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Abstract

This Note presents a formula for the enumerative invariants of arbitrary genus in toric surfaces. The formula comp
number of curves of a given genus through a collection of generic points in the surface. The answer is given in terms
lattice paths in the relevant Newton polygon. If the toric surface isP2 or P1×P1 then the invariants under consideration coinc
with the Gromov–Witten invariants. The formula gives a new count even in these cases, where other computational te
are available.To cite this article: G. Mikhalkin, C. R. Acad. Sci. Paris, Ser. I 336 (2003).
 2003 Académie des sciences/Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Cette Note présente une formule pour les invariants énumératifs de genre arbitraire en surfaces toriques. La formu
le nombre des courbes de genre donné qui passent par une collection de points génériques sur la surface. Le résulta
en fonction de certains chemins dans le polygone de Newton relevant. Si la surface torique estP

2 ouP
1 ×P

1 nos invariants son
les invariants de Gromov–Witten. La formule est nouvelle même dans ces cas, où d’autres techniques de calcul sont d
Pour citer cet article : G. Mikhalkin, C. R. Acad. Sci. Paris, Ser. I 336 (2003).
 2003 Académie des sciences/Éditions scientifiques et médicales Elsevier SAS. Tous droits réservés.

Version française abrégée

Rappellons qu’on peut associer à chaque polygone convexe∆ ⊂ R2 à sommets entiers une surface compa
toriqueCT∆ ⊃ (C∗)2 et un système linéaire de courbes holomorphes dans cette surface. Par exemple, pou
CP

2 et les courbes de degréd on peut prendre un triangle de sommets(d,0), (0, d) et (0,0). Pour obtenir
CP1 × CP1 et les courbes de bi-degré(r, s) on peut prendre∆ = [0, r] × [0, s]. On voit le polygone∆ comme un
analogue du degré enCT∆. La dimension dePL estm = #(∆∩ Z2)− 1. Une courbe générique du systèmePL est
lisse de genrel = #(Int∆ ∩ Z2). Cette Note concerne les courbes dePL dont le genre est inférieur àl.

E-mail address:mikhalkin@math.utah.edu (G. Mikhalkin).
1 The author is partially supported by the NSF.
1631-073X/03/$ – see front matter 2003 Académie des sciences/Éditions scientifiques et médicales Elsevier SAS. Tous droits réservés.
doi:10.1016/S1631-073X(03)00104-3
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Pour un entierδ > 0 on considère la partieΣ◦
δ ⊂ PL formée par les courbes�C de genre géométriqu

g(�C) = l − δ t.q. chaque composante irreductible intersecte(C∗)2. Le genre géométriqueg(�C) est défini comme
(2− χ(C̃))/2, oùC̃ → �C est la normalisation. Remarquons queg(�C) peut être négatif si�C est non-irreductible.

La dimension deΣ◦ estm − δ. On définitΣδ comme l’adhérance deΣ◦
δ . On définitN∆,δ comme le degré d

Σδ ⊂ PL. Le nombreN∆,δ est un nombre deSeveri-type. C’est le nombre de courbes dansCT∆ de degré∆ et
de genrel − δ sans composantes en dehors de(C∗)2, qui passent par une collection de pointsz1, . . . , zm−δ ∈ CT∆

dans une position générale. SiCT∆ estCP2 ou CP1 × CP1, alorsN∆,δ coïncide avec le nombre de Gromo
Witten de genrel − δ correspondant. En généralN∆,δ différe du nombre de Gromov–Witten correspondant pa
contribution de courbes dont les composantes sont contenues dans le diviseur exceptionnel ou les points
(isolés) deCT∆.

Notre résultat principal consiste en le calcul deN∆,δ à l’aide de chemins de réseau dans∆. Rappellons qu’un
chemin de réseauγ : [0, n] → ∆ est un chemin t.q. pour chaquek = 1, . . . , n la restrictionγ |[k−1,k] est affine-
linéaire avecγ (k−1), γ (k) ∈ Z2. On définit dans le Section 2 la multiplicité d’un chemin qui relie deux sommep

etq de∆. Pour calculerN∆,δ on fixe une application linéaire auxiliaireλ : R2 → R qui est injective surZ2. Soient
p etq le minimum et le maximum deλ|∆. On dit qu’un cheminγ etλ-croissant siλ◦γ est une fonction croissant

Théorème 1. Le nombreN∆,δ est égal au nombre(calculé avec multiplicités) de chemins de réseauλ-croissants
[0,m − δ] → ∆ reliant p et q .

On considère aussi le problème de calcul surR. On fixe une famille de points réelsz1, . . . , zm−δ ∈ RT∆ dans
une position générale et on demande combien parmi lesN∆,δ courbes relevantes passants parz1, . . . , zm−δ sont
réelles. Dans la Section 4 on définit la multiplicité réelle d’un cheminγ : [0, n] → ∆.

Théorème 2. Pour chaque choix deλ il existe une configuration dem − δ points génériques dans(R∗)2 t.q. le
nombre de courbes réelles parmi lesN∆,δ courbes complexes relevantes est égal au nombre de chemins de
λ-croissants[0,m− δ] → ∆ reliant p etq calculés avec multiplicités réelles.

1. Introduction: the numbers N∆,δ

Let∆ ⊂ R2 be a convex polygon with integer vertices. It defines a finite-dimensional linear systemPL of curves
in (C∗)2, whereC∗ = C � {0}. These curves are the zero loci in(C∗)2 of the (Laurent) polynomials

f (z,w) =
∑

(j,k)∈∆∩Z2

ajkz
jwk,

ajk ∈ C. The polynomialsf themselves form the vector spaceL. Recall thatthe Newton polygonof f is
Convexhull{(j, k) | ajk �= 0}. ThusL contains polynomials whose Newton polygon is contained in∆. Clearly
PL is a complex projective space of dimensionm = #(∆ ∩ Z2) − 1. Curves with the Newton polygon∆ form an
open dense setU ⊂ PL. A generic curve inL is a smooth curve of genusl = #(Int∆ ∩ Z2).

Let C ∈ PL be a curve. Even ifC is not irreducible we can define its geometric genusg(C) ∈ Z. Consider the
decompositionC = C1 ∪ . . . ∪ Cn into the irreducible componentsCj . We defineg(C) = ∑n

j=1g(C̃j ) + 1 − n,

whereC̃j → Cj is the normalization. Note thatg(C) can be negative (cf. [1]). IfC is singular then its genus
strictly smaller thanl.

By the Riemann–Roch formula the curves of genusl − δ and with the Newton polygon∆ form a subvariety
Σ◦

δ ⊂ U of dimensionm − δ. Let Σδ ⊂ L be the projective closure ofΣ◦
δ . We defineN∆,δ to be the degree o

the(m − δ)-dimensional subvarietyΣδ in L. The degree is the intersection number with a projective subspa
codimensionm − δ. Curves fromL passing through a pointz ∈ (C∗)2 form a hyperplane.
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The numberN∆,δ has the following enumerative interpretation. Letz1, . . . , zm−δ ∈ (C∗)2 be generic points
The numberN∆,δ equals to the number of algebraic curves of Newton polygon∆ and genusl − δ passing through
z1, . . . , zm−δ . Note thatN∆,0 = 1 for any∆. These numbers get more interesting whenδ > 0.

Remark 1. Another way to look at the same problem is to consider the compactification of the torus(C∗)2. Recall
that the polygon∆ defines a compact toric surfaceCT∆, see, e.g., [2]. (Some readers may be more familiar w
the definition of toric surfaces by fans, in our case the fan is formed by the dual cones at the vertices of∆.) The
surfaceCT∆ may have isolated singularities that correspond to some vertices of∆.

In addition to a complex structure (which depends only on the dual fan) the polygon∆ defines a holomorphi
line bundleH overCT∆. We have a canonical identificationΓ (H) = L, whereΓ (H) is the space of the section
of H. The projective spacePL can be also considered as the space of effective 1-cycles inCT∆ Poincaré dual to
c1(H). The numberN∆,δ is the number of holomorphic curves�C ⊂ CT∆ such thatz1, . . . , zmδ ∈ �C, the homology
class[�C] is dual toc1(H), the Euler characteristic of the normalization of�C is 2− 2(l − δ) and no irreducible
component of�C is contained inCT∆ � (C∗)2.

Remark 2. Note that in the set-up of Remark 1 the numberN∆,δ appears related to the Gromov–Witten invari
of CT∆ (see [3]) corresponding toc1(H). The difference is that the corresponding Gromov–Witten invar
also has a contribution from the curves of genusl − δ which have components contained inCT∆ � (C∗)2. This
contribution is zero (by the dimension reasons) ifCT∆ is smooth and does not have exceptional divisors. Th
∆ = ∆d = ConvexHull{(0,0), (d,0), (0, d)} or ∆ = [0, r] × [0, s] then the numberN∆,δ is the multicomponen
Gromov–Witten invariant of genus(l − δ) and degreed in CP2 or of bidegree(r, s) in CP1 × CP1.

Special case. Suppose∆ = ∆d so thatCT∆ = CP2. We havem = d(d+3)
2 and l = (d−1)(d−2)

2 . The number
N∆d,δ = Ng,d is the number of genusg, degreed (not necessarily irreducible) curves passing through 3d − 1+ g

generic points inCP2, g = (d−1)(d−2)
2 − δ.

The formulaN∆d,1 = 3(d − 1)2 is well-known as the degree of the discriminant (cf. [2]). An eleg
recursive formula for the number of irreducible rational curves (the one-component part ofN0,d ) was found by
Kontsevich [3]. An algorithm for computingNg,d for arbitraryg is due to Caporaso and Harris [1]. See [7]
computations for some other rational surfaces, in particular, the Hirzebruch surfaces (this corresponds to
when∆ is a trapezoid).

2. Lattice paths and their multiplicities

A path γ : [0, n] → R
2, n ∈ N, is called alattice pathif γ |[j−1,j ], j = 1, . . . , n, is an affine-linear map an

γ (j) ∈ Z2, j ∈ 0, . . . , n. Clearly, a lattice path is determined by its values at the integer points. Let us cho
auxiliary linear mapλ : R2 → R that is irrational, i.e., such thatλ|Z2 is injective. Letp,q ∈ ∆ be the vertices wher
α|∆ reaches its minimum and maximum respectively. A lattice path is calledλ-increasingif λ ◦ γ is increasing.

The pointsp andq divide the boundary∂∆ into two increasing lattice pathsα+ : [0, n+] → ∂∆ andα− : [0, n−] →
∂∆. We haveα+(0) = α−(0)= p, α+(n+) = α−(n−) = q, n+ + n− = m− l + 3. To fix a convention we assum
thatα+ goes clockwise around∂∆ wile α− goes counterclockwise.

Let γ : [0, n] → ∆ ⊂ R2 be an increasing lattice path such thatγ (0) = p andγ (n) = q . The pathγ divides∆
into two closed regions:∆+ enclosed byγ andα+ and∆− enclosed byγ andα−. Note that the interiors of∆+
and∆− do not have to be connected.

We define the positive (resp. negative) multiplicityµ±(γ ) of the pathγ inductively. We setµ±(α±) = 1. If
γ �= α± then we take 1� k � n− 1 to be the smallest number such thatγ (k) is a vertex of∆± with the angle less
thanπ (so that∆± is locally convex atγ (k)).

If suchk does not exist we setµ±(γ ) = 0. If k exist we consider two other increasing lattice paths connectip

andq γ ′ : [0, n − 1] → ∆ andγ ′′ : [0, n] → R2. We defineγ ′ by γ ′(j) = γ (j) if j < k andγ ′(j) = γ (j + 1)
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Fig. 1. A pathγ with µ+(γ ) = 1 andµ−(γ ) = 2.

Fig. 1. Un cheminγ avecµ+(γ ) = 1 etµ−(γ ) = 2.

Fig. 2. ComputingN∆,1 = 5 in two different ways.

Fig. 2. Calcul deN∆,1 = 5 dans deux façons différentes.

if j � k. We defineγ ′′ by γ ′′(j) = γ (j) if j �= k and γ ′′(k) = γ (k − 1) + γ (k + 1) − γ (k) ∈ Z2. We set
µ±(γ ) = 2 Area(T )µ±(γ ′) + µ±(γ ′′), whereT is the triangle with the verticesγ (k − 1), γ (k) andγ (k + 1).
The multiplicity is always integer since the area of a lattice triangle is half-integer.

Note that it may happen thatγ ′′(k) /∈ ∆. In such case we use a conventionµ±(γ ′′) = 0. We may assume tha
µ±(γ ′) andµ±(γ ′′) is already defined since the area of∆± is smaller for the new paths. Note thatµ± = 0 if
n < n± as the pathsγ ′ andγ ′′ are not longer thanγ .

We definethe multiplicity of the pathγ as the productµ+(γ )µ−(γ ). Note that the multiplicity of a path
connecting two vertices of∆ does not depend onλ. We only needλ to determine whether a path is increasing.

Example 1. Consider the pathγ : [0,8] → ∆3 depicted on the extreme left of Fig. 1. This path is increasing w
respect toλ(x, y) = x − εy, whereε > 0 is very small.

Let us computeµ+(γ ). We havek = 2 asγ (2) = (0,1) is a locally convex vertex of∆+. We haveγ ′′(2) =
(1,3) /∈ ∆3 and thusµ+(γ ) = µ+(γ ′), since Area(T ) = 1

2. Proceeding further we getµ+(γ ) = µ+(γ ′) = · · · =
µ+(α+) = 1.

Let us computeµ−(γ ). We havek = 3 asγ (3) = (1,2) is a locally convex vertex of∆−. We haveγ ′′(3) = (0,0)
andµ−(γ ′′) = 1. To computeµ−(γ ′) = 1 we note thatµ−((γ ′)′) = 0 andµ−((γ ′)′′) = 1. Thus the full multiplicity
of γ is 2.

3. The formula

In the previous section we fixed an auxiliary linear functionλ :R2 → R which determines the extremal vertic
p,q of ∆.

Theorem 1. The numberN∆,δ is equal to the number(counted with multiplicities) of λ-increasing lattice paths
[0,m − δ] → ∆ connectingp andq .

This theorem is proved in [5] (to appear). The proof is based on the application of the so-calledtropical
algebraic geometry(see, e.g., Chapter 9 of [6]). The relation between the classical enumerative problem a
corresponding tropical problem is provided by passing to the “large complex limit” as suggested by Kon
(see [4] for these ideas in a more general setting).

Note that an immediate corollary of Theorem 1 is that the sum of the multiplicities of theλ-increasing lattice
paths of a fixed length does not depend on the choice ofλ.

Example 2. Let us computeN∆,1 = 5 for the polygon∆ depicted on Fig. 2 in two different ways. Usin
λ(x, y) = −x + εy for a smallε > 0 we get the left two paths depicted on Fig. 2. Usingλ(x, y) = x + εy we
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Fig. 3. ComputingN0,3 = 12.

Fig. 3. Calcul deN0,3 = 12.

Fig. 4. ComputingN1,4 = 225.

Fig. 4. Calcul deN1,4 = 225.

get the three right paths. The corresponding multiplicities are shown under the path. All otherλ-increasing paths
have zero multiplicity.

In the next two examples we useλ(x, y) = x − εy as the auxiliary linear function.

Example 3. Fig. 3 shows a computation of the well-known numberN∆3,1 = N0,3. This is the number of rationa
cubic curves through 8 generic points inCP2.

Example 4. Fig. 4 shows a computation of a less well-known numberN∆4,2 = N1,4. This is the number of genu
1 quartic curves through 12 generic points inCP2.

4. Real aspects of the count

Suppose thatz1, . . . , zm−δ ∈ (R∗)2 ⊂ (C∗)2 are generic real points. We may ask how many of theN∆,δ relevant
complex curves are real, i.e., defined overR. Note that this number depends on the configuration of real point

Theorem 1 can be modified to give the relevant count of real curves. In order to do this we need to define
multiplicity of a lattice pathγ : [0, n] → ∆ connecting the verticesp andq . We introduce the sequence of the pa
of signsσ1, . . . , σn ∈ Z2 ⊕ Z2 (this sequence will record the quadrants of the pointszj ∈ (R∗)2). The signσj is
prescribed to the edgeγ [j −1, j ]. We make a convention thatσj andσ ′

j are equivalent ifσj −σ ′
j ≡ γ (j)−γ (j −1)

(mod 2). We set

µR±(γ ) = a(T )µR±(γ ′) +µR±(γ ′′). (1)

The definition of the new pathsγ ′, γ ′′ and the triangleT is the same as in Section 2. The sign sequence forγ ′′ is
σ ′′
j = σj , j �= k, k+ 1, σ ′′

k = σk+1, σ ′′
k+1 = σk . The sign sequence forγ ′ is σ ′

j = σj , j < k, σ ′
j = σj+1, j > k. We

define the signσ ′
k and the functiona(T ) as follows.

• If all sides ofT are odd we seta(T ) = 1 and define the signσ ′
k (up to the equivalence) by the condition th

the three equivalence classes ofσk , σk+1 andσ ′
k do not share a common element.

• If all sides ofT are even we seta(T ) = 0 if σk−1 �= σk . In this case we can ignoreγ ′ (and its sequence o
signs). We seta(T ) = 4 if σk = σk+1. In this case we defineσ ′

k = σk = σk+1.
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• Otherwise we seta(T ) = 0 if the equivalence classes ofσk andσk+1 do not have a common element. We
a(T ) = 2 if they do. In the latter case we define the equivalence class ofσ ′

k by the condition thatσk , σk+1 and
σ ′
k have a common element. There is one exception to this rule. If the even side isγ (k + 1) − γ (k − 1) then

there are two choices forσ ′
k satisfying the above condition. In this case we replacea(T )µR±(γ ′) in (1) by the

sum of the two multiplicities ofγ ′ equipped with the two allowable choices forσ ′
k (note that this agrees wit

a(T ) = 2 in this case).

Similar to Section 2 we defineµR±(α±) = 1 andµR(γ ) = µR+(γ )µR−(γ ). As beforeλ :R2 → R is a linear map
injective onZ2 andp andq are the extrema ofλ|∆.

Theorem 2. For any choice ofλ andσj , j = 1, . . . ,m − δ, there exists a configuration ofm − δ of generic points
in the respective quadrants such that the number of real curves among theN∆,δ relevant complex curves is equ
to the number ofλ-increasing lattice pathsγ : [0,m− δ] → ∆ connectingp andq counted with multiplicitiesµR.

Example 5. Here we use the choiceσj = (+,+) so all the pointszj are in the positive quadrant(R>0)
2 ⊂ (R∗)2.

The first count ofN∆,1 from Example 2 gives a configuration of 3 real points with 5 real curves. The second
gives a configuration with 3 real curves as the real multiplicity of the last path is 1. Note also that the seco
on Fig. 2 changes its real multiplicity if we reverse its direction.

Example 3 gives a configuration of 9 generic points inRP2 with all 12 nodal cubics through them rea
Example 4 gives a configuration of 12 generic points inRP

2 with 217 out of the 225 quartics of genus 1 real. T
path in the middle of Fig. 4 has multiplicity 9 but real multiplicity 1. A similar computation shows that there e
a configuration of 11 generic points inRP2 such that 564 out of the 620 irreducible quartic through them are

Remark 3. Real nodal curves have three types of nodes: hyperbolic, elliptic and imaginary. Theorem 2
refined to count curves with different types of nodes separately. In accordance with [8] let us prescribe a sig(−1)e

to a real nodal curve, wheree is the number of its elliptic nodes. To compute the corresponding algebraic nu
of curves we introduce the multiplicityνR by replacing (1) withνR±(γ ) = b(T )νR±(γ ′) + νR±(γ ′′). Here we define

b(T ) = 0 if at least one side ofT is even andb(T ) = (−1)#(IntT∩Z
2) otherwise. It can be shown with the help

this formula and a combinatorial observation made by Itenberg, Kharlamov and Shustin (to appear) that in
∆ = ∆d the algebraic number ofirreduciblecurves counted byνR is positive for any genus 0� g � (d−1)(d−2)

2 if
λ(x, y) = y − εx.

Note that unlikeµR the multiplicity νR does not depend on the quadrant choicesσj . Furthermore, in [8]
Welschinger announced that in the caseg = 0 this algebraic number of curves is independent of the configurati
generic real points. Corollary 1.2 of [8] combined with Remark 3 implies the following statement (which an
a question asked, e.g., by Rokhlin and Kharlamov).For any configuration of generic3d − 1 points inRP2 there
exists a real rational curve of degreed passing through this configuration.
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