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Abstract

Let ω be an open connected subset ofR2 and letθ be an immersion fromω into R3. It is established that the set formed
all rigid displacements of the surfaceθ(ω) is a submanifold of dimension 6 and of classC∞ of the spaceH1(ω). It is shown
that the infinitesimal rigid displacements of the same surfaceθ(ω) span the tangent space at the origin to this submanifoldTo
cite this article: P.G. Ciarlet, C. Mardare, C. R. Acad. Sci. Paris, Ser. I 336 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Déplacements rigides et leur relation au lemme du mouvement rigide infinitésimal en théorie des coques.Soit ω un
ouvert connexe deR2 et θ une immersion deω dansR3. On établit que l’ensemble formé par les déplacements rigides
surfaceθ(ω) est une sous-variété de dimension 6 et de classeC∞ de l’espaceH1(ω). On montre aussi que les déplaceme
rigides infinitésimaux de la même surfaceθ(ω) engendrent le plan tangent à l’origine à cette sous-variété.Pour citer cet
article : P.G. Ciarlet, C. Mardare, C. R. Acad. Sci. Paris, Ser. I 336 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Version française abrégée

Les notations sont définies dans la version anglaise.
Le lemme du déplacement rigide infinitésimal sur une surface, qui joue un rôle important dans l’analyse

modèle linéaire de Koiter [12], et plus généralement des coques linéairement élastiques (cf. [6, Chap
s’énonce ainsi : soitω un ouvert connexe deR2, soit θ une immersion suffisamment régulière deω dans un
espace euclidien tri-dimensionnelE

3, et soitη̃ ∈ H1(ω) un champ de vecteurs vérifiant

γαβ(η̃)= 0 p.p. dansω et ραβ(η̃)= 0 dansH−1(ω),

où
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reserved.
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γαβ(η̃)= 1

2
(∂αη̃ · aβ + ∂β η̃ · aα),

ραβ(η̃)= ∂αβ(η̃ · a3)− ∂α η̃ · ∂βa3 − ∂β(η̃ · ∂αa3)−Γ σαβ∂σ η̃ · a3,

les vecteursaα = ∂αθ sont tangents à la surfaceθ(ω), le vecteur unitairea3 = a1∧a2|a1∧a2| est normal àθ(ω), et les

fonctionsΓ σαβ sont les symboles de Christoffel. Alors il existe des vecteursc ∈ E3 etd ∈ E3 tels que

η̃(y)= c + d ∧ θ(y) pour presque touty ∈ ω.
Une première démonstration de ce lemme a été donnée dans [4, Théorème 5.1-1] pour des champs d

η̃ ∈ H1(ω) tels que η̃ · a3 ∈ H2(ω), sous les hypothèses suivantes : l’ouvertω est borné, sa frontière e
lipschitzienne, etθ ∈ C3(
ω) ; on en trouve une démonstration plus simple dans [6, Théorème 2.6-2]. Div
généralisations, correspondant à des hypothèses de régularité nettement moins restrictives sur l’applicatθ , ont
été obtenues ; cf. [3] et [5].

En théorie des coques, la surfaceθ(ω)⊂ E3 est laconfiguration de référencede la surface moyenne d’une coq
élastique et le champ̃η est unchamp de déplacementsde la surfaceθ(ω). Les fonctionsγαβ(η̃) et ραβ(η̃) sont les
composantes covariantes dutenseur linéarisé de changement de métriqueet dutenseur linéarisé de changeme
de courbureassociés au champ̃η. Un champ de déplacement de la forme ci-dessusη̃ = c + d ∧ θ est appelé un
déplacement rigide infinitésimalde la surfaceθ(ω).

L’objet de cette Note est d’établir que le lemme du déplacement rigide infinitésimal sur une surface n’e
que la version linéarisée (dans un sens précisé au Théorème 4.1) duthéorème de rigiditébien connu de la théori
des surfaces, une fois celui-ci convenablement étendu à l’espace de SobolevH1(ω).

Cette extension (Théorème 2.1) est établie à partir d’une extension, récemment établie dans [8] et rapp
le Théorème 1.1, du théorème de rigidité pour un ouvert tri-dimensionnel.

On établit ensuite (Théorème 3.1 et son corollaire) que l’ensembleM rig formé par lesdéplacements rigides(au
sens du Théorème 2.1) de la surfaceθ(ω) est unesous-variété de dimension6 et de classeC∞ de l’espaceH1(ω).

On montre enfin (Théorème 4.1) que l’espace vectoriel engendré par les déplacements rigides infinités
la surfaceθ(ω) n’est autre quel’espace tangent à l’origine à la variétéMrig. Ce dernier résultat est démontré
partir d’une généralisation, également établie dans [8] et rappelée dans le Théorème 1.2, du lemme du dép
rigide infinitésimal en coordonnées curvilignes sur un ouvert tri-dimensionnel.

Les énoncés des théorèmes mentionnés ci-dessus se trouvent dans la version anglaise. On tro
démonstrations complètes des Théorèmes 2.1, 3.1, et 4.1 dans [9].

1. Preliminaries

Complete proofs of Theorems 2.1, 3.1, and 4.1 are found in [9].
All spaces, matrices, etc., considered are real. The notationsM3, O3, O

3+, andA3 respectively designate th
sets of all square matrices of order 3, of all orthogonal matrices of order 3, of all matricesQ ∈ O

3 with detQ = 1,
and of all antisymmetric matrices of order 3.

Latin indices range over the set{1,2,3} except when they are used for indexing sequences, and the summ
convention with respect to repeated indices is used in conjunction with this rule.

The notationE3 designates a three-dimensional Euclidean space anda · b, a ∧ b, and|a| = √
a · a respectively

designate the Euclidean inner product and the exterior product ofa,b ∈ E
3, and the Euclidean norm ofa ∈ E

3.
Let Ω be an open subset ofR3, let xi denote the coordinates of a pointx ∈ R3, and let∂i := ∂/∂xi . Let

Θ ∈ C1(Ω;E3) be animmersion. Themetric tensor field(gij ) ∈ C0(Ω;M3) of the setΘ(Ω) is then defined by
means of its covariant components

gij (x) := gi (x) · gj (x), x ∈Ω,
wheregi (x) := ∂iΘ(x). The following result, established in [8], is an extension of the classicalrigidity theorem
for an open set, to mappings in the Sobolev spaceH1(Ω) (this theorem is usually established for mappings in
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classC1(Ω); see, e.g., [7, Theorem 3]). Note that this extension itself relies on a crucial extension of the c
Liouville theorem, originally due to Reshetnyak [13] and recently given a particularly concise and elegan
by Friesecke, James and Müller [11]. The notation∇Θ(x) designates the matrix whose columns are the vec
gi (x), x ∈Ω .

Theorem 1.1.Let Ω be a connected open subset ofR3 and let Θ ∈ C1(Ω) := C1(Ω;E3) be a mapping tha
satisfiesdet∇Θ > 0 in Ω . Assume that there exists a vector fieldΘ̃ ∈ H1(Ω) :=H 1(Ω;E3) that satisfies

det∇Θ̃ > 0 a.e. inΩ and g̃ij = gij a.e. inΩ

(with self-explanatory notations). Then there exist a vectorc ∈ E3 and a matrixQ ∈ O
3+ such that

Θ̃(x)= c + QΘ(x) for almost allx ∈Ω.

The covariant components of thelinearized change of metric tensorassociated with a displacement fieldṽ of
the setΘ(Ω) are defined by

ei‖j (ṽ)= 1

2
(∂i ṽ · gj + ∂j ṽ · gi ), wheregi := ∂iΘ .

A displacement field̃v ∈ H 1(Ω) that satisfiesei‖j (ṽ)= 0 a.e. inΩ is called aninfinitesimal rigid displacemen.
The next theorem, due to [8], is an extension of theinfinitesimal rigid displacement lemma in curviline
coordinatesfound in [6, Theorem 1.7-3].

Theorem 1.2.LetΩ be a connected open subset ofR3 and letΘ ∈ C1(Ω) ∩ H1(Ω) be a mapping that satisfie
det∇Θ > 0 in Ω . Then a vector field̃v ∈ H1(Ω) satisfiesei‖j (ṽ)= 0 a.e. inΩ if and only if there exist a vecto
c ∈ E3 and a matrixA ∈ A3 such that

ṽ(x)= c + AΘ(x) for almost allx ∈Ω.

2. The rigidity theorem on a surface and its extension to Sobolev spaces

Greek indices range over the set{1,2} and the summation convention for Latin indices also applies to th
Let ω be an open subset ofR2, let yα denote the coordinates of a pointy ∈ R2, and let∂α := ∂/∂yα and
∂αβ := ∂2/∂yα∂yβ .

Let θ ∈ C1(ω) := C1(ω;E3) be animmersion. Thefirst fundamental formof thesurfaceθ(ω)⊂ E3 is defined
by means of its covariant components

aαβ(y) := aα(y) · aβ(y), y ∈ ω,
whereaα(y) := ∂αθ(y). Let a3(y) := a1(y)∧a2(y)|a1(y)∧a2(y)|, y ∈ ω. If a3 ∈ C1(ω), the second fundamental formof the
surface is defined by means of its covariant components

bαβ(y) := −aα(y) · ∂βa3(y), y ∈ ω.
The classicalrigidity theorem on a surface(cf., e.g., [7, Theorem 6]) asserts that, if two immersionsθ̃ ∈

C2(ω) := C2(ω;E
3) and θ ∈ C2(ω) have the same first and second fundamental forms, i.e., ifãαβ = aαβ and

b̃αβ = bαβ in ω (with self-explanatory notations) andω is connected, then there exist a vectorc ∈ E3 and a matrix
Q ∈ O

3+ such that

θ̃(y)= c + Qθ(y) for all y ∈ ω.
The following result shows thata similar result holds under the assumptions thatθ̃ ∈ H 1(ω) :=H 1(ω;E3) and

ã3 := ã1∧ã2|ã ∧ã | ∈ H1(ω) (again with self-explanatory notations). As shown below, the vector fieldã3, which is not

1 2
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necessarily well defined a.e. inω for an arbitrary mapping̃θ ∈ H 1(ω), is nevertheless well defined a.e. inω for
those mappings̃θ that satisfy the assumptions of the next theorem.

Theorem 2.1.Letω be a connected open subset ofR
2 and letθ ∈ C1(ω) be an immersion that satisfiesa3 ∈ C1(ω).

Assume that there exists a vector fieldθ̃ ∈ H 1(ω) that satisfies

ãαβ = aαβ a.e. inω, ã3 ∈ H 1(ω), and b̃αβ = bαβ a.e. inω.

Then there exist a vectorc ∈ E
3 and a matrixQ ∈ O

3+ such that

θ̃(y)= c + Qθ(y) for almost ally ∈ ω.

Sketch of proof. (i) To begin with, severaltechnical preliminariesare established:first, we observe that th
relationsãαβ = aαβ a.e. inω and the assumption thatθ ∈ C1(ω) is an immersion together imply that

|ã1 ∧ ã2| =
√

det(ãαβ)=
√

det(aαβ) > 0 a.e. inω,

so thatthe vector field̃a3, and thus the functions̃bαβ , are well defined a.e. inω. Second, we claim that

bαβ = bβα in ω and b̃αβ = b̃βα a.e. inω,

i.e., thataα · ∂βa3 = aβ · ∂αa3 in ω and ãα · ∂β ã3 = ãβ · ∂α ã3 a.e. inω. To prove this, we note that either th
assumptionsθ ∈ C1(ω) anda3 ∈ C1(ω), or the assumptionsθ ∈ H1(ω) anda3 ∈ H1(ω), imply thataα · ∂βa3 =
∂αθ ·∂βa3 ∈ L1

loc(ω), hence that∂αθ ·∂βa3 ∈D′(ω). It is then shown, after some intermediate computations rel
on distribution theory, that the expressionD′(ω)〈∂αθ · ∂βa3, ϕ〉D(ω) is symmetric with respect toα andβ , for any
ϕ ∈D(ω). Hence∂αθ · ∂βa3 = ∂βθ · ∂αa3 in L1

loc(ω). Third, let

c̃αβ := ∂α ã3 · ∂β ã3 and cαβ := ∂αa3 · ∂βa3.

Then we claim thatc̃αβ = cαβ a.e. in ω. To see this, we note that the matrix fields(ãαβ) := (ãαβ)
−1 and

(aαβ) := (aαβ)
−1 are well defined and equal a.e. inω sinceθ is an immersion and̃aαβ = aαβ a.e. inω. The

formula of Weingarten can thus be applied a.e. inω, showing that̃cαβ = ãσ τ b̃σαb̃τβ a.e. inω. The assertion the
follows from the assumptions̃bαβ = bαβ a.e. inω.

(ii) Starting from the setω and the mappingθ (as given in the statement of Theorem 2.1),we next construct a
setΩ and a mappingΘ that satisfy the assumptions of Theorem1.1. More precisely, let

Θ(y, x3) := θ(y)+ x3a3(y) for all (y, x3) ∈ ω× R,

and letωn, n� 0, be open subsets ofR
2 such that
ωn is a compact subset ofω andω= ⋃

n�0ωn. Then it is easily

seen that, for eachn� 0, there exists 0< εn � 1 such thatthe mappingΘ ∈ C1(Ω) satisfiesdet∇Θ > 0 over the
connected open set

Ω :=
⋃
n�0

(
ωn × ]−εn, εn[

) ⊂ R
3.

Note that the covariant componentsgij ∈ C0(Ω) of the metric tensor field associated with the mappingΘ are
then given by (the symmetriesbαβ = bβα established in (i) are used here)

gαβ = aαβ − 2x3bαβ + x2
3cαβ, gα3 = 0, g33 = 1.

(iii) Starting with the mapping̃θ (as given in the statement of Theorem 2.1), weconstruct a mapping̃Θ that
satisfies the assumptions of Theorem1.1. To this end, we define a mapping̃Θ :Ω → E3 by letting

Θ̃(y, x3) := θ̃(y)+ x3ã3(y) for all (y, x3) ∈Ω,



P.G. Ciarlet, C. Mardare / C. R. Acad. Sci. Paris, Ser. I 336 (2003) 959–966 963

s

space,
iven in

s

e

one
t

o lengthy
where the setΩ is defined as in (ii). HencẽΘ ∈ H1(Ω), sinceΩ ⊂ ω× ]−1,1[. Besides, det∇Θ̃ = det∇Θ a.e.
in Ω since the functions̃aβσ b̃ασ , which are well defined a.e. inω, are equal a.e. inω to the functionsaβσ bασ .
Likewise, the components̃gij ∈ L1(Ω) of the metric tensor field associated with the mappingΘ̃ satisfyg̃ij = gij
a.e. inΩ sinceãαβ = aαβ andb̃αβ = bαβ a.e. inω by assumption and̃cαβ = cαβ a.e. inω by part (i).

(iv) By Theorem 1.1, there exist a vectorc ∈ E3 and a matrixQ ∈ O
3+ such that

θ̃(y)+ x3ã3(y)= c + Q
(
θ(y)+ x3a3(y)

)
for almost all(y, x3) ∈Ω.

Differentiating with respect tox3 in this equality between functions inH1(Ω) shows that̃a3(y) = Qa3(y) for
almost ally ∈ ω. Henceθ̃(y)= c + Qθ(y) for almost ally ∈ ω. ✷
3. The submanifold of rigid displacements on a surface

All the results needed below aboutsubmanifolds in infinite-dimensional Banach spacesare found in [1]. The
tangent spaceat a pointm of a submanifoldM of a Banach spaceX is denotedTmM. If f :X→ Y is a Fréchet-
differentiable mapping into a Banach spaceY , thetangent mapatm is denotedTmf .

The next theorem shows that the setM formed by all the mappings̃θ ∈ H1(ω) that satisfy the assumption
of the rigidity theorem on a surface (Theorem 2.1) is afinite-dimensional submanifold of the spaceH1(ω). The
tangent space toM at θ is also identified. Another equally important characterization of the same tangent
involving this time the linearized change of metric and linearized change of curvature tensors, will be g
Theorem 4.1.

Theorem 3.1.Letω be a connected open subset ofR2 and letθ ∈ C1(ω) ∩ H1(ω) be an immersion that satisfie
a3 ∈ C1(ω)∩ H1(ω). Then the set

M := {
θ̃ ∈ H1(ω); ãαβ = aαβ a.e. inω, ã3 ∈ H 1(ω), b̃αβ = bαβ a.e. inω

}
is a submanifold of classC∞ and of dimension6 of the spaceH1(ω). Its tangent space atθ is given by

TθM = {
η̃ ∈ H1(ω); ∃c ∈ E

3, ∃A ∈ A
3, η̃ = c + Aθ a.e. inω

}
.

Sketch of proof. (i) Define the linear mappingf : (c,F ) ∈ E3 × M3 → f (c,F ) = c + Fθ ∈ H 1(ω). By the
rigidity theorem (Theorem 2.1), the above setM may be equivalently defined asM = f (E3 ×O

3+). If the mapping
f :E3 ×M3 → H1(ω) is injective, in which casef is aC∞-diffeomorphism fromE3 ×M3 ontof (E3 ×M3), the
proof thatM = f (E3 × O

3+) is a submanifold ofH1(ω) is simple. Since submanifolds of classC∞ are preserved
byC∞-diffeomorphisms,M is a submanifold of classC∞ and of dimension 6 off (E3×M3). As a closed subspac
of the Hilbert spaceH1(ω), the imagef (E3×M3) has a closed complement, i.e.,f (E3×M3) is “split” in H1(ω).
The setM is thus also a submanifold of classC∞ and of dimension 6 ofH 1(ω) (this conclusion follows from the
definition of a submanifold; see [1, Definition 3.2.1]).

If the mappingf : E3 × M3 → H 1(ω) is not injective, some care has to be exercised. More specifically,
needs to prove that the restrictionf % of the mappingf to the setE3 × O

3+ is anembedding, in the sense tha
the following two properties are satisfied: first, for each(c,Q) ∈ E3 × O

3+, the tangent mapT(c,Q)f is injective,
with a closed range having a closed complement inH 1(ω). Second, the restrictionf % of the mappingf to the
submanifoldE3 × O

3+ is a homeomorphism, hence aC∞-diffeomorphism sincef is linear, fromE3 × O
3+ onto

the imagef (E3 × O
3+) equipped with the relative topology induced by that ofH1(ω).

Once these two properties are established (by means of arguments that are essentially technical, but to
to be sketched here), it can be concluded that the setM = f %(E3 ×O

3+) is a submanifold of dimension6 of H1(ω),
sinceE3 × O

3+ is a submanifold of dimension 6 ofE3 × M3 (see [1, Section 3.5]). Since the manifoldsE3 × O
3+

andH1(ω) are of classC∞ and the mappingf % is of classC∞, the submanifoldM is also of classC∞.
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(ii) Sincef is linear andTIO
3+ = A3, the tangent space toM at θ is given by

TθM = Tf (0,I )f
(
E

3 × O
3+
) = f

(
T(0,I )

(
E

3 × O
3+
)) = f

(
E

3 × A
3)

= {
η̃ ∈ H1(ω); ∃c ∈ E

3, ∃A ∈ A
3, η̃ = c + Aθ a.e. inω

}
. ✷

Remark. Interestingly, one can establish thatthe mappingf : E3 × M3 → H1(ω) is injective if and only if the
surfaceθ(ω) is not contained in a plane.

In shell theory, the surfaceθ(ω) is thereference configurationof the middle surface of an elastic shell (under
additional assumption that the immersionθ is injective, but this assumption is irrelevant for our present purpo
Then, for eachθ̃ ∈ H1(ω), the surfaceθ̃(ω) is a deformed configurationof the middle surface and the fie
η̃ ∈ H 1(ω) defined byθ̃ = θ + η̃ is adisplacement fieldof the reference configurationθ(ω). If in particularθ̃ ∈ M ,
the fieldη̃ defined in this fashion is called arigid displacement, and the subsetMrig of H1(ω) defined by

M = θ + M rig

is called themanifold of rigid displacements. We now recast Theorem 3.1 in terms of the manifoldMrig.

Corollary to Theorem 3.1.Letω be a connected open subset ofR2, and letθ ∈ C1(ω) ∩ H1(ω) be an immersion
that satisfiesa3 ∈ C1(ω)∩ H 1(ω). Then the manifold of rigid displacements of the surfaceθ(ω), viz.,

Mrig := {
η̃ ∈ H1(ω); ãαβ = aαβ a.e. inω, ã3 ∈ H1(ω), b̃αβ = bαβ a.e. inω

}
,

is a submanifold of classC∞ and of dimension6 of the spaceH1(ω) and its tangent space at0 is given by

T0M rig = TθM = {
η̃ ∈ H 1(ω); ∃c ∈ E

3, ∃A ∈ A
3, η̃ = c + Aθ a.e. inω

}
.

4. The infinitesimal rigid displacement lemma on a surface revisited

The covariant components of thelinearized change of metric tensorand linearized change of curvatur
tensor associated with a smooth enough displacement fieldη̃ of the surfaceθ(ω) are defined byγαβ(η̃) :=
1
2[ãαβ − aαβ]lin andραβ(η̃) := [b̃αβ − bαβ]lin, whereaαβ and ãαβ , andbαβ and b̃αβ , respectively designate th

covariant components of the first, and second, fundamental forms of the surfacesθ(ω) andθ̃(ω) whereθ̃ := θ + η̃,
and[·]lin denotes the linear part with respect toη̃ in the expression[·]. A formal computation immediately gives

γαβ(η̃)= 1

2
(∂αη̃ · aβ + ∂β η̃ · aα), whereaα := ∂αθ .

This expression thus shows thatγαβ(η̃) ∈ L2
loc(ω) if η̃ ∈ H1(ω) andθ ∈ C1(ω).

Another formal, but substantially less immediate, computation shows that (see, e.g., [6, Theorem 2.5-1

ραβ(η̃)= ∂αβ(η̃ · a3)− ∂α η̃ · ∂βa3 − ∂β(η̃ · ∂αa3)−Γ σαβ∂σ η̃ · a3,

where the functionsΓ σαβ := aστaτ · ∂αaβ are the Christoffel symbols of the surfaceθ(ω). This expression thu

shows thatραβ(η̃) ∈H−1(ω) if η̃ ∈ H 1(ω) andθ ∈ C2(ω) anda3 ∈ C2(ω).
Under these assumptions on the mappingθ and the fielda3, a displacement field̃η ∈ H1(ω) that satisfies

γαβ(η̃)= 0 a.e. inω andραβ(η̃)= 0 in H−1(ω) is called aninfinitesimal rigid displacementof the surfaceθ(ω).
Accordingly, theinfinitesimal rigid displacement lemma on a surfaceconsists in identifying the vector spaceV lin

rig
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formed by such displacements. This is the object of the next theorem, which shows that the spaceV lin
rig has aremark-

ably simple interpretationin terms of the manifoldM rig of rigid displacements introduced at the end of Sectio

Theorem 4.1.Letω be a connected open subset ofR2 and letθ ∈ C2(ω) ∩ H1(ω) be an immersion that satisfie
a3 ∈ C2(ω)∩ H1(ω). Then the space of infinitesimal rigid displacements of the surfaceθ(ω), viz.,

V lin
rig := {

η̃ ∈ H 1(ω); γαβ(η̃)= 0 a.e. inω andραβ(η̃)= 0 in H−1(ω)
}
,

is given by

V lin
rig = T0Mrig,

where the tangent spaceT0M rig has been identified in the Corollary to Theorem3.1.

Sketch of proof. The proof is reminiscent of that used in [2] or [10] for establishing the Korn inequality
surface as a consequence of its three-dimensional counterpart in curvilinear coordinates.

(i) Starting from the setω and the mappingθ , we begin by constructing a setΩ and a mappingΘ as in parts
(ii) and (iii) of the proof of Theorem 2.1, with the additional requirements that the open setsωn be connected an
that they satisfyωn ⊂ ωn+1 for anyn� 0.

(ii) Given any displacement field̃η ∈ V lin
rig, let

ṽ(y, x3) := η̃(y)− x3
({
∂α(η̃ · a3)− η̃ · ∂αa3

}
aα

)
(y)

for almost all(y, x3) ∈Ω , whereΩ is defined as in part (i) andaα := aαβaβ . The vector fieldṽ defined in this
fashion is such that̃v ∈ H 1(Ωn) for all n� 0, whereΩn = ωn × ]−εn, εn[.

A careful computation then shows that, for anyn � 0, the covariant componentsei‖j (ṽ) ∈ L2(Ωn) of the
linearized change of metric tensor (see Section 1) associated with the above displacement fieldṽ vanish a.e. inΩn.

Theorem 1.2 can thus be applied, showing that, for eachn� 0, there exist a vectorcn ∈ E3 and a matrixAn ∈ A3

such that̃v(x)= cn + AnΘ(x) for almost allx ∈Ωn. This last relation in turn implies that̃η(y)= cn + Anθ(y)

for almost ally ∈ ωn. That the vectorscn andAn are in fact independent ofn � 0 is then a consequence of t
inclusionsωn ⊂ ωn+1, n� 0. ✷

By Theorem 4.1,the infinitesimal rigid displacements of the surfaceθ(ω) thus span the tangent space at t
origin to the manifold formed by the rigid displacements ofθ(ω).
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