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K-duality for pseudomanifolds with an isolated singularity
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Abstract

We associate to a pseudomanifoldX with an isolated singularity a differentiable groupoidG which plays the role of the
tangent space ofX. We construct a Dirac elementD and a Dual Dirac elementλ which induce a Poincaré duality inK-theory
between theC∗-algebrasC(X) andC∗(G). To cite this article: C. Debord, J.-M. Lescure, C. R. Acad. Sci. Paris, Ser. I 336
(2003).
 2003 Académie des sciences/Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Etant donnée une pseudo-variétéX ayant une singularité isolée, nous lui associons un groupoïde différentiableG qui joue le
rôle d’espace tangent àX. Nous construisons un élément DiracD ainsi qu’un élément dual-Diracλ qui induisent une dualité
de Poincaré enK-théorie entre lesC∗-algèbresC(X) etC∗(G). Pour citer cet article : C. Debord, J.-M. Lescure, C. R. Acad.
Sci. Paris, Ser. I 336 (2003).
 2003 Académie des sciences/Éditions scientifiques et médicales Elsevier SAS. Tous droits réservés.

1. The tangent bundle of a singular manifold

Let X be a pseudomanifold with an isolated singularityc, that isX = cL∪X1, whereX1 is a smooth compac
manifold with boundaryL glued along its boundary with the cone overL: cL= L×[0,1]/L×{0}. The singularity
c is then the image ofL × {0} in cL. We denote byM = L × ]−1,1] ∪ X1 the manifold obtained by gluingX1

with L× ]−1,1] along the boundary.
If y is a point ofM or of X \ {c} which is in L × ]−1,1[ we noteyL ∈ L its tangential componant an

ky ∈ ]−1,1[ its radial coordinate; the functionky is smoothly extended toX1 in such a way thatky � 1 onX1. We
setM+ = {y ∈ M | ky > 0}, M− = {y ∈ M | ky < 0} andM+ = {y ∈ M | ky � 0}.
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We suppose that the manifoldM is equipped with a Riemannian metric whose injectivity radius is bigger th
and which is a product metric onL× ]−1,1[.

We define the groupoidG, with source maps, range mapr and space of unitsG(0) =M:

G=M− ×M− ∪ TM+ s

⇒
r
M.

It is the union of the bundleTM+ = {(z, v) ∈ TM | z ∈ M+} equipped with its standard groupoid structure o
M+ and the pair groupoidM− ×M− ⇒M−.

In order to equipG with a smooth structure, we take the usual structure of manifold onM− ×M− and onTM+.
We take a smooth positive functionτ : ]−1,+∞[ → R which satisfiesτ−1({0}) = [0,+∞[. A local chart around
boundary points ofTM+ is provided by the following map:

EG :V(TM)→ V(G),

{
(y,V ) �→ (y,V ) if y ∈ M+,
(y,V ) �→ (

y,expy
(−τ (ky)V

))
if y ∈ M−,

where exp is the exponential map of the Riemannian manifoldM, V(TM) = {(y,V ) ∈ TM; −τ (ky)V ∈
dom(expy)} andV(G) is a neighborhood ofG(0) in G. The groupoidG is called thetangent bundleof X.

Following the construction of A. Connes for smooth manifolds [3], we define thetangent groupoidof X in the
following way:

G =M ×M × ]0,1] ∪G× {0}⇒M × [0,1].
The groupoidG is the union of the groupoidG × {0} ⇒ M × {0} and the pair groupoid overM parametrized by
]0,1]. We equipG with a structure of smooth groupoid similarly as we did forG.

The groupoidG is amenable [1] so that its reducedC∗-algebra coincides with the maximal one and it
nuclear. The same occurs forG. We denote respectivelyC∗(G) andC∗(G) theseC∗-algebras. Moreover, up t
isomorphisms, theseC∗-algebras do not depend on the mapτ used to define the smooth structure ofG.

2. The Dirac element

The partitionM × {0} ∪M×]0,1] of G(0) into a saturated open subset and a saturated closed subset indu
following exact sequence ofC∗-algebras [5]:

0 C∗(G|M×]0,1]) C∗(G) e0 C∗(G|M×{0})= C∗(G) 0,

where the first map is the inclusion ande0 is the evaluation map at 0. TheC∗-algebraC∗(G|M×]0,1]) is isomorphic
to K ⊗ C0(]0,1]) which is contractible. So, sinceC∗(G) is nuclear, the element[e0] of KK(C∗(G),C∗(G))

corresponding toe0, is invertible. We denote[e0]−1 ∈ KK(C∗(G),C∗(G)) its inverse. Lete1 :C∗(G) →
C∗(G|M×{1})=K be the evaluation map at 1. We letb be the generator ofKK(K,C). We set:

∂ = [e0]−1 ⊗
C∗(G)

[e1]⊗
K
b ∈ KK

(
C∗(G),C

)
.

The algebraC(X) maps to the center of the multiplier algebra ofC∗(G). LetΨ :C∗(G)⊗C(X) → C∗(G) be the
morphism induced by multiplication and[Ψ ] be the corresponding element inKK(C∗(G)⊗C(X),C∗(G)).

TheDirac elementis then defined as

D = [Ψ ] ⊗
C∗(G)

∂ ∈ KK
(
C∗(G)⊗C(X),C

)
.
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3. The dual Dirac element

We are looking for an elementλ in KK(C,C∗(G)⊗C(X)), that is a continuous family(λy)y∈X of elements of
KK(C,C∗(G)). In order to be dual to the Dirac elementD, λ is constructed so that:

(i) λ is in the image of(iO)∗ : KK(C,C∗(G × X|O)) → KK(C,C∗(G × X)) whereO is an open subset o
U = {(x, y) ∈ M ×X | kx < 1, ky < 1} ∪ {(x, y) ∈M ×X | d(x, y) < 1}.

(ii) The equalityλ⊗C∗(G) ∂ = 1 ∈K0(X) holds.

We first assign to each pointy of X an open subsetOy of M which is a ball centered ony whenky � 1, which
is contained inM− whenky � 1/2 and equal toM− whenky � ε (where 0< ε < 1/2). Furthermore the se
O = ⋃

y∈XOy × {y} is an open subset ofM ×X contained inU .
Notice thatK(C∗(G|Oy ))� Z for eachy ∈ X.
We pull back the vector bundle of differential forms onM toG andG using their range maps and then toG×X

andG × X using the first projection. We denote all these bundles by the same letterΛ. The following step is the
construction of a continuous family(βy)y∈X, whereβy = (Fy,C

∗(G|Oy ,Λ)) is an element ofE(C,C∗(G|Oy ))

which class is a generator ofK(C∗(G|Oy ))� Z.
WhenOy is a subset ofM+ it is natural to stateFy = ay whereay ∈ C∞

b (T ∗Oy,EndΛ) is the symbol of a
pseudo-differential operatorGy which satisfies:

• Gy belongs toΨ 0
c (Oy,Λ)+C∞

b (Oy,EndΛ) andG2
y − 1 belongs toΨ−1

c (Oy,Λ),

• Gy is of the formGy =
(

0 G−
y

G+
y 0

)
with respect to the usual decomposition ofΛ=Λev ⊗Λodd,

• G+
y is surjective and Ker(G+

y )= C · εy whereεy belongs toC∞
b (Oy,Λ),

• the family(Gy) y∈X
ky>ε

defines a continuous section ofB(H) whereH is the bundle
⋃

y∈X
ky>ε

L2(Oy,Λ).

The existence of such an operator is a consequence of Theorem 19.2.12 of [6].
Wheny comes closer to the singularityc, we gradually pass from a situation whereG|Oy = TOy to a situation

whereG|Oy = Oy ×Oy . The pseudo-differential calculus on groupoids, first introduced by A. Connes in [2
also [4]), enables us to construct a continuous family(Fy)y∈X, ky>ε such that up to a compact operatorFy = ay
whenG|Oy = TOy andFy =Gy whenG|Oy =Oy ×Oy . Thus we “replace” the symbolay by the operatorGy .

The last case is whenOy becomes equal toM−. We first choose an appropriate extension ofFy which belongs
toB(L2(Oy,Λ)) into an element ofB(L2(M−,Λ)). Afterwards, thanks to the properties of the operatorGy listed
above, we can replaceFy by a constant operatorFc .

We construct in this way a continuous familyβy of elements ofE(C,C∗(G|Oy )). This family induces an elemen
β of KK(C,C∗(G × X|O)). We setλ = (iO)∗(β). The dual-Dirac elementλ satisfies the properties (i) and (
mentionned above.

4. The Poincaré duality

Theorem 4.1. The Dirac elementD and the dual-Dirac elementλ induce a Poincaré duality between th
C∗-algebrasC∗(G) andC(X), that is:

λ ⊗
C∗(G)

D = 1C(X) ∈ KK
(
C(X),C(X)

)
and λ ⊗

C(X)
D = 1C∗(G) ∈ KK

(
C∗(G),C∗(G)

)
.

Idea of the proof. Let us consider the morphismsΨ ′,∆′ :C∗(G × X) ⊗ C(X) → C∗(G) ⊗ C(X) given by
Ψ ′(f ⊗ g ⊗ h) = Ψ (f ⊗ h) ⊗ g and∆′(f ⊗ g ⊗ h) = f ⊗ ∆(h ⊗ g) where∆ :C(X) ⊗ C(X) → C(X) is
the multiplication map. Their restrictionsC∗(G × X|O) ⊗ C(X) → C∗(G) ⊗ C(X) are homotopic, hence, sinc
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λ = (iO)∗(β), the following equality holds:

λ ⊗
C∗(G)

[Ψ ] = λ ⊗
C(X)

[∆].
This ensures that

λ ⊗
C∗(G)

D = (λ ⊗
C∗(G)

∂) ⊗
C(X)

[∆] = 1C(X).

In order to show the second equality, we study the invariance of the elementλ ⊗C(X) [Ψ ] under theflip
automorphismf of C∗(G × G), that is the automorphism induced by(γ, η) ∈ G × G �→ (η, γ ). The motivation
comes from the equality((

λ ⊗
C(X)

[Ψ ]
)

⊗
C∗(G×G)

[f ]
)

⊗
C∗(G)

∂ =
(
λ ⊗
C∗(G)

∂
)

⊗
C(X)

[Ψ ] = 1C∗(G), which implies

λ ⊗
C(X)

D − 1C∗(G) =
((

λ ⊗
C(X)

[Ψ ]
)

⊗
C∗(G×G)

[id−f ]
)

⊗
C∗(G)

∂.

If B is a symmetric geodesically convex neighborhood of the diagonal ofM+ × M+ contained in the rang
of exp, then the flip automorphism ofC∗(T B) is homotopic to identity. LetC = L × ]−1,1[ ⊂ M andF =
M ×M \C ×C. We denote byr∗ : KK(C∗(G),C∗(G×G))→ KK(C∗(G),C∗(G×G|F )) the morphism induced
by the restrictionr.

Using again thatλ is in the image of(iO)∗ and thatO ∩ M+ × M+ is a small enough neigborhood of th
diagonal, we show thatr∗(λ⊗C(X) [Ψ ]) is invariant under the flip automorphism ofC∗(G×G|F ). Then, the long
exact sequence inKK-theory associated to:

0 C∗(G×G|C×C)
iC×C

C∗(G×G)
r

C∗(G×G|F ) 0

ensures that(λ⊗C(X) [Ψ ])⊗C∗(G×G) [id−f ] belongs to the image of(iC×C)∗ : KK(C∗(G),C∗(G×G|C×C))→
KK(C∗(G),C∗(G×G)). This enables us to show thatλ⊗C(X) D − 1C∗(G) is in the image of(iC)∗ : KK(C∗(G),

C∗(G|C))→ KK(C∗(G),C∗(G)) whereiC is the inclusion morphism ofC∗(G|C) into C∗(G).
On the other hand the equalityλ⊗C∗(G) D = 1C(X) ensures thatλ⊗C(X) D − 1C∗(G) is in the kernel of the map

(·⊗C∗(G)D) : KK(C∗(G),C∗(G))→ KK(C∗(G)⊗C(X),C). To finish the proof we show that this map is injecti
in restriction to the image of(iC)∗. This last point comes from the fact that the inclusioniK of C∗(G|M−) � K
into C∗(G|C) induces aKK-equivalence betweenK andC∗(G|C); and(· ⊗C∗(G) D) ◦ (iC)∗ ◦ (iK)∗ = e∗

c where
e∗
c : KK(C∗(G),C)→ KK(C∗(G)⊗C(X),C) comes from the evaluation map atc, ec :C(X)→ C. ✷

A consequence of the preceding theorem is a Poincaré duality betweenC0(T
∗M+) andC0(M

+). Thus we get
a second Poincaré duality for manifolds with boundary, the first one has been stated by G. Kasparov in [7
algebrasC0(T

∗M+) andC(M+).
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