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Abstract

We propose a procedure to test the adequacy of the tail of a givenF0 to extreme observations and to check that this
provides reasonable extrapolations above the maximal observation. The test is based on the asymptotic distribution
(Exponential Tail) estimate of extreme quantiles which is established in a companion Note. The asymptotic level and
the test are studied for several classes of distributions.To cite this article: J. Diebolt et al., C. R. Acad. Sci. Paris, Ser. I 337
(2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Normalité asymptotique de la méthode ET – application au test ET. Nous proposons un test permettant de véri
l’adéquation de la queue d’une fonction de répartitionF0 aux observations extrêmes et de contrôler si cette queue fo
des extrapolations raisonnables au-delà de l’observation maximale. Le test est basé sur la loi asymptotique de l’estim
(Exponential Tail) des quantiles extrêmes qui est établie dans une Note jointe. Le niveau et la puissance asymptotiqu
sont étudiés pour plusieurs classes de lois.Pour citer cet article : J. Diebolt et al., C. R. Acad. Sci. Paris, Ser. I 337 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Version française abrégée

Le test ET est motivé par des questions issues du domaine de la fiabilité des structures, où les lois
sont dans le domaine d’attraction de Gumbel, DA(Gumbel), et ont un point terminal infini. Etant don
échantillonX1, . . . ,Xn de fonction de répartitionF , il s’agit de vérifier si un modèleF0 ∈ DA(Gumbel) fournit
une approximation acceptable de la queue de la loi autour ou au-delà de l’observation maximale. Cette
est importante par exemple dans le contexte de la fiabilité des structures où des événements de faible p
peuvent avoir de fortes conséquences telles que des défaillances critiques ou des charges extrêmes. Nous
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1631-073X/$ – see front matter 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights
reserved.
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que, pour des niveaux de significations raisonnables, les tests d’adéquation usuels n’ont pas rejeté l’h
nulleH0 : {F = F0}. De telles procédures testent essentiellement l’adéquation du modèle dans la partie
de l’échantillon. Or, les dangers d’extrapoler dans les queues de la distribution les résultats de tels te
bien connus et détaillés par exemple dans [7] et [8]. Le but du test ET est de vérifier l’adéquation de l
d’une fonction de répartitionF0 aux observations extrêmes et de contrôler si cette queue fournit des extrapo
raisonnables au-delà de l’observation maximale. En conséquence, nous testons

H0 : {F = F0} contre H1 : {F = F1}
dans la queue supérieure de la loi. Le principe du test ET est de comparer deux estimateurs différents d’un
extrêmexpn défini par�F(xpn)= pn avecpn < 1/n. Le premier est l’estimateur sousH0,

xparam, n = �F−1
0 (pn).

Le second est l’estimateur ET défini par (1.3) dans [6] :

x̂ET, n = un + σ̂n ln

(
Nn

npn

)
.

La suite de seuils déterministesun est telle que�F(un) = mn/n avec 1� mn � n, mn → ∞, mn/n → 0 quand
n → ∞. La suiteNn représente le nombre (aléatoire) d’observations au-delà deun et σ̂n est la moyenne empiriqu
des excès eux-mêmes définis à partir desXi > un parYi =Xi − un. Lorsque le quantile est estimé par la métho
ET, deux erreurs sont commises : une erreur d’estimation et une erreur d’approximation puisque la loi d
est approchée par une loi exponentielle. SousH0, en ajoutant un équivalentd0,n de l’erreur d’approximationδ0,n
(voir [6], Remarque 2.3) aux bornes de l’intervalle de confiance déduit de la loi asymptotique dex̂ET, n (voir [6],
Théorème 1) on obtient un intervalle de confiance approché pour le vrai quantile :

ICα,n = [
x̂ET, n + d0,n ± σ̂n ln (rn)m

−1/2
n zα

]
,

où rn = mn/(npn) et zα est tel queP(|ξ | > zα) = α avecξ ∼ N(0,1). Le test ET rejetteH0 quand l’estimateu
sousH0 n’appartient pas à cet intervalle :xparam, n /∈ ICα,n. Il s’agit là d’une version simplifiée du test ET propo
dans [4]. La version complète teste

H0 : {F = Fθ } contre H1 : {F �= Fθ }
lorsqueθ est estimé (par maximum de vraisemblance par exemple). De plus, [4] propose également de re
l’approximation normale asymptotique par des simulations bootstrap dex̂ET, n − xparam, n. Nous montrons ici que
pour les classes de lois introduites dans [6], le niveau du test ET simplifié converge versα et sa puissance vers
quandn→ ∞.

1. The ET test

The ET test is motivated by questions arising in the field of Structural Reliability, where the usual distrib
are in the Gumbel’s Maximum Domain of Attraction, DA(Gumbel), and have infinite endpoint. Given a s
X1, . . . ,Xn of cumulative distribution functionF , we wish to check that a modelF0 ∈ DA(Gumbel) provides an
acceptable approximation to the tail of the distribution in the range near and above the maximal observation
important since in the context of Structural Reliability events with low probabilities can imply strong conseq
as critical failures or extreme charges. We assume that at reasonable significance levels, usual goodness
have not rejected the null hypothesisH0 that{F = F0}. Such procedures essentially test the adequacy of the m
to the central range of the sample, that is to say the central part of the sample interval. The dangers of extr
in the tails from the results of such tests are detailed, e.g., in [7] and in [8]. The purpose of the ET te
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check the adequacy of the tail of a givenF0 to extreme observations and to check that this tail provides reaso
extrapolations above the maximal observation. Therefore, we wish to test

H0 : {F = F0} against H1 : {F = F1}
in the upper tail. The principle of the ET test is to compare two different estimates of some extreme quanxpn
defined by�F(xpn)= pn with pn < 1/n. The first one is the estimate underH0,

xparam, n = �F−1
0 (pn).

The second one is the ET estimate defined by (1.3) in [6]:

x̂ET, n = un + σ̂n ln

(
Nn

npn

)
.

The sequence of deterministic thresholdsun is such that�F(un)= mn/n, with 1� mn � n, mn → ∞, mn/n→ 0
asn→ ∞. The sequenceNn represents the random number of observations aboveun andσ̂n is the empirical mean
of the excesses defined on the basis of theXi > un’s by Yi =Xi − un.

When we estimate the true quantile by its ET estimation, we make two kinds of errors: an estimatio
and an approximation error, since we approximate the excess distribution with an exponential distribution
H0, adding an asymptotic equivalentd0,n of the approximation errorδ0,n (see [6], Remark 2.3) to the bounds
the confidence interval based on the asymptotic distribution ofx̂ET, n (see [6], Theorem 1) yields an approxima
confidence interval for the true quantile:

CIα,n = [
x̂ET, n + d0,n ± σ̂n ln (rn)m

−1/2
n zα

]
,

with rn = mn/(npn) andzα is such thatP(|ξ | > zα) = α with ξ ∼ N(0,1). The ET goodness-of-fit test rejec
H0 when the estimate underH0 does not lay within this confidence interval:xparam, n /∈ CIα,n. This is a simplified
version of the ET test proposed in [4]. The full version aims at testingH0 : {F = Fθ } againstH1 : {F �= Fθ } where
θ is estimated (e.g., by maximum likelihood).

2. Asymptotic level and power

The behaviour of the asymptotic level and power of the test is established for the classes of distributions
considered in [6]:C = C1

θ ∪ C2 ∪ C3
θ with

C1
θ = SR1/θ , θ > 0, θ �= 1,

C1
1 = C1

1,∞ ∪ C1
1,τ = {V ∈ SR1: V ′′ = 0} ∪ {

V ∈ SR1: |V ′′| ∈ SR−1−τ

}
, τ � 0,

C2 = {V ∈ SR0, V
′ ∈ SR−1},

C3
θ = {V = expg, g ∈ SRθ , 0< θ < 1},

whereSRθ is the subset of smooth regularly varying functions inRVθ , [1]. For the sake of simplicity (see [3]
we assume that

mn is the largest integer� cst1n
1−p(lnn)−q and pn = cst2n

−p′
(lnn)−q ′

(1)

for some positive constants cst1 and cst2, where 0< p � 1 andq > 0 whenp = 1 (with no constraint onq when
0<p < 1), andp′ � 1 andq ′ � 0 whenp′ = 1 (with no constraint onq ′ whenp′ > 1).

IntroducingV0(x)= �F0
−1

(e−x) andV1(x)= �F1
−1

(e−x), we have the following two results:

Theorem 2.1. Consider two sequences (mn) and (pn) verifying (1). In each of the following cases:

(i) V0 ∈ C1
θ ∪ C2, θ �= 1, p = p′ = 1 and q < min(2, q ′),
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(ii) V0 ∈ C1
1,∞, p < p′ or q < q ′,

(iii) V0 ∈ C1
1,τ , p = p′ = 1 and q < min(2(1+ τ ), q ′),

(iv) V0 ∈ C3
θ , p = p′ = 1 and q < min(2(1− θ), q ′),

the level of the ET test converges to α as n → ∞.

Theorem 2.2. Consider two sequences (mn) and (pn) verifying (1). In each of the following cases:

(i) V0 ∈ C1
θ , V1 ∈ C \ C1

θ , θ �= 1, p = p′ = 1 and q < min(2, q ′),
(ii) V0 ∈ C1

1,∞, V1 ∈ C \ C1
1,∞, p < p′ or q < q ′,

(iii) V0 ∈ C1
1,τ , V1 ∈ C \ C1

1,τ , p = p′ = 1 and q < min(2(1+ τ ), q ′),
(iv) V0 ∈ C2, V1 ∈ C \ C2, p = p′ = 1 and q < min(2, q ′),
(v) V0 ∈ C3

θ , V1 ∈ C \ C3
θ , p = p′ = 1 and q < min(2(1− θ), q ′),

the power of the ET test converges to 1 as n → ∞.

Let us note that these theorems give no information on the speed of convergence. Nevertheless, The
in [6] shows thatx̂ET, n − xparam, n converges to a Gaussian random variable at a logarithmic speed. The
the above convergences should be very slow too. This problem has been illustrated on simulations in [
bootstrap procedure has been proposed to overcome it.

3. Proofs

The study of the asymptotic level and power of the ET test requires further notations. Fork ∈ {0,1} we introduce:

• The true quantile underHk : xk,pn = �F−1
k (pn)= Vk(bn) with bn = ln(1/pn);

• Its ET approximation underHk : xET, k,n = uk,n + σk(uk,n) ln(rn) whereuk,n = �F−1
k (n/mn) = Vk(an) with

an = ln(n/mn), andσk(uk,n)= V ′
k(V

−1
k (uk,n));

• The corresponding error of approximation underHk : δk,n = xk,pn − xET, k,n;
• Its first order approximation underHk (see [6], Remark 2.3):dk,n = (ln rn)2V ′′

k ("n)/2 with "n ∈ [bn, an];
• The auxiliary functionΩk(t) = tV ′

k(t)/Vk(t), t > 0.

We also defineΩ(t)= V0(t)/V1(t), t > 0, and the following sequences

ωn = √
mn

d0,n − δ0,n

σ0(u0,n) ln(rn)
, φn = √

mn
xET,1,n − xET,0,n

σ1(u1,n) ln(rn)
and ψn = σ0(u0,n)

σ1(u1,n)
. (2)

The next two lemmas describe the asymptotic behavior of these sequences which drive the asymptotic
power of the ET test. Their proofs can be found in [5].

Lemma 3.1. Under the conditions of Theorem 2.1, ωn → 0 as n→ ∞.

Lemma 3.2. Consider two sequences (mn) and (pn) verifying (1). In each of the following cases:

(i) V0 ∈ C1
θ , V1 ∈ C \ C1

θ ,
(ii) V0 ∈ C2, V1 ∈ C \ C2,
(iii) V0 ∈ C3

θ , V1 ∈ C \ C3
θ ,
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we have |φn| → ∞ and ψn = o(φn) as n → ∞.

Proof of Theorem 2.1. From [6], Theorem 1, and underH0,

xparam, n − x̂ET, n = xparam, n − xET,0,n + σ0(u0,n) ln(rn)m
−1/2
n ξn,

whereξn
d−→ ξ ∼N(0,1). Therefore,

P(xparam, n /∈ CIα,n |H0)= P(ξn /∈ Jα,n),

whereJα,n = [ωn ± zασ̂n/σ0(u0,n)] andωn is defined by (2). Now, sincemn → ∞ andmn/n → 0 with (1), under

H0 we haveσ̂n/σ0(u0,n)
P−→ 1 asn → ∞ [2]. We thus have

P
(
σ̂n/σ0(u0,n) > 1+ η

) → 0 and P
(
σ̂n/σ0(u0,n) < 1− η

) → 0,

whenn→ ∞ for all η > 0. IntroducingKα,n = [ωn ± zα(1+ η)], it follows that∀η > 0,

P(Jα,n ⊂Kα,n)= P
(
σ̂n/σ0(u0,n)� 1+ η

) = 1− P
(
σ̂n/σ0(u0,n) > 1+ η

) → 1. (3)

From Lemma 3.1,ωn → 0 asn → ∞, and therefore there existsN0(η) ∈ N such that∀n � N0(η), Kα,n ⊂
[±zα(1+ 2η)] leading to

P(Jα,n ⊂Kα,n)� P
(
Jα,n ⊂ [±zα(1+ 2η)

])
. (4)

As a consequence of (3) and (4), P(Jα,n ⊂ [±zα(1+ 2η)])→ 1 asn → ∞. This is equivalent to

∀ν1 > 0, ∃N1(ν1, η) ∈ N such that∀n� N1(ν1, η), P
(
Jα,n �⊂ [±zα(1+ 2η)

])
< ν1.

It follows that∀n� N1(ν1, η),

P(ξn ∈ Jα,n)= P
({ξn ∈ Jα,n} ∩ {

Jα,n ⊂ [±zα(1+ 2η)
]}) +P

({ξn ∈ Jα,n} ∩ {
Jα,n �⊂ [±zα(1+ 2η)

]})
� P

(
ξn ∈ [±zα(1+ 2η)

]) + P
(
Jα,n �⊂ [±zα(1+ 2η)

])
� P

(
ξn ∈ [±zα(1+ 2η)

]) + ν1. (5)

Moreover, for allν2 > 0, there existsC(ν2) > 0 andN2(ν2) such that

∀η ∈ ]
0, C(ν2)

]
and∀n � N2(ν2),

∣∣P (
ξn ∈ [±zα(1+ 2η)

]) − (1− α)
∣∣ < ν2,

which implies that

∀ν2 > 0, ∀η ∈ ]
0, C(ν2)

]
, lim sup

n→∞
P

(
ξn ∈ [±zα(1+ 2η)

])
� 1− α + ν2. (6)

From (5) and (6), we obtain∀ν1, ν2 > 0

lim sup
n→∞

P(ξn ∈ Jα,n)� 1− α + ν1 + ν2.

Similarly, it can be shown that∀ν1, ν2 > 0,

lim inf
n→∞ P(ξn ∈ Jα,n)� 1− α − ν1 − ν2.

This entails:∀ν1, ν2 > 0,

1− α − ν1 − ν2 � lim inf
n→∞ P(ξn ∈ Jα,n)� lim sup

n→∞
P(ξn ∈ Jα,n) � 1− α + ν1 + ν2.

Sinceν1 are ν2 are arbitrarily small, both limits are equal and thusP(ξn ∈ Jα,n) → 1 − α as n → ∞. As a
conclusion,P(xparam, n /∈ CIα,n | H0) → α asn → ∞. ✷
Proof of Theorem 2.2. From [6], Theorem 2.1, and underH1,

xparam, n − x̂ET, n = xparam, n − xET,1,n + σ1(u1,n) ln(rn)m
−1/2
n ξn,
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polation,
whereξn
d−→ ξ ∼N(0,1). Therefore, in view of (2),

P(xparam, n /∈ CIα,n |H1)= P(ξn /∈ J ′
α,n), (7)

whereJ ′
α,n = [ωnψn + φn ± zασ̂n/σ1(u1,n)]. Now, sincemn → ∞ andmn/n → 0 with (1), underH1, we have

σ̂n/σ1(u1,n)
P−→ 1 asn→ ∞ [2].

For η > 0, introducingK ′
α,n = [ωnψn + φn ± zα(1 + η)], leads toP(J ′

α,n ⊂ K ′
α,n) → 1 asn → ∞. From

Lemmas 3.1 and 3.2,K ′
α,n can be rewritten asK ′

α,n = [φn(1 + εn) ± zα(1 + η)], with εn = ωnψn/φn → 0 as
n → ∞. It follows that∀η > 0, P (ξn /∈K ′

α,n) → 1 asn → ∞, since|φn| → ∞. Remarking that

P(ξn /∈K ′
α,n)= P

({ξn /∈ J ′
α,n} ∩ {J ′

α,n ⊂K ′
α,n}

) + P
({ξn /∈ J ′

α,n} ∩ {J ′
α,n �⊂K ′

α,n}
)

� P(ξn /∈ J ′
α,n)+ P(J ′

α,n �⊂ K ′
α,n),

it results that 1� P(ξn /∈ J ′
α,n) � P(ξn /∈ K ′

α,n) − P(J ′
α,n �⊂ K ′

α,n) → 1 asn → ∞. ThereforeP(ξn /∈ J ′
α,n) → 1

asn → ∞ and (7) concludes the proof.✷
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