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Abstract Let © be adomain with Lipschitzian boundary of a compact Riemannian manifold (M, g)
and p > 1. We prove that we can make the volume of M arbitrarily close to the volume of
(2, g) whilethefirst eigenvalue of the p-Laplacian on M remains uniformly bounded from
below in terms of the the first eigenvalue of the Neumann problem for the p-Laplacian on
(2, g). Tocitethisarticle: A.-M. Matei, C. R. Acad. Sci. Paris, Ser. | 335 (2002) 255-258.
O 2002 Académie des sciences/Editions scientifiques et médicales Elsevier SAS

L'éffet des pérturbations sur la premiére valeur propre du
p-Laplacien

Résumé Soit © un domaine a bord Lipschitz d’ une variété riemannienne compacte (M, g) et p > 1.
Nous montrons qu’on peut rendre le volume de M arbitrairement proche du volume de
(2, g) tout en gardant la premiére valeur propre du p-Laplacien sur M uniformement
minorée en termes de la premiére valeur propre du probleme de Neumann pour le p-
Laplacien sur (2, g). Pour citer cet article: A.-M. Matei, C. R. Acad. Sci. Paris, Ser. |
335 (2002) 255-258. 0 2002 Académie des sciences/Editions scientifiques et médicales
Elsevier SAS

1. Preliminaries and main result

Let (M, g) be a compact Riemannian manifold. The p-Laplacian on (M, g) is defined by A, f :=
s(|df|P=2df), where s = —div, isthe opposite of the divergence. This operator may be seen as a natural
extension of the Laplace-Beltrami operator which correspondsto p = 2.

Thereal constants A for whichtheequation A, f = A| f |P=2 f hasnontrivial solutionsarethe eigenvalues
of A, and the associated solutions are the eigenfunctions.

It was proved that the set of the nonzero eigenvaluesis a nonempty, unbounded subset of 10, oo[ [2]. Its
infimum A1, , (M, g) isitself a positive eigenvalue called the first eigenvalue of A, and has the following
variational caracterisation [4]:
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Let Q beadomainin M and consider the Dirichlet problem associated to A, on Q:

{Apf=ulf|”_2f in Q,
f=0 on ag.

Thefirst eigenvalue for this problem 1.1 , (2, g), has the variational characterization

Jo ldf1Pvg
fsz | f1Pvg

We did not find in the literature the corresponding characterization for the Neumann problem for A ,. By
analogy with the linear case consider

Ml,p(Q’g)zinf{ fGW(lJ’p(Q,g)\{O}}.

fsz ldf 1P

AN o(«, )::inf{ :
Lp 8 Jal£1Pvg

feWhP(Q,2)\ {0}, / Iflp_zfvg=0}-
Q

Mimiking the proof of the closed case [4] one obtain that A’l\f »(£2, g) isthefirst nonzero eigenvalue for the
Neumann type problem

Apf=IfIP72f inQ,
df(n) =0 onog,
where n denotes the exterior unit normal vector field to 9<2.
A more general regularity result [3] says that the eigenfunctions for these problems are locally C1-*.
The main result of this Note is the following.

THEOREM 1.— Let (M, g) be a compact Riemannian manifold, p > 1 and Q ¢ M a domain with
Lipschitzian boundary. Then for any § > 0, there existsa metric g on M such that:
() gie=2;
(i) A1,p(M, &) > 27 (2,8 =3
(i) |Vol(M, §) —Vol(2, g)| <.

For p=2andm =dimM > 3, thisresult is contained in Theorem I11.1 of [1]; we use the same type of
metrics but the argumentsfrom the linear case do not apply to the nonlinear case.

The proof of Theorem 1 is based only on functional analysis in Sobolev spaces without using deeper
properties of the eigenfunctionsand allows us to consider the case of surfaces.

As a consequence of Theorem 1. we have

COROLLARY 2.— If 1 < p < m then Theorem 1 remains true if we replace (ii) by (ii’) A1, ,(M, &) —
AN (Q,9) <.
1,p » 8

2. Proof of Theorem 1

Part I: singular metrics. — For ¢ > 0 denoteby ¢, =1- xo + ¢ - xa\q and by

fM |df|p((ps)(m_p)/2‘)g
fM |f|p(§0£)m/2‘)g

Al,p<s)=inf{Rg<f> = FeWhP(M, )\ {0}, /M Ifl”_zf(wa)”'/zvgzo}-

Let § > 0. The am of this first part is to prove that there exists ¢ small enough such that 11 ,(¢) >
W (2.9) — 5 and e”/2Vol (M \ 2, g) < 3.
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We may assume that iy ,(e) is bounded from above by a constant ¢g as ¢ — 0. Since 9Q
is Lipschitzian, classical density arguments implies that there exists f. € WY?(M,g) \ {0} with
Jug 1 £e1P72 fo (9e)™/2v = 0 such that A1, (e) = Re(f:). Let A,, B; bethenodal domainsof £.. Then

ng |df£|p(‘ﬂs)(m_p)/21)g _ fBg |df£|P ((ps)(m—p)/ZUg

e _
R TATTPA T S, 1felP e 20

We claim that for ¢ small enough, f. changesign on Q. Indeed if for instance A, N 2 =@, then

Ja 10l (e, )20, mDI2 [ d P,
fA£|f£|p(§0s)m/2Vg 5m/2fA£|f£|pVg
> 7P 2p0 p(Ae, 8) = &P Pp1 (M \ Q. 9),
where the last inequality isdueto thefact that A, ¢ M \ Q.
It follows trlat for ¢ small enough, A, N Q # @ and B, N Q #£ (. Hence, therg existsia constant ¢, such
that the map f, = f." + c. f, satisfies the orthogonality condition on Q: [, | f.|?~2 f.v, = 0. Moreover
R:(f:) = Rs(f;) and therefore

co=A1,p(e) =

o JoldfelPug +8(m_p)/2fM\sz |dfe|Pvg
hp(e) = Re (i) = _ e .
fg|f£|p1’g+8 fM\Q|f£|pVg

D

We may normalise f; to have [, | fe|”v, = 1. Then since [, |df:|Pve < [3, 1dfel? ()™ =P/20, < co,
we have that (f;) is bounded in W1-P(2, g) as ¢ — 0. Since 9K is Lipschitzian, we may extract
a sequence ¢, — 0, such that there exists f € WL7(Q,¢) with f,, — f srongly in L?(Q,¢)
and weakly in W7(Q, g). The strong convergence gives [, |£17v, = liMyoo [o | fe,|7ve and the
orthogonality condition for f: [ | f1P=2fve = liMy—os [o | feu P2 fe, vy = 0. The weak convergence
implies [, [df17ve <liminf,_oo [o, 1dfe, 17 vg.

There are two possihilities:

e f 0. Wemay passto thelimitin (1) and obtain from the discussion above

dfs |? df|e
liminf A1, ,(e,) > liminf Jo 10e,17ve S Jo 1df1Pvg
n—oo

2 > —2 >0 (@, 9. @)
0o (1 f 1Pvg+en’? T [o | f1Pvg P

e f =0.From (1) we have

(m—p)/2

fQ'dﬁ?n|pVg En fM\Q'dﬁnt}

Jo Ts :

Jo\ FeulPvg " en’® [ o 1 feulP v

>min{kll\fp(§2,g), 8’1—1’/2/ |df:€n P\;g}_ (©))
M\Q

Now if limsup, o finq |df.,|?v, = 0, then since f:, is aso bounded in L”(M,g) and in
WLP(Q, ¢) we havethat f, isbounded in W7 (M, g). Quite to extract a subsequence again, there
exists F € W-P(M, g) suchthat f;, convergesto F strongly in L? (M, g) and weakly in W17 (M, g).
The unicity of the limit impliesthat F = 7 = 0 in 2. On the other hand, the same type of arguments
implies that quite to extract a subsequence again we have weak convergenceto F in W7 (M \ Q, g)

A1, p(en) 2 min{
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and therefore
/|df|f’ug=/ |dF|"v, <liminf [ |dfe,
M M\Q =00 JM\Q

But this contradicts [, |F|Pve = iMoo [y, | fulPve = 1.

It follows that we must have limsup, _, fM\Q |df8n | vy > 0 and therefore when passing to the limit
in (3) weaobtain

"vy=0 = F=0onM.

limsup Ay, p(en) >k11\fp(Q,g)- (4)

n—o00

Inequalities (2), (4) yield the desired result.

Part 11: smooth metrics. —Let § > 0 and take ¢ small enough such that A1 ,(¢) > A’l‘fp(sz, g) — % and
e"/2\Vol(M \ Q,8) < 5.

Let ¢, be asequence of C>°(M) functions such that ¢, convergesto g, =1- xo+¢- e and g, =1
on R, e < ¢, <lon M\ Q. Consider the family of metricson M: g, = ¢, g.

Our a@m in this part isto prove that for n big enough, A1, ,(M, g,) > A1, p(e) — %

It suffices to consider the case where A1 , (M, g,,) isbounded from above by a positive constant Ko.

Let f, be an eigenfunction for A1, ,(M, g,) such that [, | f.17v,, = 1. Then [, |dfu|7v,, < Ko and
the sequence f, isboundedin W-7 (M, g); indeed we have [, | fu|7vy <e™™/2 [,/ | falPvg, = e ™/2 and
Sy 1dfal?ve < max{1, eP=m/2) [ 1d f 1P v, < Komax{l,eP=m/2),

Quite to extract a subsequence there exists fo € W7 (M, g) such that f, — fo strongly in L?(M, g)
and weakly in WL? (M, g). The strong convergenceimplies

/|fo|f’<o;"/2vg= Iim/|fn|l’vg,,=1, /Ifolp_zfowf'/zng Iim/ | falP 72 fuvg, =0,
M n—o0 M M n—oo M

while the weak convergence gives liminf, oo [y, 1dfu7vg, > [,, 1dfol?@" "%, Hence

L o dfy,|Pv dfolP " P2,
liminf(x1,,(M, g,)) = liminf Sy 19/al"vs, > Ju 19fol" e e &> a1 p(e).
n—00 n—00 fM [ fulP vy, fM | fol? o2 “vg

Choosing now n big enough and g = g, we have i1 ,(M,2) > A1,(s) — § > A) (Q,8) — § and
IVOI(M, ) — Vol(R2, g)] = Vol (M \ 2, 8) < Vol(M\ 2, g) + 4 <.

Remark 3. — The proof of Corollary 2 follows from the same type of arguments as above.

References

[1] Y. Calin de Verdiere, Sur la multiplicité de la premiere valeur propre non nulle du Laplacien, Comment. Math.
Helv. 61 (1986) 254-270.

[2] JP. GarziaAzorero, |. Peral Alonso, Existence and nonuniqueness for the p-Laplacian eigenvalues, Comm. Partial
Differential Equations 12 (1987) 1389-1430.

[3] P. Tolksdorf, Regularity for amore general class of quasilinear elliptic equations, J. Differential Equations 51 (1984)
126-150.

[4] L. Veron, Some existence and uniqueness results for solution of some quasilinear elliptic equations on compact
riemannian manifolds, Collog. Math. Soc. Janos Bolyai 62 (1991) 317-352.

258



