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Abstract

We show that for alli � 0 the i-th mod 2 Betti number of compact nonsingular real algebraic varieties has a u
extension to avirtual Betti numberβi defined for all real algebraic varieties, such that ifY is a closed subvariety ofX then
βi(X) = βi(X \ Y) + βi(Y ). We show by example that there is no natural weight filtration on theZ2-cohomology of real
algebraic varieties with compact supports such that the virtual Betti numbers are the weighted Euler characteristics.To cite this
article: C. McCrory, A. Parusiński, C. R. Acad. Sci. Paris, Ser. I 336 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Nombres de Betti virtuels des variétés algébriques réelles.On montre que pour tout entier positifi le i-ième nombre de
Betti de la cohomologie à coefficients dansZ2 des variétés algébriques réelles compactes nonsingulières admet une
extension en unnombre de Betti virtuelβi , défini pour toute variété algébrique réelle, telle que pour une sous-variété f
Y ⊂ X, βi(X) = βi(X \ Y) + βi(Y ). On donne un exemple qui montre qu’il n’existe pas de filtration par le poids natu
sur la cohomologie à coefficients dansZ2 des variétés algébriques réelles telle que les nombres de Betti virtuels soie
caractéristiques d’Euler par le poids associées à cette filtration.Pour citer cet article : C. McCrory, A. Parusiński, C. R. Acad.
Sci. Paris, Ser. I 336 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Version française abrégée

Soit K0(VR(R)) l’anneau de Grothendieck des variétés algébriques réelles. Nous définissonsle polynôme de
Poincaré virtuelqui est un homomorphisme d’anneauxβ(·, t) :K0(VR(R)) → Z[t]. PourX lisse et compacte
β(X, t) = ∑

i dimZ2 H
i(X;Z2)t

i . On appellenombres de Betti virtuels deX les coefficients deβ(X, t).
L’existence des nombres de Betti virtuels a été aussi annoncée dans [12]. On démontre que des variétés éq
dansK0(VR(R)) ont la même dimension. Ceci implique que les mesures motiviques de [9,10,5], qui prenne
valeurs dans un localisé de l’anneau de Grothendieck completé par rapport à la dimension, sont bien défi
le cadre réel. Nos définitions d’une variété algébrique réelle et d’un isomorphisme birégulier sont celles de
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1631-073X/03/$ – see front matter 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights
reserved.
doi:10.1016/S1631-073X(03)00168-7
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0.1. Le polynôme de Poincaré virtuel

Le résultat suivant, dû à Bittner [2], est une conséquence du théorème de factorisation faible [1].

Théorème 0.1.SoitX 
→ e(X) une fonction définie sur les variétés algébriques réelles compactes lisses à v
dans un groupe abélienG, telle quee(X) = e(Y ) si X etY sont isomorphes, ete(∅)= 0. Supposons que pour to
éclatementBlC X → X d’une variété compacte lisse le long d’un centre lisseC et de diviseur exceptionnelE,

e(BlC X)− e(E)= e(X)− e(C).

Alors e s’étend de manière unique en un homomorphisme de groupesK0(VR(R))→ G.
Sie est à valeurs dans un anneau commutatifR ete(X×Y )= e(X) · e(Y ) pour toutes variétésX, Y compactes

lisses alors cette extensionK0(VR(R))→ R est un homomorphisme d’anneaux.

Pouri � 0 on écritbi(X) = dimZ2 H
i(X;Z2). SoitX̃ = BlC X comme dans l’énoncé du Théorème 0.1. On p

démontrer, par un argument de suites exactes, que

bi(BlC X)− bi(E) = bi(X)− bi(C).

Alors on obtient le résultat suivant. (Navarro nous a informé que Théorème 0.2 résulte aussi du Théorè
de [8].)

Théorème 0.2. Pour tout entier positifi il existe un unique homomorphisme de groupesβi :K0(VR(R)) → Z tel
queβi(X) = bi(X) pour toute variétéX compacte lisse.

Il existe un unique homomorphisme d’anneauβ(·, t) :K0(VR(R)) → Z[t] tel queβ(X, t) = ∑
i bi(X)ti pour

toutX compacte nonsingulière.

On appèlleβi(X), resp.β(X, t) = ∑
i βi(X)ti , le i-ème nombre de Betti virtueldeX, resp. lepolynôme de

Poincaré virtueldeX.

Corollaire 0.3. Le polynôme de Poincaré virtuelβ(X, t) est de degrén = dimX et βn(X) > 0. En particulier,
[X] = [Y ] impliquedimX = dimY , et [X] �= 0 si X �= ∅.

Pour toute variété algébrique réelleβ(X,−1) est égale à la caractéristique d’Euler à support compactχc(X) =∑
i (−1)i dimHi

c (X;Z2). Mais, en général,βi(X) �= dimHi
c(X;Z2), et les nombres de Betti virtuels ne sont p

des invariants topologiques.

0.2. Filtrations par le poids

La version complexe du Théorème 0.1 appliquée au polynôme de Poincaré
∑

i dimC Hi(X;C)ti donne un
invariant des variétés algébriques complexesβC(X, t) lié à la filtration par le poids de Deligne [4] par la formu
βC(X, t) = ∑

i,j (−1)i+jwi
j t

j , où wi
j (X) = dimC Wi

j (X)/Wi
j−1(X). Totaro [12] a annoncé l’existence d’un

filtration par le poids naturelle surHi
c (X;Z2) pour les variétés algébriques réelles. Mais cette filtration ne d

pas le polynôme de Poincaré virtuel. En plus, on donne un exemple qui montre qu’il n’existe pas de filtra
le poids naturelle qui définisse les nombres de Betti virtuels.

Supposons queW est une filtration par le poids 0⊂ Wi
0(X) ⊂ Wi

1(X) ⊂ · · · ⊂ Wi
i (X) = Hi

c (X;Z2) et notons
wi
j (X)= dimZ2 W

i
j (X)/Wi

j−1(X).
Dans le cas complexe la filtration par le poids satisfait les conditions suivantes :

(1) f ∗Wi
j (Y )⊂Wi

j (X) pour tout morphisme algébriquef :X → Y .

(2) Pour un tel morphisme,f ∗Wi
j (Y )=Wi

j (X)∩ Imf ∗.
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(3) Wi
i−1(X) = 0 pourX compacte et lisse.

(4) Wi
i−1(X) = Kerp∗ si p : X̃ →X est une resolution d’une variété compacteX.

(5) βj (X) = (−1)j
∑

i (−1)iwi
j (X).

La filtration par le poids de Totaro, qui est construite à partir d’une hyperrésolution cubique, cf. [8,6], s
les conditions (1) et (3) mais pas les autres.

Il n’est pas difficile de trouver des exemples qui montrent qu’il n’existe pas de filtration réelle par le poids q
satifait (2) et (4). De même, il n’en existe pas qui satifait(1) et (5) ; voir Exemple 3.3 de la version anglaise.

1. Introduction

TheGrothendieck groupof real algebraic varieties is the Abelian group generated by symbols[X], whereX is
a real algebraic variety, with relations

(1) [X] = [Y ] if X andY are isomorphic,
(2) [X] = [X \ Y ] + [Y ] if Y is a closed subvariety ofX.

The product of varieties induces a ring structure

(3) [X] · [Y ] = [X × Y ],

and the resulting ring, denoted byK0(VR(R)), is called theGrothendieck ringof real algebraic varieties.
We define a ring homomorphismβ(·, t) :K0(VR(R)) → Z[t], the virtual Poincaré polynomial. For X

nonsingular and compactβ(X, t) is the classical Poincaré polynomial for cohomology withZ2 coefficients. The
coefficients of the virtual Poincaré polynomial are thevirtual Betti numbersof X. The existence of the virtual Bet
numbers for certain real analytic spaces, including real algebraic varieties, has also been announced by To

Kontsevich’s motivic measure on the arc space of a complex algebraic variety takes values in the comp
the localized Grothendieck ring (cf. [9,10,5]). Completion with respect to virtual dimension is possible b
complex varieties which are equivalent in the Grothendieck ring have the same dimension. Using the
Poincaré polynomial we prove that dimension is an invariant of the Grothendieck ring of real algebraic vari
follows that motivic measures can be defined on arc spaces of real varieties.

In [11] Quarez studies the Grothendieck ring of semialgebraic homeomorphism classes of semialgeb
and he observes that the Euler characteristic with compact supports is an isomorphism from this ringZ. In
particular, in this ring the class of a non-empty semialgebraic set can be zero, and two semialgebraic sets of
dimensions may represent the same class. This makes the construction of motivic measures – more
completion with respect to virtual dimension – impossible for semialgebraic sets.

Our definitions of real algebraic variety and (biregular) isomorphism are those of Bochnak, Coste and R
Thus a real algebraic variety may be realized – in many different ways – as the set of real points of a
(reduced, finite type) over the field of real numbers. By the cohomology of a real algebraic variety we
classical singular cohomology with respect to the standard (Euclidean) topology. For background on real a
varieties we refer the reader to [3].

2. The virtual Poincaré polynomial

A generalized Euler characteristicof real algebraic varieties, with values in a ringR, is a ring homo-
morphism e :K0(VR(R)) → R. The Euler characteristic for cohomology with compact supports,χc(X) =



766 C. McCrory, A. Parusi´nski / C. R. Acad. Sci. Paris, Ser. I 336 (2003) 763–768

acter-

ich is
rem 2.2

lues
y

on

s

part
.

l

le,
∑
i (−1)i dimHi

c (X;Z2), is an example of such a homomorphism. In fact any generalized Euler char
istic which is a homeomorphism invariant factors throughχc. (The standard Euler characteristicχ(X) =∑

i (−1)i dimHi(X;Z2) does not respect the sum relation (2).)
We will prove the existence of the virtual Poincaré polynomial using the following result of Bittner [2], wh

proved using the weak factorization theorem of Abramovich et al. [1]. Navarro has pointed out that our Theo
can also be obtained from Theorem 2.2.2 of [8].

Theorem 2.1.LetX 
→ e(X) be a function defined on compact nonsingular real algebraic varieties, with va
in a Abelian groupG, such thate(X) = e(Y ) if X andY are isomorphic, ande(∅) = 0. Suppose that for ever
compact nonsingular varietyX and closed nonsingular subvarietyC, the blowupBlC X → X with centerC and
exceptional divisorE satisfies

e(BlC X)− e(E)= e(X)− e(C).

Thene extends uniquely to a group homomorphismK0(VR(R)) →G.
If e takes values in a ringR ande(X × Y )= e(X) · e(Y ) for all X, Y compact nonsingular then this extensi

of e is a ring homomorphismK0(VR(R))→ R.

For i � 0 we letbi(X)= dimZ2 H
i(X;Z2), thei-th Betti number ofX with Z2 coefficients.

Theorem 2.2.For each nonnegative integeri there exists a unique group homomorphismβi :K0(VR(R)) → Z

such thatβi(X) = bi(X) for X compact nonsingular.
There exists a unique ring homomorphismβ(·, t) :K0(VR(R)) → Z[t] such thatβ(X, t) = ∑

i bi(X)ti for X
compact nonsingular.

Proof. Let X̃ = BlC X, with notation as in Theorem 2.1. By Poincaré duality we have short exact sequence

0→ Hi(X;Z2) →Hi(C;Z2)⊕Hi(X̃;Z2) →Hi(E;Z2)→ 0,

sobi(BlC X)−bi(E)= bi(X)−bi(C), and the first part of the theorem follows from Theorem 2.1. The second
of the theorem follows from from Theorem 2.1 and the Künneth formula for compact nonsingular varieties✷
Definition 2.3.The integerβi(X) is thei-th virtual Betti numberof the real algebraic varietyX, and the polynomia
β(X, t) = ∑

i βi(X)ti is thevirtual Poincaré polynomialof X.

The following result is proved by induction on the dimension ofX.

Corollary 2.4. The virtual Poincaré polynomialβ(X, t) is of degreen = dimX, andβn(X) > 0. In particular,
[X] = [Y ] impliesdimX = dimY , and[X] �= 0 if X �= ∅.

The generalized Euler characteristicsχc(X) andβ(X,−1) = ∑
i (−1)iβi(X) are equal forX compact and

nonsingular. It follows from Theorem 2.1 thatβ(X,−1) = χc(X) for all real algebraic varietiesX. But βi(X) �=
dimHi

c (X;Z2) in general; in fact the virtual Betti numbersβi(X) are not topological invariants.
For example, the “figure eight” curveX = {(x, y) | y2 = x2 − x4} has a resolution homeomorphic to a circ

and the preimage of the singular point ofX is two points. It follows thatβ1(X) = 1. On the other hand, ifY is the
union of two tangent circles thenY is homeomorphic toX, butβ1(Y )= 2.
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3. Complex and real weight filtrations

We obtain a virtual Poincaré polynomialβC(X, t) = ∑
j β

C
j (X)tj for complex algebraic varieties if we app

the complex version of Theorem 2.1 to the Poincaré polynomialPC(X, t) = ∑
i dimC Hi(X;C)ti . The virtual

Poincaré polynomial is related to the Hodge–Deligne polynomial (cf. [10]) by

βC(X, t)=
∑
i,j

(−1)i+jwi
j (X)tj ,

with coefficientswi
j (X) = dimC Wi

j (X)/Wi
j−1(X), where

0⊂ Wi
0(X) ⊂Wi

1(X) ⊂ · · · ⊂Wi
i (X)=Hi

c (X;C)

is theweight filtrationof cohomology with compact supports [4].
Applying the complex version of Theorem 2.1 to the Poincaré polynomial with coefficients inZp , p prime,

we get further examples of generalized Euler characteristics of complex algebraic varieties. The existence
invariants also follows from the work of Gillet and Soulé [6].

It is natural to ask whether the virtual Betti numbers of real algebraic varieties are associated to a weight fi
on mod 2 cohomology with compact supports. Totaro [12] has announced that there is a natural weight
on Hi

c (X;Z2) for a class of varietiesX including real algebraic varieties. However, from Example 3.3 belo
can be seen that there is no natural real weight filtration such that the virtual Betti numbers are the weight
characteristics.

Definition 3.1.A real weight filtrationW assigns to every real algebraic varietyX, and to everyi � 0, a filtration

0⊂ Wi
0(X) ⊂Wi

1(X) ⊂ · · · ⊂Wi
i (X)=Hi

c (X;Z2).

If W is a real weight filtration, for alli, j we letwi
j (X)= dimZ2 W

i
j (X)/Wi

j−1(X).

We will consider the following properties of a real weight filtration. The classical complex weight filtr
considered above has all of these properties.

(1) Naturality. If f :X → Y is an algebraic morphism, thenf ∗Wi
j (Y )⊂Wi

j (X) for all i, j .

(2) Strict naturality. For such a morphism,f ∗Wi
j (Y )=Wi

j (X)∩ Imf ∗ for all i, j .

(3) Manifold. If X is compact and nonsingular, thenWi
i−1(X) = 0 for all i.

(4) Resolution. If X is compact andp : X̃ →X is a resolution of singularities, thenWi
i−1(X) = Kerp∗ for all i.

(5) Euler characteristic. For allX and allj , the virtual Betti numberβj is given by

βj (X) = (−1)j
∑
i

(−1)iwi
j (X).

Since the virtual Betti numbers of a compact nonsingular variety equal the classical Betti numbers, th
characteristic condition (5) implies the manifold condition (3).

Totaro’s real weight filtration is constructed using cubical hyperresolutions of cohomological descent, c
This filtration satisfies conditions (1) and (3) but not the other conditions.

Example 3.2.Let X ⊂ R
3 be the intersection of the circular cylinderx2 + y2 = 1 with the union of the two

parabolic cylindersx = z2 andx = −z2. Let p : X̃ → X be the resolution of singularities given by the inclusio
of the two irreducible components. LetC be the unit circle in the(x, y)-plane, and letq :X → C be the projection
Now dimHi

c (X;Z2) = 3, and the sequence

0−→ Hi
c (C;Z2)

q∗
−→ Hi

c(X;Z2)
p∗

−→ Hi
c (X̃;Z2) −→ 0
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is exact. If the weight filtration 0⊂ W1
0 (X) ⊂ W1

1 (X) = H 1(X) has property (4), thenW1
0 (X) = Kerp∗ = Imq∗.

Strict naturality (2) implies thatq∗W1
0 (C) = W1

0 (X). But property (4) implies thatW1
0 (C) = 0, which is a

contradiction.Therefore a real weight filtration cannot satisfy both strict naturality(2) and resolution(4).

Example 3.3.Let X be the divisor with normal crossings in 3-space with the following three components:X1 is
the sphere of radius

√
2 with center(1,0,0), X2 is the sphere of radius

√
2 with center(−1,0,0), andX3 is the

torus of revolution which is a tube of radius
√

2/2 with core the circle of radius 4 in the(y, z)-plane with center
(0,4,0). The Mayer–Vietoris spectral sequence ofX =X1 ∪X2 ∪X3 (cf. [7], Chapter 2, §5) does not degener
atE2, andE3 = E∞. The alternating sum of the ranks of the entries of thej -th row ofE1 (and therefore also o
E2) equals the virtual Betti numberβj . But the weight filtration on the cohomology ofX defined by the Mayer–

Vietoris spectral sequence, which coincides with Totaro’s weight filtration, satisfieswi
j = dimE

i−j,j∞ . Thus, since
E2 �=E∞, this filtration does not satisfy condition (5). Now supposeW is a real weight filtration with the naturalit
and Euler characteristic properties. The latter property and naturality with respect to the inclusionX3 → X imply
that w2

1(X) = 2. On the other hand, condition (5) and naturality with respect to the inclusionsXi ∩ Xj → X,
1 � i < j � 3, imply thatw2

1(X) � 3. Thus there does not exist a real weight filtration satisfying both natur
(1) and the Euler characteristic condition(5).
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