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Géométrie de Poisson et la conjecture de Kashiwara–Vergne

Résumé Dans cette Note nous présentons une démonstration de la conjecture de Kashiwara–Vergne
pour les algèbres de Lie quadratiques en utilisant des idées de la géométrie de Poisson
et en particulier le lemme de Moser équivariant.Pour citer cet article : A. Alekseev,
E. Meinrenken, C. R. Acad. Sci. Paris, Ser. I 335 (2002) 723–728.
 2002 Académie des sciences/Éditions scientifiques et médicales Elsevier SAS

Version française abrégée

En 1977 Duflo [8] a démontré que l’algèbre des operatéurs différentiels bi-invariants sur un groupe de
Lie G de dimension finie est résoluble. En [9] Kashiwara et Vergne ont proposé la conjecture (dite la
conjecture de Kashiwara–Vergne) sur les propriétés de la série de Campbell–Hausdorff. Cette conjecture
entraîne le résultat de Duflo ainsi qu’une généralisation pour les distributions invariantes surG. Plus
précisément, il faut trouver un ouvert 0∈U ⊂ g×g et deux fonctionsA,B :U → g telles que les équations
(1) et (2) sont satisfaites.

Dans cette Note, nous présentons une approche géométrique à la conjecture de Kashiwara–Vergne
pour les algèbres de Lie quadratiques. Dans ce cas, la conjecture était résolu par Vergne [12]. Soit
�t(X,Y ) = 1

t
log(etX etY ) et soitκt (X,Y ) une fonction définie par (4). Alors, (1), (2) sont équivalentes

au fait que le champ vecteurielvt = t−1(adXA(tX, tY )δX + adYB(tX, tY )δY ) préserve (Éq. (5)) la famille
de fonctions�t et la famille de formes volumes�t = κt�, où� est la forme volume de Lebesgue surg×g.

Nous montrons qu’il existe une famille de structures de PoissonPt sur g × g telle que pour toutt
l’action adjointe deG est hamiltonienne, et�t est l’application moment correspondante.P0 coincide avec
la structure de Lie–Poisson surg×g ∼= g∗ ×g∗. En fait, toutes les structures de PoissonPt sont reliées l’une
à l’autre par les transformations de jauge dans le sens de la géométrie de Poisson. L’analogue Poisson du
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lemme equivariant de Moser fournit un champ vecteurielvt qui préserve�t et�t par construction. Quand
on utilise le lemme de Moser, le champ vecteuriel apparaît comme l’image d’un certain 1-forme par rapport
à l’action deP�t . Cette 1-forme fournitvt ainsi que les fonctionsA etB.

1. Introduction

In 1977 Duflo [8] established the local solvability of bi-invariant differential operators on arbitrary
finite dimensional Lie groupsG. In a subsequent paper, Kashiwara–Vergne [9] conjectured a property
of the Campbell–Hausdorff series that would imply Duflo’s result as well as a more general statement
on convolution of (germs of) invariant distributions. They proved this property (cf. Section 2 below) for
solvable Lie algebras.

Except for caseg = sl(2,R) proved by Rouvière [10], there had not been much progress on the conjecture
for more than twenty years until Vergne [12] settled the case of quadratic Lie algebras. Shortly after, results
for the general case were obtained in [6,5,11] using Kontsevich’s approach to deformation quantization.

In this Note we will give a new proof of the Kashiwara–Vergne conjecture for quadratic Lie algebras,
using ideas from Poisson geometry. We will introduce a family of Poisson structuresPt on a neighborhood
of the origin in g × g, with the property that the diagonal action ofG is Hamiltonian, with moment
map�t(X,Y ) = 1

t
log(etX etY ). Using Moser’s argument we will define a time dependent vector field

vt interpolating the Poisson structures and moment maps, and in particular relating addition�0 = X + Y

and multiplication�1 = log(eX eY ). We will see that Moser’s vector field directly gives a solution to the
Kashiwara–Vergne problem.

2. Geometric formulation of the Kashiwara–Vergne property

Let g be a finite dimensional Lie algebra, andG the corresponding simply connected Lie group. Choose
an open neighborhoodU ⊂ g of 0, such that the exponential map exp: g →G,X �→ eX is a diffeomorphism
over U . Denote by log: exp(U) → g the inverse. LetV ⊂ g × g be a convex open neighborhood of
the origin, with the property that eX eY ∈ exp(U) for (X,Y ) ∈ V . Given F : V → g denote byFδX
the vector fieldf �→ d

ds |s=0f (X + sF (X,Y ),Y ), f ∈ C∞(V ), and byδXf the End(g)-valued function,
a �→ d

ds |s=0f (X+ sa,Y ), a ∈ g. Similarly, defineFδY andδY f .

CONJECTURE(Kashiwara–Vergne). –There exist g-valued analytic functions A, B on a neighborhood
of the origin of g × g, with A(0,0)= B(0,0)= 0, such that

log
(
eY eX

) −X− Y = (
1− e−adX

)
A(X,Y )+ (

eadY − 1
)
B(X,Y ) (1)

and

tr
(
adXδX(A)+ adY δY (B)

) = −1

2
tr

(
adX

eadX − 1
+ adY

eadY − 1
− adZ

eadZ − 1
− 1

)
, (2)

where Z = log(eX eY ).

Kashiwara–Vergne arrived at these conditions from simple and natural geometric considerations. They
considered a deformation of the Lie bracket[·, ·]t = t[·, ·] and examined the limitt → 0 where the Lie
algebra becomes Abelian. Retracing their argument, one has the following equivalent formulation of the
conjecture. Consider the vector fieldv and theg-valued function� onV given by

v = (adXA)δX + (adYB)δY , �(X,Y )= log
(
eX eY

)
. (3)

Let mt : V → V denote multiplication byt ∈ [0,1], and rescalevt = 1
t
m∗
t v and�t = 1

t
m∗
t �. (Note that

this is well-defined even fort = 0, and that�0(X,Y )=X+ Y .) Let J (X)= det(1−e−adX

adX
) be the Jacobian
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of the exponential map, and denote byκt ∈ C∞(V ) the combination,

κt (X,Y )= J 1/2(tX)J 1/2(tY )

J 1/2(t�t )
. (4)

Let � denote a translation invariant volume form ong × g.

PROPOSITION 2.1 (Kashiwara–Vergne). –Suppose g is unimodular. Then (1), (2) are respectively
equivalent to the statements that the vector field vt intertwines the maps �t and the volume forms κt�:(

∂

∂t
+ vt

)
�t = 0,

(
∂

∂t
+ vt

)
(κt�)= 0. (5)

For the proof, see [9], p. 255–257. The unimodularity assumption enters the reformulation of (2), since
the left-hand side is the divergence ofv in this case.

3. Poisson geometry

Our approach to the Kashiwara–Vergne conjecture requires some elementary concepts from Poisson
geometry, which we briefly review in this section.

3.1. Basic definitions

A Poisson manifold is a manifoldM, equipped with a bi-vector fieldP ∈ C∞(M,∧2TM) such that
the Schouten bracket[P,P ] vanishes. LetP� : T ∗M → TM be the bundle map defined byP , i.e.,
P�(a)= P(a, ·) for all covectorsa. The Poisson structure gives rise to a generalized foliation ofM, such
that the tangent bundle to any leafL⊂M equalsP�(T ∗M)|L. Each leaf carries a symplectic formωL given
as the inverse ofP |L. Let!L denote the symplectic volume form onL.

For any functionH ∈ C∞(M) one defines the Hamiltonian vector fieldvH = −P�(dH). An action of a
Lie groupG onM is called Hamiltonian if there exists an equivariantmoment map � ∈ C∞(M,g∗) with
XM = −v〈�,X〉, whereXM = d

dt |t=0 exp(−tX) is the vector field generated byX ∈ g. Equivalently, the
restriction of� to any symplectic leaf is a moment map in the sense of symplectic geometry. For any Lie
groupG, the dual of the Lie algebrag∗ carries a uniqueKirillov Poisson structure such that the identity map
is a moment map for the co-adjoint action. Its symplectic leafs are the co-adjoint orbits. For any volume
form� on a Poisson manifold(M,P ), one defines themodular vector field byw�(H)= −div�(vH ). The
modular vector field forM = g∗ is given by modular character: That is,w= ∑

a tr(ad(ea)) ∂
∂µa

whereea is
a basis ofg andµa the dual coordinates ong∗. In particular,w = 0 for unimodular Lie algebras.

LEMMA 3.1. – Let M be a Poisson manifold and � be a volume form on M . Suppose that the modular
vector field vanishes. Then, for any vector field v of the form v = ∑

i FivHi , with smooth functions Fi , Hi ,
one has

div�(v)|L = div!L(v|L),
for all symplectic leafs L.

Proof. – We have div!L(vHi |L) = 0 since Hamiltonian vector fields preserve the symplectic form, and
we have div�(vHi )|L = 0 since the modular vector field vanishes. Hence, both sides equal the restriction of∑

i vHi (Fi) toL. ✷
3.2. Gauge transformations

There is an easy way of constructing new Hamiltonian Poisson structures out of given ones referred to
as ‘gauge transformations’ in Poisson geometry. It will be convenient to state this using the language of
equivariant de Rham theory. LetM be aG-manifold, whereG is a connected Lie group. One defines
a complex of equivariant differential forms('•

G(M),dG), where'G(M) is the space of polynomial
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mapsα : g → '(M) satisfying the equivariance condition,α([Y,X]) + LYMα(X) = 0. The equivariant
differential is defined as(dGα)(X)= dα(X)− ιXMα(X). One introduces a grading on'G(M) by declaring
that deg(α) = 2k + l if X �→ α(X) is a homogeneous polynomial of degreek with values in'l(M). In
particular, equivariant 2-forms are sumsσG(ξ) = σ + 〈.,ξ〉 whereσ is an invariant 2-form and. an
equivariant map intog∗. Note that these definitions extend tolocal G-actions (equivalently, Lie algebra
actions).

Suppose(M,P0,�0) is a Hamiltonian PoissonG-manifold, andσG = σ +. ∈'2
G(M) an equivariant

cocycle. Letσ / : TM → T ∗M be the bundle map defined byσ . Assume that det(1 + σ / ◦ P�0 ) > 0
everywhere. Then there is a well-defined bivector fieldP1 onM such that

P
�
1 = P

�
0 ◦ (

1+ σ / ◦P�0
)−1

. (6)

Let�1 =�0−. . Then(M,P1,�1) is again a Hamiltonian PoissonG-manifold, with the same symplectic
leafs asP0. For any leafL, the equivariant symplectic forms(ωj )G = ωj −�j |L are related by(ω1)G =
(ω0)G + ι∗LσG, and the volume forms by!L,1 = λ|L!L,0 whereλ= det1/2(1+ σ / ◦P�0 ).

3.3. Moser’s trick for Poisson manifolds

LetM be aG-manifold, with a family of Hamiltonian Poisson structures(Pt ,�t) depending smoothly
on t , where the symplectic foliation is independent oft . Suppose there exists a family of invariant 1-forms
αt ∈'1(M)G, depending smoothly ont , such that for every symplectic leafιL : L ↪→M,

dG(ι
∗
Lαt )=

d(ωt )G
dt

.

We will call vt = P
�
t (αt ) the Moser vector field. Restricting to symplectic leafs, the usual equivariant

Moser’s trick from symplectic geometry (cf. [7, Theorem 7.3] or [3, Lemma 3.4]) shows thatvt intertwines
the Poisson structures and moment maps:(

∂

∂t
+ vt

)
�t = 0,

(
∂

∂t
+ vt

)
Pt = 0.

Furthermore, if�0 is a volume form onM with vanishing modular vector field with respect toP0, a
straightforward calculation, using Lemma 3.1, shows that(

∂

∂t
+ vt

)
�t = 0,

where�t = λt�0 with λt = det1/2(1+ σ
/
t ◦P�0 ).

4. Proof of the Kashiwara–Vergne conjecture for quadraticg

4.1. Deformation of the Kirillov Poisson structure

Supposeg is a quadratic Lie algebra. That is,g comes equipped with a non-degenerate invariant
symmetric bilinear form·, used to identifyg∗ ∼= g. Quadratic Lie algebras are unimodular. LetP0 denote
the Poisson structure ong × g given as a product of Kirillov Poisson structures. The moment map for the
diagonalG-action is the sum�0(X,Y ) = X + Y. Our goal is to find an equivariantly closed equivariant
2-formσG = σ +. ∈'2

G(V ) such that. =�0 −�1, where�1(X,Y )= log(eX eY ). The construction is
motivated by ideas from the theory of group-valued moment maps, introduced in [1]. LetθL, θR ∈'1(G,g)

denote the left/right invariant Maurer–Cartan onG. LetG act on itself by conjugation, and letηG ∈'3
G(G)

be the equivariant Cartan 3-form

ηG(X)= 1

12
θL · [θL, θL] − 1

2

(
θL + θR

) ·X.
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It is well known that dGηG = 0. One easily calculates the pull-back of this form under group multiplication
Mult :G×G→G:

Mult∗ηG = η1
G + η2

G − 1

2
dG

(
θL,1 · θR,2), (7)

where the superscripts 1,2 denote pull-back to the respectiveG-factor.
Define an equivariant 2-form7G ∈ '2

G(g) by applying the de Rham homotopy operator for the vector
spaceg to exp∗ ηG ∈'3

G(g). The form degree 0 part of7G is minus the identity mapg → g, Y �→ Y , so
that7G(X)=7 − Y ·X at Y ∈ g. (See [2, Section 6.2] or [12, Section 2] for an explicit formula for the
form degree 2 part7 .) We now defineσG = σ +. ∈'2

G(V ) by

σG =�∗
17G −7 1

G −7 2
G + 1

2

(
exp∗ θL

)1 · (exp∗ θR
)2
.

Notice that. = �1 − �0 as desired, and dGσG = 0 by (7). SinceP0 vanishes at the origin, it follows
(choosingV smaller if necessary) that 1+ σ / ◦ P�0 is invertible overV . Hence (6) defines a new
G-equivariant Poisson structureP1 onV , with moment map�1(X,Y )= log(eX eY ).

We now scale the Poisson structure onV , by settingPt := tm∗
t P1 for 0< t ≤ 1, with moment map�t .

Sincetm∗
t P0 = P0, we see that

P
�
t = P

�
0

(
1+ σ

/
t ◦ P�0

)−1
,

whereσt = t−1m∗
t σ . Sinceσ is a 2-form, limt→0σt = 0, and thereforeP0 = limt→0Pt . Letαt = 1

t2
m∗
t α1 ∈

'1(V ) be the family of 1-forms obtained by applying the de Rham homotopy operator to the closed 2-forms
dσt/dt . SincePt = tm∗

t P1, the Moser vector fieldvt = P
�
t (αt ) scales according tovt = 1

t
m∗
t v1. Note thatαt

vanishes at the origin, as does any form in the image of the homotopy operator.
To writev1 in the form (3), defineg-valued functionsA,B onV , vanishing at the origin, by(

1+ σ
/
1 ◦P�0

)−1
α1 =A · dX+B · dY.

ThenP�0 (A · dX+B · dY )= v1, showing thatv1 is given by (3).

4.2. A solution to the Kashiwara–Vergne problem

We now show that the vector fieldv = v1 provides a solution to the Kashiwara–Vergne conjecture in
the form (5). The first condition( ∂

∂t
+ vt )�t = 0 is automatic sincevt is a Moser vector field. Since the

modular vector field for the Kirillov Poisson structure of a unimodular Lie algebra vanishes, the second
condition( ∂

∂t
+ vt )κt� = 0 holds if and only ifvt intertwines the volume formsκt |O!O on products of

orbitsO = O1 × O2, where!O is the symplectic volume form onO. By the following proposition, the
Moser vector fieldvt does indeed have this property.

PROPOSITION 4.1. – For any product of orbits O = O1 × O2 ⊂ V , the volume form κt |O!O is the
Liouville form of O with respect to the Poisson structure Pt .

Letting ωO denote the symplectic form onO, this lemma says that the top form degree part of
exp(ωO + ι∗Oσt ) equals the top form degree part ofκt |O exp(ωO). It is possible, but tedious, to prove

this by a direct check of the equalityκt = det1/2(1+ σ
/
t ◦P�0 )= λt . An alternative route uses the theory of

group-valued moment maps [1]. We briefly summarize the features of this theory needed here:
(i) SupposeM is a G-manifold, andωG = ω − � an equivariant cocycle withω non-degenerate.

Let ! be the Liouville form defined as the top form degree part of expω. Let ω̃ = ωG − �∗7G, and
�̃= exp◦� :M →G. Thenω̃ is non-degenerate near�−1(0), and�̃ satisfies the moment map condition
for group-valued moment maps, dGω̃ + �̃∗ηG = 0. Let !̃ be the top form degree part of exp(ω̃), divided
by the function det1/2(1

2(Ad� + 1)). Then!̃= (�∗J 1/2)!.
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(ii) SupposeM1, M2 are twoG-manifolds, equipped with equivariant maps�̃j :Mj →G and invariant
2-formsω̃j satisfying dGω̃j + �̃∗

j ηG = 0. Suppose for simplicity that̃ωj are non-degenerate. Let!̃j be
defined as in the last paragraph. LetM1 × M2 be equipped with the diagonalG-action, group-valued

moment map�̃ = �̃1�̃2, and 2-formω̃ = ω̃1 + ω̃2 + 1
2�̃

∗
1θ
L · �̃∗

2θ
R. Then dGω̃ + �̃∗ηG = 0, and the

volume form!̃ constructed from̃ω, �̃ is simply the direct product̃!1 × !̃2.
These facts are proved in [4]. (The results in that paper were stated forg is compact, but the proofs

work for quadraticg, with obvious modifications.) In our case, we start out with two coadjoint orbitsOj ,
with moment maps�j the inclusion intog. Let!j be the Liouville forms. “Exponentiating” as in (i), the
group-valued moment maps̃�j are exp◦�j , and the volume forms becomeJ 1/2!j . Taking the product
as in (ii), O1 × O2 becomes a space with group-valued moment map�̃(X,Y ) �→ eX eY and volume
form J 1/2(X)J 1/2(Y )! where! = !1 × !2. Using (i) in reverse,O1 × O2 becomes a Hamiltonian
G-space in the usual sense, with moment map�(X,Y ) = log(eX eY ) and equivariant symplectic form

ωG + (�1,�2)
∗σG. The Liouville volume form isJ

1/2(X)J 1/2(Y )

J 1/2(Z)
!. This yields a proof of Proposition 4.1

for t = 1, the general case follows by rescaling the given bilinear form ong.

Remark 1. – Our solution to the Kashiwara–Vergne problem for quadratic Lie algebras differs from
Vergne’s solution in [12], although the ingredients are very similar. A common feature of both solutions is
that they are, in fact, independent of the quadratic form.
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