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Note presented by Thierry Aubin.

Abstract OnR",n > 1andn # 2, we prove the existence of asharp constant for Sobolev inequalities
with higher fractional derivatives. Let s be apositive real number. Forn > 2s and g = n_”zs
any function f € HS(R") satisfies

112 < Sus || (=072 |2,

where the operator (—A)% in Fourier spaces is defined by (—A)S f(k) := (2n|k|)25f(k).
To citethisarticle: A. Cotsiolis, N.C. Tavoularis, C. R. Acad. Sci. Paris, Ser. | 335 (2002)
801-804.
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Inégalités optimales de type Sobolev pour les dérivées fractionelles
d’ordre supérieur

Résumé Sur R”, n > 1etn # 2, on éablit I’ existence de meilleurs constantes dans les inégalités de
Sobolev pour les dérivées fractionelles d ordre supérieur. Soit s un reel positif. Pour n > 2s

et g = ;=5; toutefonction f € H¥(R") vérifiel’inégalité suivante

1£12 < Spsll(=A)*/2 113,

ol Sy, s est lameilleure constante. L' opérateur (—A)* est defini dans |es espaces de Fourier
par (—A)S f(k) := (2n|k|)2sf(k). Pour citer cet article: A. Cotsiolis, N.C. Tavoularis,
C.R. Acad. Sci. Paris, Ser. | 335 (2002) 801-804.
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1. Preliminaries

The Sobolev space H! (R") is endowed with the norm ||f||§,(Rn) = o<asi ||D°if||EZ(Rn) for f:R" —
C with [ apositiveinteger. This norm is equivalent to the norm ||f||’H2,(R,,) = [pu | FRO12(L+ 2 |k)?) dk
(thanksto the Plancherel formula) where [k| = (31_; kY2 and f (k) := [, € 27 £ (x) dx isthe Fourier

transform of the function f (kx := 74 kix;). We'set () (—x) = f(—x) = fY(x). S0 f = (f)".
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DEFINITION 1.1.— A function f € L%(R") issaid to bein H*(R") if and only if

12 gy = /Rn\f(k)\Z(H (271k])%) dk < oo,

The space H* (R") is endowed with the inner product

(f, s (any = /R T (1+ (27 k1)) k.

DEFINITION 1.2.— Theoperator (—A)* isdefinedin Fourier spaces (i.e., in spaceswith functionswhich
have Fourier transform such as L? (R") for 1 < p < 2, see[5]) as multiplication by (27 k)%, i.e.,

(A f(k) = (2 [k))® F k).

If fand g arein H*(R") then the sesquilinear form
(8. (=AY f) = /R 20 f ko (1+ (2n|k|)28) dk

makes sense by Hélder inequality. Also (f, (—A)* £) = [[(—A)*/2f|3.

PROPOSITION 1.1.— (i) We have HEHL(R™) ¢ HS(R") € HISI(R™) where [s] istheinteger part of s.
(iYFor0< 8 <y <1, H" (R") c H(R™).

PROPOSITION 1.2.— If f isin H/(R") then D¥ f (k) = (2rrik)® £ (k) with |e| <1, [ aninteger.
PropPoSITION 1.3.— If f € H'(R") then | f| € H*(R").

THEOREM 1.1.— (i) If fisin H/(R"), then there exists a sequence of functionsin C(R™) such that
(i) If fisin H*(R") then there exists a sequence of functionsin C°(R") such that || /" — f||ns®r) — O
asm — o0.

Remark 1.1. — Theseresultsarein [5] for the spaces HL(R") and HY/2(R").

DEFINITION 1.3.— Set Fy(k) = e'@7kD® 'Whent > 0, we definethe operator e~/ (=2)" onfunctions f
inLP(R") (1< p<2) by

(7N £) ) = e @D F),

Remark 1.2. — Thefunction F; (k) = e~"@7kD® jsin LP (R") for p > 1. By Hausdorff-Younginequality
(see[5]) we have that the function F; isin LP (R") with 1/p+1/p’ =1, sowe can defineits convolution
Fs * f with f € LP(R").

THEOREM 1.2.— Afunction f isin H*(R") if and onlyif itisin L2(R") and
1 s
L =21 N = (e f)]
is uniformly bounded and we have in which case

SUpZ{(f) = limI{(f) = (f.(=A)"f).

t>0
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Remark 1.3.— Forthecasess =1 ands =1/2 Theorem 1.2 isgiven by [5].

2. Sharp Sobolev typeinequalities (see[3])
Thefollowing inequality (n > 2s, s apositive real)

—n/2 I'((n—25)/2)

o) (f, (=AY £) (g, 1x1¥ " % g)

(f.9))° <2 %

isvaidfor f e H(R") and g € L?(R")
THEOREM 2.1.— Forn > 2s,let f e H'(R") andg = % Then the following inequality holds:

1£12 < Sus||(—2)7/2 |2

where

g —o-2s/n—seuriyn L = 29)/2) {F <n + 1” 2/
e I'((n+25)/2) 2

and I denotesthe Gamma function. Thereiseguality in theinequality aboveif and only if f(x) isamultiple
of the function (12 + (x — @)2)~"=29/2 \pjith 4 > 0 and o € R”.

Remark 2.1. — (i) For s = 1 the best constant of Theorem 2.1 isgivenin[1,2] and [7].
(i) For s = 1/2 the best constant of Theorem 2.1 isgivenin [5].
(iii) For s = 2 the best constant of Theorem 2.1 isgivenin [4] and [8].

Finally we give an inequality for the space H* (R).
THEOREM 2.2.— For f € H'(R) theinequality

[(=AY2f |5+ 1713 > Sl f112

holdsfor all 2 < ¢ < oo and Z#s > 1 with a constant 1, ; that satisfies

g — T(1+1/(25)(=1/(25) +q /(g —2))]~“=2/4
S1os _ 1)1/ ,-1+2/q '
b= (@70 ! 7l (q/(q —2)

Remark 2.2. — For the spaces H/2(R) and H1(R) Lieb'sresultsarein [5] and [6] respectively.
1 partially supported by State Scholarship’s Foundation.
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