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Abstract We study thd"-convergence of nonlinear functionals considered in nonperiodic 2D lattice-
like structures. Thé&-limit functional is obtained in the explicit fornTo cite this article:
L. Pankratov, C. R. Acad. Sci. Paris, Ser. | 335 (2002) 315-320. O 2002 Académie des
sciences/Editions scientifiques et médicales Elsevier SAS

I"-conver gence des fonctionelles non linéaires dans des structures
réticulées de faible épaisseur

Résumé On étudie lal"-convergence de fonctionelles non linéaires considérées dans des structures
non périodiques de type de grille dans I’espﬁt?e La fonctionellel'-limite est obtenue
sous forme explicitePour citer cet article: L. Pankratov, C. R. Acad. Sci. Paris, Ser. |
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Version francaise abrégée

On étudie laI'-convergence de fonctionelles® : WL Q) — R définies par (1)—(4) dans des
domainesR(® ayant la forme d’une grille. De fagon précise on considére une grille non périogie
Q) c Q= (0, H)? c R?, constituée de deux systémes de bandes minces dont les axes sont paralleles aux
axes de coordonnées. On suppose que la distance entre les axes de bandes est Eyafete par]
etx] les points d'intersection des axes de bandes avec les axes de coordonnéssOx;. On définit
alors les épaisseurs de bandes paralléles aux@xg®t O x> pardgwl(xg) etd.y2(x7), respectivement.

Ici d; = o(e) lorsques — 0, ¥; () (i =1,2) sont des fonctions lisses a valeurs dans I'esgackes
problémes elliptiques linéaires dans les grilles minces périodiques ont été considérés dans [1,4,12].

On introduit ensuite la notion de B-convergence pour les fonctionelles définies dads™(f2¢)), ou
measQ®)) — 0 lorsques — 0 (voir Définition 2, Paragraphe 2 de la version anglaise). Cette définition est
trés proche de la définition de Iaconvergence pour des fonctionelles définies dahg'y®) (voir [6,13])
et aussi de la définition pour des fonctionelles définies dah& #©)), ot Q) est un domaine perforé
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tel que mea®2®)) > a¢ > 0 (voir [8]). Finalement, en utilisant des idées des articles [5,7,10] on obtient le
résultat fondamental de cette Note.

THEOREME 1. — Soit J®[4] la fonctionelle définie par1)—(4). Alors la suite des fonctionelles
J@ - witm(Q@®) 5 R, I'-converge vers la fonctionelléom: WL (€2) — R définie par(5), (6).

Le schéma de la démonstration du Théoreme 1 est présenté dans le Paragraphda3version
anglaise). On considere le probléme variationnel (7) correspondant a la fonctionelle (1)-(4). On calcule
alors les caractéristiques géométriques (8), (9) du dom@ifleet la caractéristique locale non linéaire
(10) deQ® est attachée au probléme (7). Cette derniére est calculée & partir des fofttiorndéfinies
par (11). La démonstration du Théoréme 1 se décompose alors en trois étapes.

Etapel. Soitu®(x) la solution du probléme variationnel (7). En utilisant la fonction testx) définie par
(13) on obtient (14).

Etape2. Pour toute suitéz®(x)} C A(u) (voir Définition 2 de la version anglaise) on montre (15). En
particulier, cette inégalité est veérifiée pour la solutidiix) du probléme (7). Dans ce cas la fonction
u(x) dans (15) est la solution du probléme variationnel pour la fonctionelle (5), (6).

Etape3. En utilisant alors la forme explicite (13) de la fonctiof(x), on construit les fonctions® (x) de
I'ensembleA(u) qui vérifient (16).

1. Introduction

The paper is devoted to the homogenization of nonlinear variational problems in nonperiodic 2D lattice-
like domainsQ®), wheree > 0 is a parameter characterizing the scale of the microstructure. Notice
that there is a considerable number of papers devoted to the homogenization of PDE considered in
strongly perforated domains or those with strongly oscillating coefficisets€.g., [1-4,11,13] containing
extensive bibliography).

The structure of the latticeséeSection 2) implies that mea®®)) — 0 ase — 0. The linear elliptic
problems in 2D rectangular lattice-like structures having this property were studied in [1,4] and in domains
of degenerating measure without any periodicity condition in [12] (for the definitsmeslso [5]). In [12]
the convergence result is given in terms of the D-convergence. Let us recall this notion.

DEFINITION 1.— A sequence of functiona®} c W (Q() is said to D-converge in W" (©)) to
a functionu e WL (Q) if there exists an approximating sequence of functipng € Lip;(Cy, Q), M =
1,2, ...} that converges in W () to u, and

. - & . m _
wm, m, measgQ(®)) o = sz 0 =0

Here Lip(Cy, Q) = {u € CHQ):|Du(x)| < M, |a| < 1; |[DYu(x) — D*u(y)| < Mlx — y|, lee| = 1;
X,yeQha= (a1, ....a), la| =" i || - 1,0 is the norm in W™ (O).

The results of [12] are extentended in [5] to nonlinear variational problems. In [5] we also develop the
method of discontinuous approximations which allow us to obtain explicitly the homogenized model for
2D lattice-like periodic structures in the case= 4.

The main goal of the present paper is to extend the methods developed [5] to nonperiodic 2D lattice-like
structures and arbitrary > 2. The homogenization result is formulated in terms ofltheonvergencesge
Definition 2 below).
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2. Homogenization result

Let @ = (0, H)? be a square ifR? with edge lengths?, and £®) ¢ Q a 2D rectangular lattice-like
structure consisting of two systems of thin strips oriented in the coordinate directions. The axes of the strips
form a periodic lattice irR? with the periode. The widths of the strips are defined as follows. Denote
the points of intersection of the axes of the strips and the coordinate@xgand Ox; by x] andxg,
respectively. Let/1(r) and y2(¢r) be smooth real functions. Then we assume that the width of the strip
parallel to axisOx1 (Ox2) is equal todgwl(xg) (de2(x]), respectively), wherd, = o(¢) ass — 0. We
setQ® = QN £E; then meag2®) — 0 ase — 0.

Consider the functionalg® : W (Q®)) — R defined by:

J(E)[ug]=M£/Q(S){|Vu€|m—i—F(x,us)}dx, (1)

u® = H?(meagQ®)) %, )

Here F(x,u) is a continuous functionf(x, u) € C(Q, R), having the partial derivativé,, F, (x,u) €
C(22, R), and satisfying the following conditions:

|Fx,u) — Fx,v)| < Ax (14 lul + o))" e — v, (3)

F(x,u) > Az(lul™ - 1). (4)

To formulate the main result of the paper, introduce the notion offtfednvergence for functionals
J@:wlm(Q@)y 5 R, This notion is similar to that for functionals defined in¥(2) (see e.g. [3,6]),
and also in W (Q®), whereQ® is a sequence of perforated domains such that (€8&3 > ag > 0
(seee.g. [8]).

For anyu € W (Q) we denote byAd(u) the set of all sequencés® (x)} such that
(@) u® e W (Q®) foranye > 0,

(b) u®(x) D-converges in I'(Q) to a functionu € WH"(Q),
(c) sup /Lgllusll'l'fg(g) < 00.

DEFINITION 2.— Asequence of functionals?) : W (Q(®)) — R is said tol’-converge to a functional
J WL (Q) — R, if, for any u € WH(Q), limy_.o J ©[u?] > J[u] for any {u®(x)} C A(u), and there
exists a sequendev® (x)} C A(u) such that lim_.o J©[w?] = J[u].

THEOREM 1. — Let J©® : WL (Q(®)) — R be the functional defined k{§)—(4). ThenJ®) I'-converges
to

Jhomlul=y /Q{Wl(m)u?fl + Y2(xpull, + (1(x2) + Y2(x1)) F(x, u) } dx, %)
wherex = {x1, x2} and
H
yl=pl /0 (20) + Y2 . (6)

The proof of Theorem 1 is based on the ideas of [5,7,10]. The sketch of the proof is given in the following
section.

3. Sketch of the proof

Consider the variational problem for the functional (1)—(4):

JOW 1 —inf, u® e W (Q®), ©)
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in the 2D nonperiodic lattice-like domair@®. Notice that no problems arise from the complicated
structure of the domai®'® in the proof of the existence of a solution of the variational problem (7)
(seee.q. [9], Chapter 5).

First we obtain certain local characteristics @f*). The geometric characteristics 6 are the
following:

ue ~yedo (®)
}liinoé!i_r)noush‘z measK ! N Q] =y (v1(y2) + Y2(y1)). 9)

whereK;‘ is the square centered gt Q with edge length&, 1> /> ¢ > 0, andy is defined by (6).

Introduce the nonlinear local characteristicsof’ related to the variational problem (7). Consider the
functional

C(y,e, h;b)= inflﬁ/
v KinQee)

{1Vl + ™™ o — (x — y, )"} dx = inf 1,7 [v], (10)

v
wherem > 7 > 0, (-,-) is the scalar product ilR2, b = {b1, bp}; the infimum in (10) is taken over
v e le’"(K;,’ N Q®). To calculate lim_olim,_oh 2C(y,e, h;b) we make use of the method of

discontinuous approximationsde[5]). Namely, IetPl(;)q, and szfﬂ/ be the rectangles parallel to the axes

Ox1 andOxy, respectively, an@ﬁf} be the rectangles formed by the intersections of the strips. {1anel
r are the numbers of the strips apd ¢’ are the numbers of the rectangles in the corresponding strips. We
denote byr} andxd the points of intersections of the axes of the strips and the coordinate axes &ffd by
the centers of the squares.
Denote byv? (x) the minimiser of the functional (10). Define the functiaiigx) approximatingv® (x)
as follows:
baxz — (y,b) +b1x], xe€Py) NK",
05 (x) =< bix1— (y,b) + bzxg, X e Pl(;)q, N K;‘, (11)
Cixa+Cox2+C3,  xE€ Qifg)ﬂK;?,

where the coefficient§1, C» satisfy the system of equation€? + €2)™"~2/2C; = b;|b;|"~2? andCs is

defined by? (x"?) = (x"4 — y, b). Thent? (x) has the following properties:

(1) v%(x) is a ‘good’ approximation of the functiox — y, b) in any subdomairPl(Z;
Q® e [0¢(x) — (x —y,b)| = O(de);

(2) the normal derivative of¢ (x) vanishes odQ2®), and| V92 |"=235%(#) /3y is continuous across the
inner boundaries oPl(;;,, P, andQ%);

(3) Y7y 5= (IVO* " 299° /9x;) =01in PyS) . P5r), and 01y

(4) the jumps oft? (x) across the inner boundaries q‘)q,, Pz(fz

Using the explicit form ofi® (x) and the inequality:

., S, and Q') of

and Qﬁf,) are Qd,).

Fu+v) > Fu)+0F @)+ Fyvy, + Fuv,

where F (1) = |Vu|™ + |u|™, 0 < 6 < 1, one can show that the residued (x) = v (x) — 0°(x) gives a
vanishing contribution (as — 0, 2 — 0) to the functional (10). Finally, we obtain:

lim_lim h=2C(y, &, h; b) = lim_lim h=21\"[6°] = y (b yr1(y2) + b Y2 (11)). (12)
h—0e—0

h—0e—0

The proof of Theorem 1 uses the local characteristics (8), (9), (12) and consists of three main steps.
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Stepl. Let{x%} be a set of points i®2 forming a space lattice with a peridd— r, wherer = h1+7/m,
Cover Q by the squared(j; = K (x%, h) centered ak* with edge lengthg: > ¢ > 0. Associate, with
this covering, a partition of unitfp, (x)}:0 < @y (x) < 1; pu(x) =0 for x ¢ K(f;; ou(x) =1 forx €
KI\Upa Kj;; S, @a(x) =1forx € Q; [Vy(x)| < Ch=177/m,

Let w(x) be an arbitrary smooth function . Define inQ® the function:

wi(x) = Z{w(x) + 02 (x) — (x —x%, Vw(xa)) }(pa(x), (13)

wherev®® (x) is the minimiser of the functional (10) iK(fj. Let u®(x) be a solution of the variational
problem (7). Then we show that

Ii_n})ﬂ“[u’f] < Ii_n})ﬂ“[wf] < Jhom[w] (14)
E—> E—>
for anyw € WL (Q).
Step2. We prove that
lim J®[2°] > Jhomlu] (15)
e—0

forany sequencg?(x)} C A(u). In particular, this estimate is valid for the sequence of solutiofs)} of
the variational problem (7). In this case, the functiar) in (15) is the solution of the variational problem
for the functional (5), (6).

Step3. Using the explicit form of the test functian® (x) in (13), wherew(x) is taken to be:(x), the
solution of the variational problem for the functional (5), (6), we obi#itx) € A(u) such that

|im0J(8)[ﬂ5] = Jhomlu], (16)
E—>

that completes the proof.
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