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Abstract

We consider a linearized and simplified 1− d model for fluid–structure interaction. The domain where the system evo
consists in two bounded intervals in which the wave and heat equations evolve respectively, with transmission con
the point of interface. First, we develop a careful spectral asymptotic analysis on high frequencies. Next, accordin
spectral analysis we obtain sharp polynomial decay rates for the whole energy of smooth solutions. Finally, we prove
controllability of the system when the control acts on the boundary of the interval where the heat equation holds. The
based on a new Ingham-type inequality, which follows from the spectral analysis we develop and the null controllabili
in Zuazua (in: J.L. Menaldi et al. (Eds.), Optimal Control and Partial Differential Equations, IOS Press, 2001, pp. 19
where the control acts on the wave component.To cite this article: X. Zhang, E. Zuazua, C. R. Acad. Sci. Paris, Ser. I 336
(2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Décroissance polynomiale et contrôle d’un modèle1 − d d’interaction fluide–structure. On considère un modèl
simplifié 1− d d’interaction fluide–structure. Le domaine est composé de deux sous-intervalles où l’équation des o
de la chaleur sont vérifiées respectivement. Au point d’interface on impose la continuité des états et des dérivées
Grâce à l’analyse asymptotique du spectre, on montre l’existence d’une suite de fonctions propres concentrées dans
hyperbolique. On en déduit un taux de décroissance optimal des solutions régulières. On considère aussi le problème
à zéro moyennant un contrôle agissant sur la composante parabolique. On montre que l’espace de données contrôl
nature asymétrique : la composante parabolique étantL2 et la composante hyperbolique ayant des coefficients de Fo
exponentiellement petits.Pour citer cet article : X. Zhang, E. Zuazua, C. R. Acad. Sci. Paris, Ser. I 336 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Version française abrégée

Dans cette Note on étudie le taux de décroissance et la contrôlabilité d’un modèle simplifié linéaire− d
d’interaction fluide–structure. Le système est posé dans l’intervalle(−1,1). Dans le sous-intervalle(0,1) l’état
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1631-073X/03/$ – see front matter 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights
reserved.
doi:10.1016/S1631-073X(03)00169-9
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y satisfait l’équation de la chaleur tandis que dans(−1,0) l’état z vérifie l’équation des ondes. Aux extrémit
x = ±1 on impose la condition aux limites de Dirichlet. Au point d’interfacex = 0 on impose la condition d
continuité des états et de leurs dérivées normales (voir (1)).

Le système est bien posé dans l’espace d’énergie et l’énergie du système décroit le long des trajectoire
de l’effet dissipatif introduit par l’équation de la chaleur dans(0,1).

Dans cette Note on développe une analyse asymptotique spectrale montrant l’absence de taux de dé
uniforme exponentiel de l’énergie. On montre, par contre, la décroissance polynômiale des solutions ré
Les résultats découlent des propriétés suivantes du spectre :

• Les fonctions propres constituent une base de Riesz de l’espace d’énergie ;
• Les valeurs propres sont décomposées en deux familles, l’une parabolique, proche du demi-axe réel n

l’autre hyperbolique avec une partie réelle tendant vers zéro lorsque la partie imaginaire tend vers l’in
• Les fonctions propres correspondantes aux valeurs propres paraboliques (resp. hyperboliques) sont

lement concentrées dans l’intervalle(0,1) (resp.(−1,0)).

Nous considérons aussi le système (3) où le contrôleg1 ∈ L2(0, T ) agit sur l’extremitéx = 1 de l’intervalle
parabolique. On montre que lorsqueT > 2 le système est contrôlable à zéro dans un espace ayant aussi une
asymétrique : la projection sur les fonctions propres paraboliques estL2 tandis que celle des fonctions propr
hyperboliques a des coefficients de Fourier exponentiellement petits.

La preuve de ce résultat de contrôle et, plus précisement, de l’inégalité d’observabilité correspondan
l’inégalité de type Ingham qui découle du résultat de contrôle de [7] (concernant le cas où le contrôle ag
composante hyperbolique correspondante), et de l’analyse spectrale que nous avons décrite ci-dessus.

1. Introduction

In recent years, important progress has been made the stabilization and controllability of heat and wa
tions. It is well known that these problems may be reduced to the obtention of suitable observability inequa
the underlying homogeneous systems. However, the techniques that have been developed to obtain such
depend heavily on the nature of the equations. In the context of the wave equation one may use multiplie
microlocal analysis [1]; while, in the context of heat equations, one uses Carleman inequalities [3,2]. Ca
inequalities can also be used to obtain observability inequalities for the wave equation [5]. However, a unifi
leman estimate for those two equations has not been developed and, therefore, the system we shall cons
does not seem to be in the class of those one may address by means of Carleman inequalities.

In this Note, we first consider the long time behavior of the following linearized model for fluid–stru
interaction in one space dimension:



yt − yxx = 0 in (0,∞)× (0,1),
ztt − zxx = 0 in (0,∞)× (−1,0),
y(t,1)= 0 t ∈ (0,∞),
z(t,−1)= 0 t ∈ (0,∞),
y(t,0)= z(t,0), yx(t,0)= zx(t,0) t ∈ (0,∞),
y(0)= y0 in (0,1),
z(0)= z0, zt (0)= z1 in (−1,0).

(1)

System (1) couples the wave equation on the interval(−1,0) with the heat equation on(0,1). The state of the
system is the pair(y, z). The functiony stands for the parabolic unknown, whilez is the hyperbolic one. We hav
taken, for simplicity, Dirichlet boundary conditions on the extremesx = ±1 of the domain(−1,1) where the sys
tem evolves. The interface is reduced here to the pointx = 0 where we have imposed the continuity of the st
and its normal derivative.
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System (1) is well-posed in the energy spaceH ≡ H 1
0 (−1,1) × L2(−1,0). In fact, given initial data

(y0, z0, z1) ∈ H , i.e., y0 ∈ H 1(0,1), z0 ∈ H 1(−1,0), y0(1) = z0(−1) = 0, y0(0) = z0(0), andz1 ∈ L2(−1,0),
system (1) admits a unique solution(y, z, zt) in C([0,∞);H). Moreover, the energyE(t)≡ 1

2[ ∫ 0
−1(|zx(t, x)|2 +

|zt (t, x)|2)dx + ∫ 1
0 |yx(t, x)|2 dx] decreases along trajectories. More precisely,

d

dt
E(t)= −1

2

1∫
0

|yt |2 dx = −1

2

1∫
0

|yxx|2 dx. (2)

This energy dissipation law reproduces the fact that system (1) is the coupling of a purely conservativ
equation with a strongly dissipative heat equation.

According to the energy dissipation law (2) it is natural to address the problem of the decay of solutions o
t → ∞. As we shall see, the energy tends to zero for every finite-energy solution, but the decay rate is not u
In fact, the spectral analysis we shall develop in the following section shows that there exists an infinite seq
hyperbolic eigenvectors of system (1) for which most of the energy is concentrated on the wave componen
eigenvectors are very weakly dissipated through the heat componenty and make the exponential decay impossib
However, our careful spectral analysis shows that smooth solutions of (1) decay polynomially.

Also, we consider the controllability of the system with boundary control on the parabolic component:


ut − uxx = 0 in (0, T )× (0,1),
vtt − vxx = 0 in (0, T )× (−1,0),
u(t,1)= g1(t) t ∈ (0, T ),
v(t,−1)= 0 t ∈ (0, T ),
u(t,0)= v(t,0), ux(t,0)= vx(t,0) t ∈ (0, T ),
u(0)= u0 in (0,1),
v(0)= v0, vt (0)= v1 in (−1,0).

(3)

HereT > 0 is a finite control time andg1(t) is the control acting on the system through the heat extremex = 1. The
same problem, but with the control acting through the wave extremex = −1, was considered in [7]. The contr
space of system (3) isL2(0, T ); while the state space is the Hilbert spaceH ≡ {(f, g,h) | (h,f ) ∈ H−1(−1,1),
g ∈ L2(−1,0)} with the canonical norm.

In system (3), the effect of the control acting on the heat equation is very weak on the hyperbolic eigen
In view of this, as we shall see, system (3) is controllable only in a very small space of initial data with, ro
speaking, exponentially small Fourier coefficients. At this point, it is convenient to underline that the obser
inequality needed for the proof of the controllability of (3) does not seem to be achievable by method
than those based on spectral analysis and non-harmonic Fourier series. Our proof of observability uses a
essential way the observability result in [7] for the case where the control acts on the wave extremex = −1.

The same problem arises for other transmission conditions. In particular the continuity conditiony = z atx = 0
could be replaced byy = zt . The latter is in fact more natural in the context of fluid–structure interaction. The
where the lengths of the wave and heat intervals are not the same can be addressed, too. Similar resu
these cases, too and will be presented elsewhere.

We refer to [6] for the details of the proofs of the results in this paper and other results in this context.

2. Spectral analysis

System (1) can be written in an abstract formYt =AY , Y (0)= Y0. HereA :D(A)⊂H →H is an unbounded
operator defined as follows:AY = (fxx, h, gxx), whereY = (f, g,h) ∈ D(A), andD(A) ≡ {(f, g,h) ∈ H |
(g, f ) ∈ H 2(−1,1), h ∈ H 1(−1,0), f ∈ H 3(0,1), fxx(1) = h(−1) = 0 andfxx(0) = h(0)}. It is easy to show
that operatorA generates a contractiveC0-semigroup inH with compact resolvent. HenceA has a sequence o
eigenvalues (inC) tending to∞.



748 X. Zhang, E. Zuazua / C. R. Acad. Sci. Paris, Ser. I 336 (2003) 745–750

old as

t
re indeed

a weak

d on the
sult is

rate of

ntioned
Put

p = p(x,λ)=
√
λ(1+ e−2λ)

1+ e2
√
λ

(
e
√
λx − e

√
λ(2−x)), x ∈ (0,1),

q = q(x,λ)= eλx − e−λ(x+2), r = r(x,λ)= λ[eλx − e−λ(x+2)], x ∈ (−1,0).

It is easy to show that the eigenvectors ofA, corresponding to every eigenvalueλ, are of the form(p, q, r). Further,
we have

Lemma 2.1. When |λ| is large enough, the eigenvalues ofA can be divided into two classes{λp� }∞�=�1
and

{λhk }∞|k|=k1, where�1 andk1 are suitable positive integers. Furthermore, the following asymptotic estimates h
� andk tend to∞ respectively:

λ
p

� = −�2π2 + 2+ O
(
�−1), λhk = − 1√|1+ 2k|π +

(
1

2
+ k

)
π i + sgn(k)√|1+ 2k|π i + O

(|k|−1).
Here and in the sequel the superindexp stands for ‘parabolic’ whileh for ‘hyperbolic’. This lemma shows tha

there are two distinguished branches of the spectrum at high frequencies. The parabolic eigenvalues a
close to those of a heat equation while the hyperbolic ones behaves like those of the wave equation with
damping term.

Now, we choose the eigenvectors distinguishing also the parabolic and hyperbolic ones:

p
p

� (x)
�= − p(x,λ

p

� )

�2π2(1+ e2�2π2
)
, x ∈ (0,1),

q
p
� (x)

�= − q(x,λ
p
� )

�2π2(1+ e2�2π2
)
, r

p
� (x)

�= − r(x,λ
p
� )

�2π2(1+ e2�2π2
)
, x ∈ (−1,0);

phk (x)
�= −p(x,λ

h
k )

2iλhk
, x ∈ (0,1),

qhk (x)
�= −q(x,λ

h
k)

2iλhk
, rhk (x)

�= − r(x,λ
h
k )

2iλhk
, x ∈ (−1,0).

It is easy to see that most of the energy of the parabolic (resp. hyperbolic) eigenvectors is concentrate
subinterval(0,1) (resp.(−1,0)) where the heat (resp. wave) equation holds. The main spectral analysis re
as follows:

Theorem 2.2. There exist positive integersn0, �̃1 � �1 and k̃1 � k1 such that {uj,0, . . . , uj,mj−1}n0
j=1 ∪

{(pp� , qp� , rp� )}∞�=�̃1
∪ {(phk , qhk , rhk )}∞|k|=k̃1 form a Riesz basis ofH , whereuj,0 is an eigenvector ofA with respect

to some eigenvalueµj with algebraic multiplicitymj , and{uj,1, . . . , uj,mj−1} is the associated Jordan chain.

3. Polynomial decay rate

According to the asymptotic form of the hyperbolic eigenvalues in Lemma 2.1 it is clear that the decay
the energy is not uniform. Indeed, as Lemma 2.1 shows, Reλhk ∼ −c/√|k| for a positive constantc > 0. In this
situation, the best we can expect is a polynomial decay rate for sufficiently smooth solutions.

The following result is a consequence of Lemma 2.1 and Theorem 2.2.

Theorem 3.1.There is a constantC > 0 such that for any(y0, z0, z1) ∈ D(A), the solution of(1) satisfies
|(y(t), z(t), zt (t))|H � Ct−2|(y0, z0, z1)|D(A), ∀t > 0.

This decay rate is sharp. The proof of this result is based of the two main properties of the spectrum me
above: its asymptotic form and the Riesz basis property.
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4. Boundary control and observation through the heat component

Put (Recall Theorem 2.2 forn0, mj , uj,k , �̃1 andk̃1)

V =
{
n0∑
j=1

mj−1∑
k=0

aj,kuj,k +
∞∑
�=�̃1

a�
(
p
p

� , q
p

� , r
p

�

) +
∞∑

|k|=k̃1
bk

(
phk , q

h
k , r

h
k

) ∣∣∣∣
aj,k, a�, bk ∈ C,

∞∑
�=�̃1

|a�|2 +
∞∑

|k|=k̃1
|k|e

√
2|k|π |bk|2<∞

}
,

V ′ =
{
n0∑
j=1

mj−1∑
k=0

aj,kuj,k +
∞∑
�=�̃1

a�
(
p
p

� , q
p

� , r
p

�

) +
∞∑

|k|=k̃1
bk

(
phk , q

h
k , r

h
k

) ∣∣∣∣
aj,k, a�, bk ∈ C,

∞∑
�=�̃1

|a�|2 +
∞∑

|k|=k̃1

|bk|2
|k|e

√
2|k|π <∞

}
.

V andV ′, endowed with their canonical norms, are Hilbert spaces. Clearly, one is the dual of the other.
Denote byA the Laplacian−∂xx on (−1,1) with homogeneous Dirichlet boundary conditions. We introd

the mapS :H →H byS(f, g,h)= (A−1(h,f ),−g) for any(f, g,h) ∈ H. It is easy to show thatS is an isometric
isomorphism fromH ontoH .

We have the following null controllability result on system (3):

Theorem 4.1.Let T > 2. Then for every(u0, v0, v1) ∈ S−1V , there exists a controlg1 ∈ L2(0, T ) such that the
solution(u, v, vt ) of system(3) satisfiesu(T )= 0 in (0,1) andv(T )= vt (T )= 0 in (−1,0).

Note that the control time is sharp. It is the one needed to control the wave component from the interfacx = 0.
Observe that the length of the parabolic interval does not affect the control time because of its infinite s
propagation. We point out also that the controllable subspaceV is rather asymmetric. Indeed, the projection of
controllable data on the parabolic eigenvectors is, roughly, inL2; while the projection of hyperbolic eigenvecto
needs exponentially small coefficients.

By means of the duality argument [4], Theorem 4.1, is equivalent to the following key observability estim

Theorem 4.2.For anyT > 2, there is a constantC > 0 such that every solution of Eq.(1) satisfies∣∣(y(T ), z(T ), zt (T ))∣∣2V ′ � C
∣∣yx(·,1)∣∣2L2(0,T ), ∀(y0, z0, z1) ∈ V ′. (4)

In order to show Theorem 4.2, we recall that, according to [7], a similar result is true when the bo
measurement is made on the extremex = −1 through the wave component, i.e.,

Lemma 4.3[7]. LetT > 2. Then there is a constantC > 0 such that every solution of Eq.(1) satisfies∣∣(y(T ), z(T ), zt (T ))∣∣2H �C
∣∣zx(·,−1)

∣∣2
L2(0,T ), ∀(y0, z0, z1) ∈H. (5)

Clearly, (4) is much weaker than (5) since theH -norm in (5) is replaced in (4) by theV ′-norm that provides very
weak information on the hyperbolic projection of solutions. Note, however, that it is impossible to expect a
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estimate in (4) as that in (5). Indeed, we have the following negative result on the observability for system (1H ,
which implies the lack of boundary observability inH from the heat component with a defect of infinite order.

Theorem 4.4.Let T > 0 and s � 0. Thensup(y0,z0,z1)∈H\{0}
|(y(T ),z(T ),zt (T ))|H

|yx(·,1)|Hs(0,T ) = +∞, where (y, z, zt ) is the

solution of system(1) with initial data (y0, z0, z1).

Theorem 4.4 is a consequence of the spectral results that guarantee the existence of a sequence of
eigenvectors that are exponentially concentrated in the wave interval and with very weak damping.

By means of our spectral decomposition result the observability estimate (5) can be written as an Ingh
inequality (recall Theorem 2.2 forn0, mj , �̃1, k̃1 andµj , and Lemma 2.1 forλp� andλhk ):

Lemma 4.5.LetT > 2. Then there is a constantC = C(T ) > 0 such that

n0∑
j=1

mj−1∑
k=0

|aj,k|2 +
∞∑
�=�̃1

|a�|2 e2(T−1)Reλp� +
∞∑

|k|=k̃1
|bk|2

� C
T∫

0

∣∣∣∣∣
n0∑
j=1

eµj t
mj−1∑
k=0

aj,kt
k +

∞∑
�=�̃1

a� eλ
p
� t +

∞∑
|k|=k̃1

bk eλ
h
k t

∣∣∣∣∣
2

dt (6)

holds for all complex numbersaj,k (k = 0,1, . . . ,mj − 1; j = 1,2, . . . , n0), and all square-summable sequenc
{a�}∞

�=�̃1
and{bk}∞|k|=k̃1 in C.

It is important to underline that, as far as we know, there are no results in the literature guarantee
inequalities of the form (6) hold when both the parabolic and hyperbolic spectra are mixed. Note that
consequence of the combination of observability inequality (5) in [7] (proved by means of energy estim
Carleman inequalities) and the spectral results of Section 2. As far as we know, this argument, allowing to
observability inequalities from one case to another, is new. Finally, Lemma 4.5 together with the spectral
results in Section 2 again allow us to obtain the desired observability in (4).
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