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Abstract On Rn, n� 1 and n �= 2, we prove the existence of a sharp constant for Sobolev inequalities
with higher fractional derivatives. Let s be a positive real number. For n > 2s and q = 2n

n−2s
any function f ∈ Hs (Rn) satisfies

‖f ‖2
q � Sn,s

∥∥(−
)s/2f∥∥2
2,

where the operator (−
)s in Fourier spaces is defined by ̂(−
)sf (k) := (2π |k|)2s f̂ (k).
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Inégalités optimales de type Sobolev pour les dérivées fractionelles
d’ordre supérieur

Résumé Sur Rn, n� 1 et n �= 2, on établit l’existence de meilleurs constantes dans les inégalités de
Sobolev pour les dérivées fractionelles d’ordre supérieur. Soit s un reel positif. Pour n > 2s
et q = 2n

n−2s toute fonction f ∈ Hs(Rn) vérifie l’inégalité suivante

‖f ‖2
q � Sn,s‖(−
)s/2f ‖2

2,

où Sn,s est la meilleure constante. L’opérateur (−
)s est defini dans les espaces de Fourier
par ̂(−
)sf (k) := (2π |k|)2s f̂ (k). Pour citer cet article : A. Cotsiolis, N.C. Tavoularis,
C. R. Acad. Sci. Paris, Ser. I 335 (2002) 801–804.
 2002 Académie des sciences/Éditions scientifiques et médicales Elsevier SAS

1. Preliminaries

The Sobolev space Hl (Rn) is endowed with the norm ‖f ‖2
Hl (Rn) =

∑
0�α�l ‖Dαf ‖2

L2(Rn)
for f : Rn →

C with l a positive integer. This norm is equivalent to the norm ‖f ‖′2
Hl (Rn) :=

∫
Rn

|f̂ (k)|2(1 + (2π |k|)2l)dk

(thanks to the Plancherel formula) where |k| = (∑n
i=1 k

2
i )

1/2 and f̂ (k) := ∫
Rn

e−2π ikxf (x)dx is the Fourier

transform of the function f (kx := ∑n
i=1 kixi). We set (f )∧(−x)= f̂ (−x)= f ∨(x). So f = (f̂ )∨.
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DEFINITION 1.1. – A function f ∈ L2(Rn) is said to be in Hs(Rn) if and only if

‖f ‖2
Hs (Rn) :=

∫
Rn

∣∣f̂ (k)∣∣2(1 + (
2π |k|)2s)dk <∞.

The space Hs (Rn) is endowed with the inner product

(f, g)Hs (Rn) =
∫

Rn

f̂ (k)ĝ(k)
(
1 + (

2π |k|)2s)dk.

DEFINITION 1.2. – The operator (−
)s is defined in Fourier spaces (i.e., in spaces with functions which
have Fourier transform such as Lp(Rn) for 1 � p � 2, see [5]) as multiplication by (2π |k|)2s , i.e.,

̂(−
)sf (k) := (
2π |k|)2s

f̂ (k).

If f and g are in Hs(Rn) then the sesquilinear form

(
g, (−
)sf ) =

∫
Rn

ĝ(k)f̂ (k)
(
1 + (

2π |k|)2s)dk

makes sense by Hölder inequality. Also (f, (−
)sf )= ‖(−
)s/2f ‖2
2.

PROPOSITION 1.1. – (i) We have H[s]+1(Rn)⊂ Hs(Rn)⊆ H[s](Rn) where [s] is the integer part of s.
(ii) For 0< δ < γ < 1, Hγ (Rn)⊂ Hδ(Rn).

PROPOSITION 1.2. – If f is in Hl (Rn) then D̂αf (k)= (2π ik)αf̂ (k) with |α| � l, l an integer.

PROPOSITION 1.3. – If f ∈ Hs(Rn) then |f | ∈ Hs(Rn).

THEOREM 1.1. – (i) If f is in Hl (Rn), then there exists a sequence of functions in C∞
c (R

n) such that
‖f m − f ‖Hl (Rn) → 0 as m→ ∞.

(ii) If f is in Hs(Rn) then there exists a sequence of functions in C∞
c (R

n) such that ‖f m − f ‖Hs (Rn) → 0
as m→ ∞.

Remark 1.1. – These results are in [5] for the spaces H1(Rn) and H1/2(Rn).

DEFINITION 1.3. – Set Fs(k)= e−t (2π |k|)2s . When t > 0, we define the operator e−t (−
)s on functions f
in Lp(Rn) (1 � p � 2) by (

e−t (−
)sf
)∧
(k)= e−t (2π |k|)2s f̂ (k).

Remark 1.2. – The functionFs(k)= e−t (2π |k|)2s is in Lp(Rn) for p � 1. By Hausdorff–Young inequality
(see [5]) we have that the function F̂s is in Lp

′
(Rn) with 1/p+ 1/p′ = 1, so we can define its convolution

F̂s ∗ f with f ∈ Lp(Rn).

THEOREM 1.2. – A function f is in Hs (Rn) if and only if it is in L2(Rn) and

I ts (f )=
1

t

[
(f,f )− (

f, e−t (−
)sf
)]

is uniformly bounded and we have in which case

sup
t>0
I ts (f )= lim

t→0
I ts (f )=

(
f, (−
)sf )

.
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Remark 1.3. – For the cases s = 1 and s = 1/2 Theorem 1.2 is given by [5].

2. Sharp Sobolev type inequalities (see [3])

The following inequality (n > 2s, s a positive real)

∣∣(f, g)∣∣2 � 2−2sπ−n/2�((n− 2s)/2)

�(s)

(
f, (−
)sf )(

g, |x|2s−n ∗ g)
is valid for f ∈ Hs (Rn) and g ∈ Lp(Rn)

THEOREM 2.1. – For n > 2s, let f ∈ Hs(Rn) and q = 2n
n−2s . Then the following inequality holds:

‖f ‖2
q � Sn,s

∥∥(−
)s/2f ∥∥2
2,

where

Sn,s = 2−2s/nπ−s(n+1)/n �((n− 2s)/2)

�((n+ 2s)/2)

[
�

(
n+ 1

2

)]2s/n

and � denotes the Gamma function. There is equality in the inequality above if and only if f (x) is a multiple
of the function (µ2 + (x − α)2)−(n−2s)/2 with µ> 0 and α ∈ Rn.

Remark 2.1. – (i) For s = 1 the best constant of Theorem 2.1 is given in [1,2] and [7].
(ii) For s = 1/2 the best constant of Theorem 2.1 is given in [5].
(iii) For s = 2 the best constant of Theorem 2.1 is given in [4] and [8].

Finally we give an inequality for the space Hs (R).

THEOREM 2.2. – For f ∈ Hs (R) the inequality

∥∥(−
)s/2f ∥∥2
2 + ‖f ‖2

2 � S1,q,s‖f ‖2
q

holds for all 2< q <∞ and 2 q
q−2s > 1 with a constant S1,q,s that satisfies

S1,q,s > (q − 1)1−1/qq−1+2/q
[
�(1 + 1/(2s))�(−1/(2s)+ q/(q − 2))

π�(q/(q − 2))

]−(q−2)/q

.

Remark 2.2. – For the spaces H1/2(R) and H1(R) Lieb’s results are in [5] and [6] respectively.
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