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Abstract

Our purpose is to derive a model describing the evolution of particles at various scales following their kinetic ener
particles will be described through a collisional kinetic equation of Boltzmann-BGK type. This equation will be couple
a fluid model (Euler equations) that describes the evolution of slower particles. The main interest of this approach is t
the cost of numerical simulations.To cite this article: N. Crouseilles et al., C. R. Acad. Sci. Paris, Ser. I 336 (2003).
 2003 Académie des sciences/Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Dans cette Note, nous proposons un modèle permettant de décrire différemment l’évolution de particules suiv
énergies cinétiques. Les particules rapides seront décrites par une équation cinétique de type Boltzmann-BGK. Cet
sera couplée à un modèle fluide (équations d’Euler) destiné à modéliser l’évolution des particules lentes. Un des inté
type d’approche est la réduction du coût des simulations numériques.Pour citer cet article : N. Crouseilles et al., C. R. Acad.
Sci. Paris, Ser. I 336 (2003).
 2003 Académie des sciences/Éditions scientifiques et médicales Elsevier SAS. Tous droits réservés.

Version française abrégée

L’étude et la simulation de systèmes de particules hors équilibre sont des problèmes complexes. De tel
ne peuvent être décrits correctement par des modèles fluides de type Euler ou Navier–Stokes ; en effet, ce
supposent que le système dévie peu de l’équilibre, hypothèse qui n’est pas vérifiée lorsqu’une forte prop
particules suprathermiques est présente. D’autre part, les modèles cinétiques qui seuls peuvent rendre
déséquilibre, nécessitent la discrétisation de l’espace des phases (position et vitesse), ce qui est prohibiti
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doi:10.1016/S1631-073X(03)00033-5
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Pour décrire des systèmes hors équilibre, nous proposons dans cette Note un modèle hybride qui
différemment les particules rapides et les particules lentes : les premières seront modélisées par un modèle
de type Boltzmann-BGK, tandis que les secondes le seront à travers les équations d’Euler (régime fluide)

Un schéma numérique conservatif est alors construit à partir duquel des simulations sont effectué
comparaisons avec des modèles existants sont présentées.

1. Introduction

Kinetic theories describe a gas through the evolution of a nonnegative densityf = f (t, x, v) over the particle
phase spaceRd × Rd (with t � 0, x ∈ Rd , v ∈ Rd, d = 1,2,3). In our case, this evolution is governed by t
BGK equation:

∂f

∂t
+ v · ∇xf = 1

ε
(M[f ] − f ), with M[f ](v) = n

(2πT )d/2
exp

[
−|v − u|2

2T

]
, (1)

with ε > 0 the relaxation time and wheren, u, T (density, mean velocity and temperature) satisfyn= ∫
Rd f (v)dv,

nu = ∫
Rd vf (v)dv,

∫
Rd |v|2f (v)dv = n|u|2 + dnT , d = 1,2,3. Far outside fluid dynamical regimes, one m

abandon fluid dynamics in favor of the full kinetic model, which may be effectively solvedvia molecular dynamics
Monte Carlo methods, deterministic methods, etc. [1,5]. However, because of its phase space descrip
numerical stiffness, the computational cost of doing so in regimes near the fluid dynamical limit becom
prohibitive in both time and storage requirements to allow for general usage. Consequently, we propose to
differently fast particles and slower particles (see [2]). Slow ones, which do not deviate far from equilibriu
be modelized through a fluid equation of Euler type, whereas the Boltzmann-BGK model (1) will take into a
fast particles. More precisely, we consider a ballB1 = {v ∈ R

d | |v−u| �R
√
T }, whereu andT are a velocity and

a temperature (supposed to depend ont andx), whileR is a constant parameter. This ball represents the veloc
which are slow relatively tou(t, x). In the same way,v ∈ B2 = R

d \B1 will be the velocities set of relatively fas
particles.

The remainder of the paper is organized as follows. Section 2 is devoted to the derivation of the
fluid/kinetic model. Section 3 indicates a numerical scheme for the hybrid model and presents some sim
Finally, Section 4 gives a concluding discussion.

2. Obtention of the coupled model

Our starting point is (1) which takes account of all the velocitiesv ∈ Rd . Let us introduce some notations relati
to B1 = {v ∈ Rd | |v − u| �R

√
T } andB2 = Rd \B1:

Definition 2.1.For any functiong :Rd → R, we set fori = 1,2: gi(v) = g(v) if v ∈Bi andgi(v) = 0 otherwise.

Our goal is to appoach (1) by a fluid/kinetic model. Associated tof , solution to (1),f2 will be the unknown
of the kinetic part of the hybrid model. On the other hand, the fluid part must be a closed system ofd + 2
equations satisfied byU1 = (n1,P1,W1)

T, with n1 the density,P1 the momentum andW1 the energy off
on B1. The closure distribution function will be imposed by the minimization entropy principle (see
However, sinceB1 is a bounded set, the situation is slightly different. We choose for the entropy funct
H1(g)= ∫

B g(v) log(g(v))dv, g � 0.

1
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Let us now summarize this closure strategy applied to our case. Here, the minimization entropy princip
prescribed momentsU1 can be written, withm(v)= (1, v, |v|2)T:

FindM1 � 0 s.t.H1(M1)= Min

{
H1(g), g � 0 s.t.

∫
B1

g(v)m(v)dv =U1

}
. (2)

If (2) has a solutionM1, then the system of momentsU1 derived from (1) onB1 can be closed by a distributio
function that coincides withM1. This closure strategy, introduced by Levermore [4], ensures the hyperbo
of the so-obtained system (here, ifu andT are chosena priori). Next, we prove that (2) has a unique soluti
provided that the prescribed moments satisfy some constraints that will be precised later on. Before goin
statement, we first define the moment realizability problem: what necessary and sufficient conditions ha
satisfied by the prescribed momentsU1 = (n1,P1,W1)

T such that the moment problem:

FindM1 � 0 s.t.
∫
B1

M1(v)m(v)dv =U1, wherem(v)= (
1, v, |v|2)T, (3)

admits at least one solution? When (3) is solvable, the question is then: what are the necessary and
conditions on(n1,P1,W1) so that (2) admits a solution? The following proposition answers these que
(following results in [3]):

Proposition 2.2.The minimization entropy problem(2) admits a solution if and only if the moments problem(3)
has a solution, if and only if:

|P1|2 � n1W1,
n1W1 − |P1|2

n2
1

+
∣∣∣∣u− P1

n1

∣∣∣∣
2

�R2T . (4)

Moreover, under conditions(4), the solution is unique and is a Maxwellian function:

M1(v) = exp
(
λ0 + λ1 · v + λ2|v|2

)
, with (λ0, λ1, λ2)

T ∈ R
d+2, d = 1,2,3, (5)

whereλ= (λ0, λ1, λ2)
T ∈ Rd+2 is uniquely determined by relation(3).

As mentioned above, the so-obtained distribution function (5) will close our system of moments. Let u
introduce some notations which enable us to write the hybrid model:(

ψn1

ψP1

ψW1

)
=
∫
B1

vM1(v)

( 1
v

|v|2

)
dv, �F(v)=D

(
v − u

R
√
T

) (
with D = ∂

∂t
+ v · ∇x

)
, (6)

are respectively the moments fluxes, and a force which modelizes the space and time variations ofB1. Now, if we
noteS(u,R

√
T ) the boundary (sphere) ofB1, we can introduce the following sets:

S+ = {
v ∈ S(u,R

√
T ) s.t. �F(v) · �ν > 0

}
, S− = {

v ∈ S(u,R
√
T ) s.t. �F (v) · �ν < 0

}
, (7)

where�ν is the outgoing normal toS(u,R
√
T ). If dS is the surface measure, then we can define the boun

semi-fluxes (outgoing and incoming semi-fluxes respectively):(
Ln1

LP1

LW1

)
=
∫
S+

�F(v) · �νM1(v)

( 1
v

|v|2

)
dS,

(
Gn1

GP1

GW1

)
=
∫
S−

∣∣ �F(v) · �ν∣∣f2(v)

( 1
v

|v|2

)
dS.

Then, if we take the moments of (1) onB1, use the closureM1 given by (5), and if we restrict (1) toB2, then we
obtain:

Proposition 2.3.With the previous notations, the hybrid fluid/kinetic model of unknowns(n1,P1,W1, f2) writes:
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(
n1
P1
W1

)
+ ∇x ·

(
ψn1

ψP1

ψW1

)
= −1

ε

(
n(2) − n2
P (2) − P2
W(2) −W2

)
−
(
Ln1

LP1

LW1

)
+
(
Gn1

GP1

GW1

)
,

∂f2

∂t
+ v · ∇xf2 = 1

ε
Q2(f2,M1) onB2

(8)

with the boundary conditionsf2(v) =M1(v), ∀v ∈ S+. Moreover,Q2(f2,M1)= (M[M1+f2],2 −f2)(v), v ∈B2,
whereM[M1+f2] satisfies

∫
Rd m(v) M[M1+f2](v)dv = ∫

Rd m(v)(M1 + f2)(v)dv, with m(v) = (1, v, |v|2)T,
and: (

n(2)

P (2)

W(2)

)
=
∫
B2

M[M1+f2],2(v)
( 1

v

|v|2

)
dv,

(
n2
P2
W2

)
=
∫
B2

f2(v)

( 1
v

|v|2

)
dv.

3. Numerical schemes for the hybrid model

In this section, we present a numerical scheme for the hybrid model (8). The main difficulty of the discret
of such a model comes from the dependence ofB1 on both time and space. To overcome this problem, we fo
a splitting method: in a first step, we only take into account the space variations ofB1; its time variations will be
considered in a second step. Let us construct the numerical scheme.

For the sake of simplicity, we present a 1-D scheme, with a Cartesian gridxi = i$x, vk = k$v, i, k ∈ Z;
tn = n$t is the time discretization,n ∈ N. Like in the continuous case (see Section 2), our starting point is
BGK equation. To discretize (1), we follow the strategy developped in [5]. We approximatef (tn, xi, vk) by f n

i,k

such that:

f n+1
i,k = f n

i,k − v+
k

$t

$x

[
f n
i,k − f n

i−1,k

]− v−
k

$t

$x

[
f n
i+1,k − f n

i,k

]+ $t

ε

[
Eni,k − f n

i,k

]
, (9)

with v±
k = 1

2(vk ± |vk|) and where(Eni,k)k∈Z realizes the following minimum:

Min

{∑
k∈Z

gk log(gk)$v, gk � 0 s.t.
∑
k∈Z

mkgk$v =Un
i

}
, (10)

with Un
i =∑

k∈Z
f n
i,kmk$v andmk = (1, vk, |vk|2). Thanks to [5], the computation of(Eni,k)k∈Z does not require

to solve (10). Instead, we only have to computeαni ∈ R3 such thatEni,k = exp(αni ·mk), ∀k ∈ Z holds.
Now, in order to decompose the velocity domain, we have to define a discretized version of the baB1 =

B1(t, x). We consider a special case whereu andT are chosen as the global mean velocityu(t, x) and temperature
T (t, x) respectively. They are approximated by:

uni = Un
i (2)

Un
i (1)

, T n
i = Un

i (3)U
n
i (1)− (Un

i (2))
2

(Un
i (1))

2 ,

whereUn
i (j) is thej -th component ofUn

i , R remains an arbitrary parameter. Then,B1(t
n, xi)�Kn

i = {vk = k$v,
k ∈ Z s.t. |vk − uni | �R

√
T n
i }. We introduce the approximation unknowns of the hybrid model (8),

Un
1,i =

∑
k∈Kn

mkf
n
i,k$v and f n

2,i,k =
{
f n
i,k if k ∈ Z \Kn

i ,
0 otherwise.
i
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We denote byφn1,i,±(g) =∑
k∈Kn

i
v±
k mkgk$v, the discrete fluxes;Un

(1),i =∑
k∈Kn

i
mkEni,k$v are the moments o

(Eni,k)k on Kn
i . Afterwards, we approximate(f n

i,k)k∈Z, ∀k ∈ Kn
i , by the solution(Mn

1,i,k)k∈Kn
i

of the following
minimization problem:

Min

{ ∑
k∈Kn

i

gk log(gk)$v, gk � 0 s.t.
∑
k∈Kn

i

mkgk$v =Un
1,i

}
. (11)

This problem is solved in the same way as (10). Taking the moments of (9) onKn
i and, on the other hand

restricting (9) toZ \Kn
i yields:

U
n+1/2
1,i = Un

1,i −
$t

$x

[
φn1,i,+

(
Mn

1,i

)− φn1,i,+
(
Mn

1,i−1 + f n
2,i−1

)]
− $t

$x

[
φn1,i,−

(
Mn

1,i+1 + f n
2,i+1

)− φn1,i,−
(
Mn

1,i

)]+ $t

ε

[
Un
(1),i −Un

1,i

]
, (12)

f
n+1/2
2,i,k = f n

2,i,k − v+
k

$t

$x

[
f n

2,i,k −Mn
1,i−1,k − f n

2,i−1,k

]
− v−

k

$t

$x

[
Mn

1,i+1,k + f n
2,i+1,k − f n

2,i,k

]+ $t

ε

[
Eni,k − f n

2,i,k

]
, (13)

whereUn+1/2
1,i andf n+1/2

2,i,k are intermediate variables that only take account of the space variation ofKn
i through

the fluxes.
The next step of the splitting is to consider time variations ofKn

i . To that purpose, we construct(Mn+1/2
1,i,k )k∈Kn

i

the Maxwellian realizing the minimum of (11) with the prescribed moments equal toU
n+1/2
1,i . Then we define

gn+1
i,k = f

n+1/2
2,i,k +Mn+1/2

1,i,k , ∀k ∈ Z, the moments of which are an approximation ofUn+1
i . At this level,Kn+1

i can

be defined. The unknowns at the next time step are finally:Un+1
1,i =∑

k∈Kn+1
i

mkg
n+1
i,k $v, f n+1

2,i,k = gn+1
i,k |

Z\Kn+1
i

.

The following proposition ensures the conservativity of the above scheme.

Proposition 3.1.Eqs.(12), (13) together with the splitting procedure, give a numerical scheme that preserve
total mass, momentum and energy.

Now, we present some numerical results. We compare the discrete hybrid model to the discrete BGK m
and to the exact solution of the Sod shock tube problem. The initial conditions are:(ρL,uL,pL) = (1.,0.,1.),
(ρR,uR,pR) = (0.125,0.,0.1). The numerical parameters are: 100 cells in space ($x = 1/100), 80 cells in
velocity ($v = 0.25) and$t = 3.33× 10−4. Moreoverε = 10−3 andR = 2. The solution is observed at 0.18 s.

(a) (b) (c)

Fig. 1. (a) Density; (b) velocity; (c) pressure.

Fig. 1. (a) Densité ; (b) vélocité ; (c) pression.
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Figs. 1(a)–(c) represent respectively the density, velocity and pressure (circle curves) profiles with th
conservative scheme as a function of the space variablex. We have also plotted the numerical solution of
BGK model (continuous curves) and the exact solution of the Euler equations (discontinuous curves). Th
numerical solution is nearly superposed on the BGK solution; the rarefaction, the contact discontinuity
shock are well described by the hybrid model.

4. Conclusion

We have presented a new model for the description of particles far from equilibrium. A velocity d
decomposition enables us to consider differently fast and low particles. Then we used a closure strate
for slow particles) based on the minimization entropy principle. An explicit scheme of this model, which sa
the conservation laws is then presented. Our results appear to compare favorably with the BGK numerical
Nevertheless, the method has to be extended to more realistic relaxation time, or collision operator. A seco
scheme can also be written.

Acknowledgements

Support by the Commissariat à l’énergie atomique (CESTA) and by the European network HYKE (EC c
HPRN-CT-2002-00282), is aknowledged. The authors wish to thank B. Dubroca, G. Duffa and J.P. Morre
stimulating discussions and encouragements.

References

[1] G.A. Bird, Molecular Gas Dynamics and the Direct Simulation of Gas Flows, Oxford Science Publications, 1994.
[2] N. Crouseilles, Dérivation de modèles couplés dérive-diffusion/cinétique par une méthode de décomposition en vitesse, C. R.

Paris, Sér. I 334 (2002) 827–832.
[3] M. Junk, Maximum entropy for reduced moment problem, Math. Models Methods Appl. Sci. 10 (7) 1001–1025.
[4] C.D. Levermore, Moment closure Hierarchies for kinetic theories, J. Statist. Phys. 83 (1996) 1021–1065.
[5] L. Mieussens, Discrete velocities model and implicit scheme for the BGK equation of rarefied gas dynamics, Math. Models Metho

Sci. 10 (8) 1121–1149.


