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Abstract

We present an extension of the “miraculous cancellation” formulas of Alvarez-Gaumé, Witten and Kefeng Liu to a
version where an extra complex line bundle is involved. Relations to the Ochanine congruence formula on 8k + 4 dimensional
Spinc manifolds are discussed.To cite this article: F. Han, W. Zhang, C. R. Acad. Sci. Paris, Ser. I 336 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Variétés Spinc et genre elliptique. Nous présentons une extension de formules d’annulation d’Alvarez-Gaumé, Wit
Liu lorsqu’on tensorise les fibrés considérés par un fibré en droites complexe. On discute le lien entre nos formu
formules de congruence d’Ochanine pour les variétés Spinc de dimension 8k + 4. Pour citer cet article : F. Han, W. Zhang,
C. R. Acad. Sci. Paris, Ser. I 336 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

1. Introduction

Let M be a Riemannian manifold. Let∇TM be the associated Levi-Civita connection, and letRTM = ∇TM,2 be
the curvature of∇TM. Then∇TM extends canonically to a Hermitian connection∇TCM onTCM = TM ⊗ C.

Let Â(TM,∇TM), L̂(TM,∇TM) be the Hirzebruch characteristic forms defined by

Â
(
TM,∇TM)= det1/2

(
(
√−1/4π)RTM

sinh((
√−1/4π)RTM)

)
, L̂(TM,∇TM) = det1/2

(
(
√−1/2π)RTM

tanh((
√−1/4π)RTM)

)
, (1)

and let ch(TCM,∇TCM) denote the Chern character form associated to(TCM,∇TCM) (cf. [9, Section 1.6]).
When dimM = 12, the following equation for 12-forms was proved by Alvarez-Gaumé and Witten in [1], w

they called “miraculous cancellation”,{
L̂
(
TM,∇TM)}(12) = {

8Â
(
TM,∇TM)ch

(
TCM,∇TCM)− 32Â

(
TM,∇TM)}(12)

. (2)

These authors also discussed the applications of such formulas to physics.
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In [5], Kefeng Liu generalized (2) to arbitrarily 8k+4 dimensional manifolds by developing modular invarian
properties of characteristic numbers.

In this Note, we present an extension of Liu’s formula in the presence of an extra complex line bun
equivalently, a rank two real oriented vector bundle). In dimension 12, this extension can be described as fo
ξ be a rank two real oriented Euclidean vector bundle, equipped with a Euclidean connection∇ξ , let c = e(ξ,∇ξ )

be the associated Euler form (cf. [9, Section 3.4]). Then the following equation for 12-forms holds,{
L̂(TM,∇TM)

cosh2(c/2)

}(12)

=
{[

8Â
(
TM,∇TM)ch

(
TCM,∇TCM

)− 32Â
(
TM,∇TM)

− 24Â
(
TM,∇TM)(ec + e−c − 2

)]
cosh

(
c

2

)}(12)

. (3)

Clearly, whenξ is trivial andc = 0, (3) reduces to the formula (2) of Alvarez-Gaumé and Witten. Our work
motivated by the Ochanine congruence formula [7].

2. Main results

Let M be a 8k + 4 dimensional Riemannian manifold. Let∇TM be the associated Levi-Civita connection. L
V be a rank 2l real Euclidean vector bundle overM equipped with a Euclidean connection∇V . Let ξ be a rank
two real oriented Euclidean vector bundle overM carrying with a Euclidean connection∇ξ . Let c = e(ξ,∇ξ ) be
the Euler form ofξ canonically associated to∇ξ .

SetVC = V ⊗ C and ξC = ξ ⊗ C. ThenVC and ξC are complex vector bundles overM, each of which is
equipped with a Hermitian metric, and a unitary connection.

If W is a Hermitian vector bundle overM equipped with a Hermitian connection∇W , we denote by ch(W,∇W)

the associated Chern character form (cf. [9, Section 1.6]). Also, for any complex numbert , set Λt(W) =
C|M + tW + t2Λ2(W) + · · · andSt (W) = C|M + tW + t2S2(W) + · · · , where for any integerj � 1, Λj (W)

(resp.Sj (W)) is thej -th exterior (resp. symmetric) power ofW . SetW̃ =W − Crk(W).
Let q = e2π

√−1τ with τ ∈ H, the upper half plane. Set

Θ1(M,VC, ξC)=
∞⊗
n=1

Sqn
(
T̃CM

)⊗
∞⊗

m=1

Λqm
(
ṼC − 2ξ̃C

)⊗
∞⊗
r=1

Λqr−1/2(ξ̃C)⊗
∞⊗
s=1

Λ−qs−1/2

(
ξ̃C
)
, (4)

Θ2(M,VC, ξC)=
∞⊗
n=1

Sqn
(
T̃CM

)⊗
∞⊗

m=1

Λ−qm−1/2

(
ṼC − 2ξ̃C

)⊗
∞⊗
r=1

Λqr−1/2

(
ξ̃C
)⊗

∞⊗
s=1

Λqs
(
ξ̃C
)
. (5)

Clearly,Θ1(M,VC, ξC) andΘ2(M,VC, ξC) admit formal Fourier expansion inq1/2 as

Θ1(M,VC, ξC)=A0(M,VC, ξC)+A1(M,VC, ξC)q
1/2 + · · · , (6)

Θ2(M,VC, ξC)= B0(M,VC, ξC)+B1(M,VC, ξC)q
1/2 + · · · , (7)

where theAj ’s andBj ’s are elements in the semi-group generated by Hermitian vector bundles overM. These
vector bundlesAj,Bj are naturally equipped with Hermitian metrics and unitary connections∇Aj , ∇Bj .

Let RV = ∇V,2 denote the curvature of∇V . We can now state our main result as follows.

Theorem 2.1. If the equality for the first Pontryagin formsp1(TM,∇TM) = p1(V ,∇V ) holds, then one has th
equation for(8k + 4)-forms,{

Â(TM,∇TM)det1/2(2 cosh((
√−1/4π)RV ))

cosh2(c/2)

}(8k+4)

= 2l+2k+1
k∑

2−6r
{
br cosh

(
c

2

)}(8k+4)

, (8)

r=0
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where eachbr, 0 � r � k, is a finite canonical integral linear combination of the characteristic for
Â(TM,∇TM)ch(Bj ,∇Bj ), j � 0.

Whenξ = R2 andc = 0, Theorem 2.1 is exactly Liu’s result in [5, Theorem 1].
If we takeV = TM and∇V = ∇TM in (8), we get{

L̂(TM,∇TM)

cosh2(c/2)

}(8k+4)

= 8
k∑

r=0

26k−6r
{
br cosh

(
c

2

)}(8k+4)

. (9)

In the case wherek = 1, one obtains (3) from (9).
Now assume thatM is closed, oriented and carries a Spinc structure with[c] ≡w2(TM) mod 2, wherew2(TM)

is the second Stiefel–Whitney class ofTM. Let B be a connected closed oriented 8k + 2 submanifold inM such
that[B] ∈H8k+2(M,Z) is Poincaré dual to[c]. LetB ·B be the self-intersection ofB in M which can be though
of as a closed oriented 8k manifold. Then by [7], we know that∫

M

L̂(TM,∇TM)

cosh2(c/2)
= Sign(M)− Sign(B ·B). (10)

On the other hand, by [2], we know that each
∫
M br cosh( c2), 0 � r � k, is an integer. Combining this argume

with (9) and (10), we deduce that

Sign(M)− Sign(B ·B)
8

≡
∫
M

bk cosh

(
c

2

)
mod 64. (11)

By combining (11) with the Rokhlin type congruences proved in [8], one can give a direct proof of the a
version of the Ochanine congruence formula [7] stated in [6]. Moreover, ifM is spin, then using (11), the Ochani
divisibility result (cf. [7]) and [2], we get

Sign(B ·B)≡ 0 mod 8, (12)

a result which seems to be of interest by itself.
On the other hand, there are twisted cancellation formulas similar to (8), (9) on 8k manifolds, generalizing th

(untwisted) cancellation formulas stated in [5, p. 32].
More details and further applications will be given in [4].

3. Proof of Theorem 2.1

The methods of [5, Section 3] can be adapted here, with obvious modifications which take into acco
presence ofξ andc. Here, we only indicate the main steps of the proof.

First, since (8) is a local assertion, we may and we will assume that bothTM andV are oriented. As in [5]
we use the notation of formal Chern roots{±2π

√−1yv} and {±2π
√−1xj } for (VC,∇C) and (TCM,∇TCM)

respectively. We also setc = 2π
√−1u.

For τ ∈ H andq = e2π
√−1τ , set

P1(τ )=
{
Â(TM,∇TM)det1/2(2 cosh((

√−1/4π)RV ))

cosh2(c/2)
ch
(
Θ1(M,VC, ξC),∇Θ1(M,VC,ξC)

)}(8k+4)

, (13)

P2(τ )=
{
Â
(
TM,∇TM)ch

(
Θ2(M,VC, ξC),∇Θ2(M,VC,ξC)

)
cosh

(
c

2

)}(8k+4)

, (14)

where∇Θi(M,VC,ξC), i = 1,2, are the induced Hermitian connections withq1/2-coefficients onΘi(M,VC, ξC) one
gets from the∇Aj , ∇Bj ’s (compare with (6) and (7)). Then a direct computation shows that
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P1(τ )= 2l
{

4k+2∏
j=1

(
xj

θ ′(0, τ )
θ(xj , τ )

)( l∏
v=1

θ1(yv, τ )

θ1(0, τ )

)
θ2

1(0, τ )

θ2
1(u, τ )

θ3(u, τ )

θ3(0, τ )

θ2(u, τ )

θ2(0, τ )

}(8k+4)

, (15)

P2(τ )=
{

4k+2∏
j=1

(
xj

θ ′(0, τ )
θ(xj , τ )

)( l∏
v=1

θ2(yv, τ )

θ2(0, τ )

)
θ2

2(0, τ )

θ2
2(u, τ )

θ3(u, τ )

θ3(0, τ )

θ1(u, τ )

θ1(0, τ )

}(8k+4)

, (16)

whereθ(z, τ ) andθi(z, τ ), i = 1,2,3, are the classical Jacobi theta functions (cf. [3]).
Sincep1(TM,∇TM) = p1(V ,∇V ), i.e.,

∑4k+2
j=1 x2

j =∑l
v=1y

2
v , by (15), (16) and by the transformation laws

theta functions (cf. [3]), one verifies directly thatP2(τ ) is a modular form of weight 4k+ 2 overΓ 0(2). Moreover,

P1
(− 1

τ

)= 2lτ4k+2P2(τ ). (17)

On the other hand, following [5], writeθj = θj (0, τ ), 1 � j � 3, and setδ1(τ )= 1
8(θ

4
2 + θ4

3), ε1(τ ) = 1
16θ

4
2θ

4
3 ,

δ2(τ )= −1
8(θ

4
1 + θ4

3) andε2(τ )= 1
16θ

4
1θ

4
3 . They admit Fourier expansion

δ1(τ )= 1
4 + 6q + · · · , ε1(τ )= 1

16 − q + · · · , (18)

δ2(τ )= −1
8 − 3q1/2 + · · · , ε2(τ ) = q1/2 + · · · , (19)

where the “· · ·” terms are higher degree terms all having integral coefficients.
By [5, Lemma 2], we know thatδ2 (resp.ε2) is a modular form of weight 2 (resp. 4) overΓ 0(2), and that 8δ2, ε2

generate the ring of modular forms with integral coefficients overΓ 0(2). Combining this argument with (7), (14
and (19), we obtain

P2(τ )= h0(8δ2)
2k+1 + h1(8δ2)

2k−1ε2 + · · · + hk(8δ2)ε
k
2, (20)

where eachhr , 0 � r � k, is a canonically defined finite integral linear combination of the forms{Â(TM,∇TM)

ch(Bj ,∇Bj )cosh( c2)}(8k+4), j � 0. For example,h0 andh1 can be written explicitly ash0 = −{Â(TM,∇TM)

cosh( c2)}(8k+4) andh1 = {Â(TM,∇TM)[24(2k + 1)− ch
(
B1,∇B1

)]cosh( c2)}(8k+4).

Now recall that by [5, p. 36],δi, εi, i = 1,2, verify the transformation lawsδ2(− 1
τ
) = τ2δ1(τ ), ε2(− 1

τ
) =

τ4ε1(τ ). Using also (17) and (20), we find that

P1(τ )= 2l
[
h0(8δ1)

2k+1 + h1(8δ1)
2k−1ε1 + · · · + hk(8δ1)ε

k
1

]
. (21)

By (6), (13), (18), (21), and takingq = 0, we get (8). ✷
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