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Abstract

We construct Nakajima’s quiver varieties of typeA in terms of affine Grassmannians of typeA. This gives a compactificatio
of quiver varieties and a decomposition of affine Grassmannians into a disjoint union of quiver varieties. Conse
singularities of quiver varieties, nilpotent orbits and affine Grassmannians are the same in typeA. The construction also provide
a geometric framework for skew(GL(m),GL(n)) duality and identifies the natural basis of weight spaces in Nakajim
construction with the natural basis of multiplicity spaces in tensor products which arises from affine GrassmanniansTo cite
this article: I. Mirković, M. Vybornov, C. R. Acad. Sci. Paris, Ser. I 336 (2003).
 2003 Académie des sciences/Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Nous construisons les variétés carquois de Nakajima de typeA en termes de Grassmanniennes affines de typeA. Ceci fournit
une compactification de ces variétés carquois et une décomposition de ces Grassmanniennes affines en une union
variétés carquois. En conséquence, les singularités des variétés carquois, des orbites nilpotentes et des Grassmannie
sont les mêmes en typeA. La construction fournit aussi un cadre géométrique pour la dualité(GL(m),GL(n)) extérieure et
permet d’identifier la base naturelle des espaces de poids dans la construction de Nakajima avec la base naturelle d
de multiplicité des produits tensoriels dans la construction géométrique en termes de Grassmanienne affine.Pour citer cet
article : I. Mirković, M. Vybornov, C. R. Acad. Sci. Paris, Ser. I 336 (2003).
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Version française abrégée

Soientv = (v1, . . . , vn−1) et d = (d1, . . . , dn−1) deux suites den− 1 entiers positifs ou nuls. Considérons
variétés carquoisM(v, d) et M0(v, d) de typeAn−1 définies par Nakajima [12,13], et le morphisme proje
p :M(v, d)→ M0(v, d). NotonsL(v, d) = p−1(0) ⊂ M(v, d). Comme Maffei [10], notons aussiM1(v, d) =
p(M(v, d)) ⊂ M0(v, d). A v et d correspondent des poidsd et d − Cv de SL(n), ainsi que des poids (partition
λ̌ et a de GL(n), cf. [12, 8.2, 8.3]. Enfin, la dualité usuelle des partitions fournit des copoidsλ etµ de GL(m), où
m= d1 + · · · + dn−1.

SoientG= GL(m) etGG =G((z))/G[[z]] la Grassmanniene affine deG. NotonsGµ l’orbite deG[[z]] passant
par le copoids dominant (partitions)µ. Soit µ̌ la partition duale deµ et a = (a1, . . . , an) une permutation děµ.
Considérons l’espace de convolutioñGaµ = Gωa1 ∗ · · · ∗ Gωan , oùωk est lek-ième copoids fondamental de GL(m),

et l’applicationπ = πaµ : G̃aµ → Gµ, cf. [11]. NotonsL<0G le noyau du morphisme d’évaluationG[z−1] → G,

z−1 �→ 0, et notonsTλ l’orbite deL<0G passant parλ dansGG, oùλ est un copoids dominant deG.

Théorème. Soientv, d , a, λ, µ comme ci-dessus. Il existe des isomorphismes algébriquesφ et φ̃, vérifiant
φ(0)= λ, et tels que le diagramme suivant soit commutatif:

M(v, d)
�
φ̃

p

π−1(Tλ ∩ Gµ)
⊆

π

G̃aµ
π

M1(v, d)
�
φ

Tλ ∩ Gµ
⊆ Gµ

En particulier,φ̃ se restreint en un isomorphismeφ̃ :L(v, d)� π−1(λ).

1. Preliminaries

1.1. Quiver varieties of typeA

We recall Nakajima’s construction of simple representations of SL(n), cf. [12,13]. LetI = {1, . . . , n− 1} be the
set of vertices and letΩ be an orientation of the Dynkin graph of typeAn−1. LetΩ be the opposite orientatio

andH
def= Ω �Ω be the set ofarrows. We call (I,H) the Dynkin quiver of typeAn−1. For an arrowh ∈H we

denote byh′ ∈ I andh′′ ∈ I its initial and terminal vertices. For a pairv, d in Z
I
�0 takeC-vector spacesVi andDi

of dimensions dimVi = vi and dimDi = di , i ∈ I . Consider the affine space

M(v,d)=
⊕
h∈H

Hom(Vh′,Vh′′ )⊕
⊕
i∈I

Hom(Di,Vi)⊕
⊕
i∈I

Hom(Vi,Di)

with the natural action of the groupG(V )= ∏
i∈I GL(Vi). Let m :M(v,d)→ g(V ) be the corresponding mome

map into the Lie algebrag(V ). (Symplectic form onM(v,d) is defined in [13, 3], the Lie algebrag(V ) is identified
with its dual via the trace.) DenoteΛ(v,d)= m−1(0).

Nakajima’s quiver varietyM(v, d) is the geometric quotient ofΛs(v, d) by G(V ), whereΛs(v, d) is the
set of all stable points inΛ(v,d) (so Λs(v, d)/G(V ) is the set ofC-points of M(v, d)). The quiver variety
M0(v, d)=Λ(v,d)//G(V ) is the invariant theory quotient (the spectrum of theG(V )-invariant functions). There
is a natural projective mapp :M(v, d)→ M0(v, d), cf. [13], and following Maffei [10], denote its image b
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M1(v, d)= p(M(v, d))⊆ M0(v, d). Finally, letL(v, d)
def= p−1(0)⊆ M(v, d) and denote byH(L(v, d)) its top-

dimensional Borel–Moore homology.

Theorem 1.1 [13, 10.ii]. The space
⊕
vH(L(v, d)) has the structure of a simpleSL(n)-module with the highes

weightd (i.e.,
∑
I diωi for the fundamental weightsωi ). The summandH(L(v, d)) is the weight space for th

weightv′ = ∑
I v

′
iωi =

∑
I diωi −

∑
I viαi , where{αi, i ∈ I } are simple roots ofSL(n).

1.2. FromSL(n) to GL(n)

We may consider
⊕
vH(L(v, d)) as a representationW

λ̌
of GL(n) with the highest weighťλ = λ̌(d) =

(λ̌1, λ̌2, . . . , λ̌n), where λ̌i = ∑n−1
j=i dj for 1 � i � n − 1 and λ̌n = 0, is a partition ofN = ∑n−1

j=1 jdj . Then
H(L(v, d)) is the weight spaceW

λ̌
(a), whereai = vn−1 + ∑n

j=i v′j (herev′n = 0), cf. [12, 8.3].

1.3. Affine Grassmannians of typeA

We recall the construction of representations ofG = GL(m) in terms of its affine GrassmannianGG, cf. [8,
5,11]. Let V be a vector space with a basis{e1, . . . , em} and V ((z)) = V ⊗C C((z)) ⊇ L0 = V ⊗C C[[z]].
A lattice in V ((z)) is an C[[z]]-submoduleL of V ((z)) such thatL ⊗C[[z]] C((z)) = V ((z)). The affine
GrassmannianGG is a reduced ind-scheme whoseC-points can be described as all lattices inV ((z)) or as
G((z))/G[[z]]. Its connected componentsG(N) are indexed by integersN ∈ Z, and ifN � 0 thenG(N) contains
GN = {latticesL in V ((z)) such thatL0 ⊆ L, dimL/L0 =N}. To a dominant coweightλ ∈ Zm ofG, one attache
the latticeLλ = ⊕m

1 C[[z]] · z−λi ei . TheG[[z]]-orbitsGλ in GG are parameterized by the dominant coweightλ
via Gλ = G[[z]] · Lλ. Finally, we denote byL<0G the subgroup of the group ind-schemeG[z−1] defined as the
kernel of the evaluationz−1 �→ 0.

The intersection homology of the closureGλ is a realization of the representationVλ, and the convolution o
IC-sheaves corresponds to the tensor products of representations, cf. [5,11].

1.4. Resolution of singularities

The closureGµ of the orbitGµ in GN has a natural resolution. TheG[[z]]-orbits inGN correspond toµ’s which
may be considered as partitions ofN (into at mostm parts). Any permutationa = (a1, . . . , an) of the partitionµ̌
dual toµ defines a convolution spacẽGaµ = Gωa1 ∗ · · · ∗Gωan , whereωk is thek-th fundamental coweight ofG, and

a resolution of singularitiesπ = πaµ : G̃aµ → Gµ, cf. [11].

2. Nilpotent cones of type A

2.1. n-flags[4,3]

Let us fix a vector spaceD of dimensionN . Let N = N (D) be the nilpotent cone in End(D). The connected
componentsFn,a of the variety ofn-step flags inD are parameterized by alla ∈ Z

n
�0 such thatN = ∑n

i=1 ai :

Fn,a = {
0 = F0 ⊆ F1 ⊆ F2 ⊆ · · · ⊆ Fn =D | dimFi − dimFi−1 = ai

}
.

Its cotangent bundle is̃N n,a = T ∗Fn,a = {(u,F ) ∈ N × Fa | u(Fi) ⊆ Fi−1}. Denote byma : Ñ n,a → N the
projection onto the first factor.
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2.2. A transverse slice to a nilpotent orbit

Let x be a nilpotent operator onD, with Jordan blocks of sizesλ = (λ1 � λ2 � · · · � λm). We construct a
“transverse slice”Tx to the nilpotent orbitOλ ⊆ N at x, different from the one considered by Slodowy [14, 7.
In some basisek,i , 1� k � λi , ofD, one hasx : ek,i �→ ek−1,i (we sete0,i = 0). Now

Tx
def= {
x + f, f ∈ End(D) | f l,jk,i = 0, if k �= λi, andf l,jλi ,i = 0, if l > λi

}
,

wheref l,jk,i :Cel,j → Cek,i are the matrix elements off in our basis. For a larger orbitOµ, any permutationa =
(a1, . . . , an) of the dual partitionµ̌, gives a resolutionT ax

def= m−1
a (Tx ∩ Oµ)⊂ Ñ n,a of the sliceTx,µ

def= Tx ∩ Oµ
to Oλ in Oµ.

3. Main theorem

3.1. From quiver data to affine Grassmannian data

We start withAn−1 quiver datav, d ∈ Z
I
�0 such thatM(v, d) is nonempty. Take the SL(n)-weightsd and

d − Cv, and pass to GL(n)-weightsλ̌ anda as in Section 1.2. Now permutea to a partitionµ̌ = µ̌(a)= (µ̌1 �
µ̌2 � · · · � µ̌n) of N = ∑n−1

j=1 jdj . Finally, letλ = (λ1, . . . , λm) andµ = (µ1, . . . ,µm), wherem= ∑n−1
i=1 di , be

the partitions ofN (i.e., GL(m)-coweights) dual tǒλ andµ̌ respectively.

Theorem 3.1. LetN , v, d , a, λ, µ be as above. LetLλ ∈ GG be the lattice corresponding to the coweightλ, and let
Tλ be itsL<0G-orbit. There exist algebraic isomorphismsφ, φ̃, ψ , ψ̃ such that the following diagram commute:

M(v, d)
φ̃

�
p

T̃ ax
ψ̃

�
ma

π−1(Tλ ∩ Gµ)
⊆

π

G̃aµ
π

M1(v, d)
φ

� Tx,µ
ψ

� Tλ ∩ Gµ
⊆ Gµ

(1)

and(ψ ◦ φ)(0)= Lλ. In particular, ψ̃ ◦ φ̃ restricts to an isomorphismL(v, d)� π−1(Lλ).

3.2.

For d = (d1,0, . . . ,0) and λ = (1, . . . ,1) the theorem above was proven in (or follows immediately fro
[8,12]. The isomorphismsφ (resp.φ̃) is analogous to the isomorphism constructed in [12] (resp. isomorp
conjectured in [12, 8.6] and constructed in [10] using a result from [9]). However, our isomorphismφ is
given by an explicit formula described as follows. Let us think of a point inM1(v, d) as (closed orbi
of) a quadruple({Bi}i∈I , {Bi}i∈I , {pi}i∈I , {qi}i∈I ) ∈ Λ(v,d), whereBi ∈ Hom(Vi,Vi+1), Bi ∈ Hom(Vi+1,Vi),
pi ∈ Hom(Di,Vi), and qi ∈ Hom(Vi,Di). We decompose the vector spaceD, dimD = N , as a direct sum
D = ⊕

1�h�j�n−1D
h
j , cf. [10], whereDhj = C{eh,i | λi = j }, dimDhj = dimDj = dj (notation of 1.1, 2.2, 3.1)

Then for anyf ∈ End(D) we consider its blocksf j
′,h′
j,h :Dh

′
j ′ → Dhj . By definition,φ(B,B,p,q) = x + f ∈ N

(notation of 2.2), where

f
j ′,h′
j,h =

{
qjBj−1 . . .Bh′+1Bh′Bh′Bh′+1 . . .Bj ′−1pj ′ if h= j ,
0 otherwise.

(2)

In particular,φ(0)= x.
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3.3. Compactification of quiver varieties

A compactification ofM1(v, d) and M(v, d) is given by closures of their respective images under
embeddingsM1(v, d) ↪→ Gµ andM(v, d) ↪→ G̃aµ.

3.4. Decomposition

The theorem implies a decomposition ofGµ into a disjoint union of quiver varieties

Gµ =
⊔

Gλ⊆Gµ

⊔
y∈G·Lλ

M0(v, d)y, (3)

whereM0(v, d)y is a copy of quiver varietyM0(v, d) for every pointy ∈G ·Lλ, andv, d are obtained fromλ, µ
by reversing formulas in Section 1.2.

3.5. Beilinson–Drinfeld Grassmannians

Recall the moment mapm :M(v,d)→ g(V ) from Section 1.1. Anyc= (c1 IdV1, . . . , cn−1 IdVn−1) in the center
of the Lie algebrag(V ) definesΛc(v, d)= m−1(c), and then, as in 1.1, the “deformed” quiver varietiesMc(v, d)=
Λsc(v, d)/G(V ) andMc

0(v, d) =Λc(v, d)//G(V ). We expect that in typeA our theorem and decomposition (
extend to a relation between deformed quiver varieties and the Beilinson–Drinfeld Grassmannians, cf. [2].

For instance, whend = (d1,0, . . . ,0) there is an embeddingMc
0(v, d) ↪→ GBD

A(n)
(GL(m)) of our quiver variety

into the fiber of the Beilinson–Drinfeld Grassmannian over the point(0, c1, c1 + c2, . . . , c1 + · · · + cn−1) ∈ A
(n).

The proofs and more details will appear in a forthcoming paper.
Another example of a decomposition of an infinite Grassmannian into a disjoint union of quiver varieti

be found in [1] (who generalized a result from [15]). A part of adelic Grassmannian is a union of quiver va
Mc(v, d) associated toaffinequivers of typeA.

4. Geometric construction of skew (GL(n),GL(m)) duality

4.1. Skew duality

Let V = C
m andW = C

n be two vector spaces. Then we have the GL(V )× GL(W)-decomposition, see, e.g
[6, 4.1.1], cf. [7]:

∧N(V ⊗W)=
⊕
λ

Vλ ⊗W
λ̌
, (4)

whereλ varies over all partitions ofN which fit into then×m box, andVλ andW
λ̌

are the corresponding highe
weight representation of GL(m) of GL(n). This is essentially equivalent to natural isomorphisms of vector sp

HomGL(m)
(∧a1V ⊗ · · · ⊗ ∧anV ,Vλ

) �W
λ̌
(a), (5)

whereW
λ̌
(a) is the weight space corresponding to the weighta = (a1, . . . , an).

4.2.

We construct a based version of the isomorphism (5), i.e., a geometric skew duality. More precisely, witN , v,
d , a, λ as in 3.1, we identify the left-hand side withH(π−1(Lλ)) (notation from Theorem 3.1) and the right-ha
side withH(L(v, d)) by Theorem 1.1. The identification of irreducible components Irrπ−1(Lλ) = Irr L(v, d),
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which follows from Theorem 3.1, matches the natural basis of the space of intertwiners HomGL(m)(∧a1V ⊗ · · · ⊗
∧anV ,Vλ) arising from the affine Grassmannian construction (i.e., Irrπ−1(Lλ)), and the natural basis of the weig
spaceW

λ̌
(a) in the Nakajima construction (i.e., IrrL(v, d)). Altogether:

HomGL(m)
(∧a1V ⊗ · · · ⊗ ∧anV ,Vλ

) �H
(
π−1(Lλ)

) � H
(
L(v, d)

) �W
λ̌
(a).
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[11] I. Mirkovi ć, K. Vilonen, Perverse sheaves on affine Grassmannians and Langlands duality, Math. Res. Lett. 7 (1) (2000) 13–24.
[12] H. Nakajima, Instantons on ALE spaces, quiver varieties, and Kac–Moody algebras, Duke Math. J. 76 (2) (1994) 365–416.
[13] H. Nakajima, Quiver varieties and Kac–Moody algebras, Duke Math. J. 91 (3) (1998) 515–560.
[14] P. Slodowy, Simple Singularities and Simple Algebraic Groups, in: Lecture Notes in Math., Vol. 815, Springer, Berlin, 1980.
[15] G. Wilson, Collisions of Calogero–Moser particles and an adelic Grassmannian. With an appendix by I.G. Macdonald,

Math. 133 (1) (1998) 1–41.


