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Résumé Le but de cet article est de présenter, dans un cadre général, une correspondance précise
et explicite entre une classe de marches aléatoires renforcées sur les arétes orientées et les
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Version francaise abrégée

DEFINITION 1.— On appelle loi de renforcemend&oisins, la fonctionV :

d
ViZes Ty= {(xl,...,xd) €10, 1%, st Y x; :1},
i=1

p=(p1..... pa) = (Vi(P). ... Va(P)).

On définit alors, pour une loi de renforcement, la notion d’admissibilité, qui jouera un réle important
dans la suite. Soite;)1<i <4 la base canonique c%i

DEFINITION 2. — Considérons le grapt# dont les arétesp, p + ¢;) sont orientées dg a p + ¢;.
Soit V la loi de renforcement s%i’i etw la 1-forme définie paw ((p, p +e;)) = In V;(p). On dira queV
est admissible sb est une forme fermée.

On considére maintenant un graphe dénombrablyant en chaque point un nombre fini de voisins.
Etant donné un sommetde G, on noted(x) le cardinal des voisins de et {e(x,i), i =1,...,d(x)}
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les voisins dex. En chague sommet, on se donne une loi de renforceiént a d(x) voisins :
V(x):p— (Vi(x, P)1<i<d)-

DEFINITION 3.—0On appelle marche aléatoire renforcée de loi de renforceieny, la marche
aléatoire définie par la famille de loi sur les trajectoires partanydéPy, ) ,cc donnée par

P (Xnp1=e(x, D)o (Xy=x) Ao (Xi,k <n—1)) = V;(x, Nx)),

OUN (x) = (N: (¥ ) 1<i<d(x) €ENi () = Y770 Liximx, Xps1mex,i))-

DEFINITION 4. —Une marche aléatoire renforcée est dite admissibl&(s) est admissible pour tout
sommetx deG.

Introduisons maintenant les marches aléatoires en milieu aléatoire sur le graphe

On définit un environnementcomme un élement (o (x)) e OU en chaque sommefw (x) appartient
a Ty). En chaque sommet de G, on considére une mesure de probabilité sur T,(,) et I'on pose
= Q) cq Mx- 4 €St Une mesure de probabilité sur les environnements tell€wu),cc sont des
variables aléatoires indépendantes deulgi

On notePy, ., la loi de la chaine de Markov dans I'environnemenpartant dexg, definie par :

Vxoe G, YkeN, Pxo,w(XlH_l:e(x, D] Xk :x) =w(x,i).

Enfin, on noteP, la mesure moyennée i.8, = u ® Py . On peut alors énoncer le résultat principal :

THEOREME 1. —Pour tout graphe dénombrabtg, R
(i) Pour toute loi d’environnement = ), ux la loi de la marche aléatoire renforcé€Px),ec
associée a la loi de renforcemevitdonnée par

. d . .
E, o, i) ngl)w(x, P
d 0
E,‘Lx [H]S])_w(x’ J)pj}
(ou E,,, deésigne I'espérance sous la lai) coincide avec la loi moyennée de la marche aléatoire en
milieu aléatoire( Py,) x,ec. De plus, la [0i(V (x)) est admissible.

(i) Reciproguement, s¥ est une loi de renforcement admissible €uralors il existe une unique loi
d’environnement = Q. .; #x Pour laquelle(l) est satisfaite, i.e. pour laquelle la loi de la marche

aléatoire renforcé€ Py,),cc coincide avec la loi moyenné@y,) x,cc -

1)

‘/i('xv plvvpd(x)):

COROLLAIRE 1.-Laloi moyennée détermine la loi de I'environnement.

Remarque— On remarque, qu'une lo¥ admissible satisfait la propriété intuitive de renforcement,
a savoir : pour toutiy, ..., iq) € N, Vi(ie,...,ix + 1, ..., iq) = Vk(i1, ..., ik, ..., ig). C'est simplement
une conséquence de (1) et de la positivité de la variance conditionnelle.

La preuve de (i) est directe. La preuve de (ii) s’appuye sur le fait que dans le cas d’'une marche
renforcée admissible, la suite des déplacements successifs depuis un sommet constitue une suite de variables
échangeables. On est ensuite dans les conditions d’application du théoréme de de Finetti.

1. Introduction

The aim of this text is to present in a general framework a precise and explicit correspondance between
a class of edge oriented reinforced random walks and random walks in random environment (RWRE). The
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significance of this result is that the study of edge oriented reinforced random walks, which is strongly non-
Markovian, is equivalent by introducing an external randomness, to a Markovian problem. This relation
already appeared, as a tool, in a work of Pemantle (cf. [3]), for the study of reinforced random walks on
binary trees, for laws of reinforcement corresponding to a Polya’s urn scheme.

The essence of the result is that the laws of edge oriented reinforced random walks coincide with the
annealed laws of RWRE when the laws of reinforcement satisfy the following condition: the sequence of
successive moves at a given vertex is exchangeable. This condition, which we call admissiblity, is expressed
as the closedness of a certain discrete form.

2. Definitions and statement of the result

DEeFINITION 1. —We call law of reinforcement witli neighbours a functiofr:

V:ZiHszz{(xl,.. ,xa) €10,11%, s le_l}

p=p1.....pa) = (Va(P). ..., Va(P)).

We now define for a law of reinforcement the notion of admissibility, which will play a key role in the
following. Let (e;)1<i<q denote the canonical basisZ)i.

DEFINITION 2. - Let us consider the grami whose edgesp, p + ¢;) are oriented fronp to p + ¢;.
Let V be a law of reinforcement cmi andw be the 1-form defined by ((p, p + ¢;)) = In V;(p). We shalll
say thatV is admissible whem is a closed form.

We consider now a countable gragh having at any point a finite humber of neighbours. For any
vertexx of G we denote byl (x) the cardinal of the neighbours efand{e(x,i), i =1,...,d(x)} the
neighbours ofx. At any vertex we suppose given a law of reinforcem®&it) with d(x) neighbours:

V(x):p— (Vi(x, P)1<i<d()-
DEFINITION 3.—We call reinforced random walk with IaAW of reinforceméntr), the random walk
defined by the family of laws on the trajectories starting@t( Py,) x,cc given by

ﬁx (Xn+1—e(x D)o (X, =x) Ao (X, k<n—1)) (x N(x))

where
n—1
N(x) = (Nl (x))lgigd(x) and Ni (-x) = Z 1{X1:X,X[+1:e(x,i)}-
=0
DEFINITION 4. — A reinforced random walk is called admissible whEix) is admissible for all
vertexx of G.

Let us now introduce random walks in random environment on the gtaph

We define an environment as an element (v (x)).ec Where at any vertex, o(x) is in Ty(). Atany
vertexx of G, we consider a probability measusg on T;(,) and we sef := @), . ix, SO thatu is a
probability measure on the environments such ¢thdt)) ¢ are independent random variables of law

We denote byP,, ., the law of the Markov chain in the environmentarting atrp defined by:

Vxoe G, YkeN, Pxo,w(XIH_l:e(x, D] Xk :x) =w(x,i).

Finally, we denote byP, the annealed measure, i.€, = u ® Py . We are now able to state our main
result:
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THEOREM 1. —For any countable grapld, R
(i) Foralllaw of environmeni = Q). 1x the law of the reinforced random wall®,),cc associated
with the law of reinforcemenit given by

Ey, [0, ) [T o(x, j)P/]
Ep, [TT75 w(x. j)?]

(whereE,,, denotes the expectation under the law) coincides with the annealed law of the RWRE
(Pxo)xoeG - Moreover the law(V (x)) is admissible.

(ii) Reciproquely, ifV is an admissible law of reinforcement am, then there exists a unique law
of environmentu = @, .; ux for which equality(2) is satisfied, thus for which the law of the

reinforcement random waliPy,)x,cc coincides with the annealed la@Px,) xyecG-

‘/i(-xvplvu'vpd(x)): (2)

COROLLARY 1.-The annealed law determines the quenched law for RWRE, i.e., there can not exist
two different laws of environmeptand i’ with the same annealed la@Py,) v, -

Remark— It is interesting to note that an admissible satisfies the following intuitive property of
reinforcement, i.e., for anyis, ...,ig) € N4, Vi(i,....ix + 1,...,iq) = Vi(i1, ..., 0k, ...,iq). Itis just
a consequence of (2) and the positivity of a conditional variance.

Proof. —(i) For any verticesig, x of G,V1<i <d(x),Vn eN,

. d(y . (v

Ey o0, ) [Tyeq T2 oy, HNi0]
d®y) Ni(v
EM[HyeGHj:ylw(y’])N]O)}

whereN; (y) is as defined in Definition 3. Now using the independance of the variatiles) for different
verticesy, the terms depending an(y, j) for y # x cancel in the previous ratio and we get (i). Finally, it
is straightforward from (2) that such a law of reinforcement is admissible.

(ii) The only point is to prove that for any admissible law of reinforceméntith d neigbours there
exists a probability measuyge on 7, such that &;-valued random variabl® := (X1, ..., X4) of law u
satisfiesV (p1. ... pa) = E[X;i [19_1 X' /E[T]I_, X ]

The existence for this moment problem is actually equivalent to de Finetti’s theorem. Indeed, one
could show that the admissibility condition we introduced implies the exchangeability of the sequence
of successive moves under the natural probability measure induc&d Byt for the convenience of the
reader and because Corollary 1 is related to the uniqueness of the moment problem, we give an elementary
proof using Haussdorff theorem.

We can see that the condition is expressed in terms of the momentgoérefore the aim is to prove
that the assumption of admissibility dnhimplies the solvability of the moment problem far

For that purpose we introduce the quantities which are intended to be the moments of

Considers € {1,...,d}" and the pathU(s,-) on Zi defined by:U(s,n) := Z?:_ol esi) and let
M(s,n) :=[[}2g Vsy (U (s, ).

The fact thatV is admissible implies thaM (s,n) depends only onU(s,n), indeed M(s,n) =

exp(fOU(s’”) w) (with the notations of Definition 2). So let us introduce the sequencedhiitidices:

Poo(Xnp1=e(x, D|(Xn=x) Ao (X, k<n—1)) =

Vky,. kg = M(s,n) forU(s,n) =kier+---+kqeq.
What remains to prove is thatis the sequence of moments ofa,-valued variable. For that purpose

we use the generalization of the Hausdorff criterium, concerning the existence of a (unique) solution to the
moment problem for random variables @ 1]¢. For anyh = h, . .., hy we define the operatax” on real
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sequences indexed & , i.e., AR RZL 5 RZ and defined recursively by
A% () = (ug,, —up); nd Akfte = A% o AF,
(u) (uk+e,- uk)keZi’ and ©

(Remark that this definition is valid since th&i's commute.) We recall here the result of Hildebrandt
d
and Schoenberg (cf. [2]): a sequengg) < [0, 1%+ is the moment sequence of a probability measure
on (0,119, i.e.,u; = [#---t5 du(n, ..., 12) if and only if for all h andk in Z, (=122 AR ) () is
positive. _ _
Let us verify this for the sequencg introduced previously. Since for all Zle Vi (k) = 1 we have:

j=1
J#i

Hence, by compositio—1)1++ha Ahv-ha (. ) will always be a positive spanning of the terms of
the sequence. So the condition of the criterium is satisfied. Heneegxists and is unique as a solution of
the moment problem whose support is compact. The last thing to check is that it is suppofted by X

be a random variable with lay. The only thing to check is thazle X; =1 u-almost surely. Since the
law of E?:l X; has compact support this is equivalent to show that all the mome@q"g X; are equal
to 1. Using the fact thaEf’=l Vi(k)=1atall point]? we know that for all integen

1= Z M(s,n)

= > #sell...d). UG.n)=(ki.....kp) }oky...ky
ky+-+kg=n
Z (k1+"'+kd)!v
= — 1 Vk1,..ka>
... |
ky+-+kg=n ka! ka!
and this last expression is theth moment of(X1 + --- + X4). O

The proof of Corollary 1 is straightforward from the uniqueness of the moment problem in the case of
compactly supported measure.

Examplel. — At any pointx, choose a vectofe(x, 1),...,a(x,d(x)) in (R%)?™. The law of re-

inforcementV; (x, p1, ..., paw)) = (a(x,i) +pi)/(2?ga(x,j) + p;j) is an admissible law of rein-

forcement associated with the environmept,).cc where i, is a Dirichlet law with parameters
(@(x,1),...,a(x,d(x))), i.e., 1y is the law onTy(,) with density

d
P, 1)+ +a(x, dx)) ﬁ)tw,n-l

199 T @(x, i) i

/"Lx(tlv T td(x)) =

This is the meaning of the classical Polya’s urn scheme (cf. [1]), if we put at all sites an independent urn
which will define the move at that site.

Example2. — We can generalize the previous example as follows: at all paimtG, choose not only
a vector (a(x, 1), ..., a(x,d(x)) € (R%)?™, but also an integen(x) and a homogeneous polynomial
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P(x,t1,...,140x)) Of degreen(x) of the form:
_ k1 kax
P(X,tl, '-"td(x)) = Z akl,...,kd(x)(x)tl "'td(x) s

k1,....ka(xys
ky+-+kgo=n(x)

where thea,
density

kar) (*)'S @re non-negative reals (not all null). Then we defineas the law oy, with

.....

d i—1
(Hiixl) ;lfx(x,z) )P(x, 1, . )

400 @) —1 .

de(x) (Hi:);_ tzq o )P('xv 1,5 td()

On the other side, consider the polynomials

/"Lx(tlv s td(x)) =

d(x)
O, y1,...,Ydx) = Z agy,..., kd(x)(x)H(y,',k,-),
k,eeska(rys i=1

ky+-+kg=n(x)

where we write(y, k) for the producty --- (y + k — 1). Then the lam(u, ) is associated with the law of
reinforcemenV (x), whereV; (x, p1...., pa«)) is given by (to simplify, we forget the dependance in the
next formula, and simply write; for «(x, i) andn for n(x))

a; + pi Olar+p1,...,a; +pi +1,...,a4 + pa)
(Z?zlaj—i—pj)—l—n Qa1+ p1,..., 2 + pa)
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