{x}[∂y] ⊕ yC{x, y})ui. (13)
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SetV = ⊕k−1
l=0 (C{x}[∂y] ⊕ yC{x}[y])ul. Setδl,i = i + αl + · · · + αl+i−1, 0 � l � k − 1, i � 0. Assume

that (10) is injective. We will show by induction inr thatλl /∈ (n/k){−1,−2, . . . ,−r}. Set

Qj,l = xδl,j+1ul+j+1 +
j∑

i=1

k
λl+i

n
xδl,i Rj−i,l+i , Rj,l =

(
k
λl

n
+ j + 1

)−1(
yj+1ul −Qj,l

)
, (14)

for 0 � l � k − 1, 0� j � r. Since

∂y
(
yr+1ul −Qr,l

) = (
λl(k/n)+ r + 1

)
yrul (15)

and sinceQr,l is aC{x}-linear combination ofyjul , 0� j � r, 0� l � k−1,λl(k/n)+ r+1 �= 0. Assume
that (11) holds. There are complex numbersbl,r,s , s ∈ N, s.t.

(∂yy)sul =
(
(kλl/n)+ 1

)
s
ul +

s∑
r=1

bl,r,sx
δl,r ∂ryul+r . (16)

Since (∂yy)s = (∂y)
sys , ((k/n)λl + 1)s∂−s

y ul = ysul − ∑s
r=1 bl,r,sx

δl,r ∂r−s
y ul+r ∈ ⊕k−1

l=0 C{x, y}ul.
Let W−s [V−s ], s ∈ N, be the C{x, y}-submodule of

⊕k−1
l=0 C{x, y}ul [C{x}[y]-submodule ofV ]

generated by∂−s
y ul , l = 0, . . . , k − 1. By the definition ofWs ,

⊕k−1
l=0 ECm,q (s)ul is contained inWs +⊕k−1

l=0 ECm,q(s − 1)ul , for all s � 0. Hence
⊕k−1

l=0 ECm,q (0)ul ⊂W0 + ⊕k−1
l=0 ECm,q (s)ul , for all s � 0.

By [6], Proposition II.1.1.3,
⊕k−1

l=0 C{x, y}ul = ⊕k−1
l=0 ECm,q (0)ul . Hence the inclusion(L(λi))0 ↪→

(M(λi))q is surjective. Let> denote theC{x}-linear endomorphism ofV defined by>(∂
j+1
y ul) = ∂

j
y ul ,

>(yjul)=Rj,l , j � 0. Notice that (10) induces aC{x}-linear endomorphism ofV . Moreover,

∂yV−s ⊂ V−s+1, ∂yW−s ⊂W−s+1 and >(V−s )⊂ V−s−1, s � 0. (17)

By (15),>(∂yy
jul)= yjul for j � 1. Hence the kernel of (10) is contained inW−s for s � 0. Thus (10) is

injective. By (17) and (14),∂y>(yjul)= yjul for 0 � l � k − 1, j � 0. Hence∂yL0 +W−s = L0 for all s.
By Proposition II.1.1.3 of [6], (10) is surjective. The result follows from Theorem 8.6.19 of [2].✷

Set v(x, y, t) = y−λ0k/nu0(x, y, t). Since ϑv = 0, v is constant along the fibers of the mapγ :
(C2 \ {(0,0)})× Cm−2 → P1 defined byγ (x, y, t)= (xn : yk). Hence there is a multivalued holomorphic
functionϕ on P

1 \ {0,1,∞}, s.t.u0(x, y, t) = yλ0k/nϕ(yk/xn). Setδx = x∂x andδy = y∂y . Notice that
(δxϕ) ◦ γ = −nδz(ϕ ◦ γ ), (δyϕ) ◦ γ = kδz(ϕ ◦ γ ) andδxui = −(n/k)xαi+1∂yui+1.

Since
[
(yk/xn)

∏k−2
j=0

(
δx − ∑j

i=0αi − j − 1
)
δx − (−(n/k))kyk∂ky

]
u0 = 0,[∏k−1

j=0

(
δz − j

k
+ λ0

n

) − zδz
∏k−2

j=0

(
δz + 1

n

∑j
i=0(αi + j + 1)

)]
ϕ = 0.

Thereforeϕ is a solution of akFk−1 hypergeometric differential equation (see[4,1]).
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