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Abstract

For a large class of Gaussian Hamiltonians, we use Guerra’s interpolation scheme to show that at any temperatu
energy of the corresponding spin-glass system is asymptotically given by Parisi’s formula. This class includes the She
Kirkpatrick model, thep-spin interaction model for evenp, and many others.To cite this article: M. Talagrand, C. R. Acad.
Sci. Paris, Ser. I 337 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

La formule de Parisi généralisée. Pour une large classe d’Hamiltoniens Gaussiens, nous utilisons la méthode d’interp
de Guerra pour montrer qu’à toute température l’énergie libre du verre spin correspondant est donnée par la formule
Cette classe comprend le modèle de Sherrington–Kirkpatrick, le modèle àp-spin pourp pair, et bien d’autres.Pour citer cet
article : M. Talagrand, C. R. Acad. Sci. Paris, Ser. I 337 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

1. Statement of the results

We consider a functionξ :R → R with ξ(0)= 0 and we assume thatξ is convex, even, and thatξ ′′(x) > 0 for
x > 0. ForN � 1, denote byσ the generic element ofΣN = {−1,1}N , and consider an HamiltonianHN onΣN
such that the family(HN(σ ))σ is jointly Gaussian and

∀σ 1,σ 2 ∈ΣN,
∣∣∣∣ 1

N
EHN

(
σ 1)HN(

σ 2) − ξ(R1,2)

∣∣∣∣ � c(N), (1)

where limN→∞ c(N) = 0 andR1,2 = N−1 ∑
i�N σ

1
i σ

2
i is the overlap of two configurations. We setθ(q) =

qξ ′(q) − ξ(q) so that by convexityξ(x) − xξ ′(q)+ θ(q) � 0. An important example is the case of thep-spin
interaction model whenp is even in which caseξ(x) = β2xp/2, θ(x) = β2(p − 1)xp/2, β being the inverse
temperature. The most important case isp = 2, the famous Sherringtom–Kirkpatrick (SK) model.
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We consider an integerk, and numbers

m0 = 0<m1 �m2 � · · · �mk = 1; q0 = 0 � q1 � q2 � · · · � qk+1 = 1.

For 0� �� k, we seta� = √
ξ ′(q�+1)− ξ ′(q�). We setψk+1(x)= logchx, and for�� 1, we define recursivel

ψ�(x)= 1

m�
logE expm�ψ�+1(x + a�z),

wherez is standard Gaussian. We defineψ0(x)= Eψ1(x + a0z). We consider a numberh fixed once and for all
and, writingm = (m1, . . . ,mk−1) andq = (q1, . . . , qk), we set

Pk(m,q)= log2+ψ0(h)− 1

2

∑
1���k

m�
(
θ(q�+1)− θ(q�)

)
.

Theorem 1.1 (The Parisi formula).We have

lim
N→∞

1

N
E log

∑
σ

exp

(
−HN(σ )+ h

∑
i�N

σi

)
=P := infPk(m,q), (2)

where the infimum is computed over all values of the parameters.

Assume that the infimum in (2) is a minimum, and considerm and q such that this minimum is attaine
at Pk(m,q), wherek is as small as possible. The physicists say that in this situation there isk − 1 steps of
replica symmetry breaking. Only the casek = 1 (high temperature behavior) ork = 2 are described in the physic
literature, but building on the ideas of [2] one can see that all the values ofk are possible. The most interesti
case however is when the infimum in (2) is not attained. This is expected to be the case for the SK modelβ
is large enough.

2. Elements of proof

The proof relies on Guerra’s interpolation scheme. Givenm1,m2, . . . ,mk−1 and q1, q2, . . . , qk as above
consider fori � N , 0 � � � k independent standard Gaussian r.v.zi,�, independent of the randomness ofHN ,
and for 0� t � 1 consider

−Ht(σ )= −√
tHN(σ )+

√
1− t

∑
i�N

σi
∑

0���k
zi,�a� + h

∑
i�N

σi .

SetFk+1,t = log
∑

σ exp(−HN(σ )) and define recursively

F�,t = 1

m�
logE� expm�F�+1,t

for �� 1, whereE� denote expectation in the r.v.zi,p,p � �. Setφ(t)=N−1EF1,t , whereE denotes expectatio
in the r.v.zi,0 and the randomness ofHN . For 1� �� k, defineW� = expm�(F�+1,t − F�,t ) and for a functionf
onΣN , let

γ�(f )=E�
(
W� · · ·Wk〈f 〉t

)
,

where〈·〉t denote averaging for the Gibbs measure with HamiltonianHt . It is a probability onΣN ; we denote by
γ⊗2
� its square onΣ2

N . Guerra [1] proves the identity
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system,
φ′(t)= −1

2

∑
1���k

m�
(
θ(q�+1)− θ(q�)

)

− 1

2

∑
1���k

(m� −m�−1)E
(
W1 · · ·W�−1γ

⊗2
�

(
ξ(R1,2)−R1,2ξ

′(q�)+ θ(q�)
)) +R, (3)

where|R| � c(N), and thus obtains the “upper bound” part of Theorem 1.1. (Observe that the terms of t
summation in (3) are�0.) The natural approach, that we will follow, is to show that there is near equality in (3)
amounts to show that for each�, we haveE(W1 · · ·W�−1γ

⊗2
� (|R1,2 − q�|))� 0. “The overlaps being constant”

a typical “high-temperature” behavior. The fantastic power of Guerra’s scheme is that (as already observe
it breaks low temperature behavior into a series of “high-temperature” problems. One has however no hop
this idea unless one has solved easier problems, such as controlling the entire high-temperature region
model. This is, in itself, a non-trivial problem, that was solved only very recently [3]. The present work gene
the techniques of [3]. Theorem 1.1 is an immediate consequence of the following.

Theorem 2.1. Givent0< 1, there existsε > 0 (depending only onξ and t0) such that if

Pk(m,q)� P + ε, (4)

Pk(m,q) is minimum over the choices ofm1, . . . ,mk−1; q1, . . . , qk (5)

then

∀t � t0, lim
N→∞φ(t)= φ(0)−

t

2

∑
1���k

m�
(
θ(q�+1)− θ(q�)

)
. (6)

Let us denote byψ(t) the right-hand side of (6). To prove (6) we will show that

(u− q�)2 �K
(
ψ(t)− φ(t)) ⇒E

(
W1 · · ·W�−1γ

⊗2
� (1{R1,2=u})

)
�K exp(−N/K). (7)

Here and below,K denotes a constant depending onξ , t0, k, m andq, but not onN or t � t0. Sinceψ(0)= φ(0),
(3) implies a differential inequality that proves (6).

We fix once and for all 1� �0 � k, and we consider couples of standard normal r.v.(z1i,�, z
2
i,�) for �� k, i �N .

We assume thatz1i,� = z2i,� if � < �0 while these two variables are independent if� � �0. We definem′
� = m� if

�� �0 andm′
� =m�/2 if � < �0. We define

Tk+1 = log
∑
R1,2=u

exp

(
−√
tHN

(
σ 1) − √

tHN
(
σ 2) +

∑
j=1,2

∑
i�N

σ
j

i

(
h+

∑
��k
a�z

j

i,�

))
(8)

and inductivelym′
�T� = logE� expm′

�T�+1, whereE� denotes expectation in the r.v.zji,p for p � �.

Lemma 2.2. If for someε′ > 0 we haveη(u) :=N−1ET1 � 2φ(t)− ε′ then we have

E
(
W1 · · ·W�0−1γ

⊗2
�0
(1{R1,2=u})

)
�K exp(−N/K).

This is not difficult once one observes that if in (8) we remove the restrictionR1,2 = u in the summation we
obtain 2φ(t) rather thanη(u). To prove (7) it then suffices to show that

η(u)� 2ψ(t)− (u− q�0)2/K. (9)

The key tool is a principle that iterates Guerra’s construction, but for a subset of two coupled copies of the
in the spirit of [3], Theorem 2.11.15.

Theorem 2.3. Considerη = ±1, numbersn0 = 0< n1 � · · · � nk′ = 1 and0 � ρ1 � · · · � ρk′ � ρk′+1 = 1. Set
b� = √

ξ ′(ρ�+1)− ξ ′(ρ�). Consider an Hamiltonian such as in(1), Gaussian r.v.(wji,�) for i � N,� � k′, and
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standard Gaussian r.v.(yji,�). These are independent ofHN and the(wji,�). The couples(y1
i,�, y

2
i,�) are independen

of each other, andy1
i,� = ηy2

i,� if � < �1, while these variables are independent if�� �1. Define

Tk′+1 = log
∑

R1,2=ηρ�1
exp

(
−√
vHN

(
σ 1) − √

vHN
(
σ 2) +

∑
j=1,2,i�N

σ
j

i

(
h+

∑
��k′

(
w
j

i,� + √
1− vb�yji,�

)))
.

Definen�T� = logE� expn�T�+1, whereE� denotes expectation in the r.v.yji,p andwji,p for p � �, and define

ϕ(v)=N−1ET1. Then we have

ϕ(1)� ϕ(0)− 2
∑
���1

n�
(
θ(ρ�+1)− θ(ρ�)

) −
∑
�1<��k

n�
(
θ(ρ�+1)− θ(ρ�)

)
. (10)

The proof of (9) is obtained by a suitable application of (10) (to
√
tHN rather thanHN ). The most delicate

part of the proof is to show thatη(u) < 2ψ(t) whenu �= ql0. The details depend on the position ofu with respect
to the numbersq�. We will sketch only the case whereq�0 < u � q�0+1. In that case we takek′ = k + 1 and
the sequenceρ = (ρ1, . . . , ρk′) is the sequence(q1, . . . , q�0, u, q�0+1, . . .). For the sequence(n1, . . . , nk′) we take
the sequence(m1/2, . . . ,m�0−1,m/2,m�0, . . .) wherem is some number withm�0−1<m< 2m�0. (It is a crucial

ingredient of this construction thatm can be bigger thanm�0.) We takewji,p = √
1− tapzji,p if p � �0, wji,�0 = 0

andwji,p = √
1− tap−1z

j
i,p−1 if p > �0. The bound provided by (10) is then a functionΦ(t,m).

Crucial to the construction is the fact thatΦ(t,m�0)= 2ψ(t) and that the partial derivatives inm of Φ(1,m)
and 2Pk′(m(m),ρ) coincide atm = m�0, where m(m) = (m1, . . . ,m�0−1,m,m�0, . . . , mk). A (non-trivial)
consequence of (4) is that these partial derivatives must be� α, whereα is a small positive number. Calculu
then shows that when we decreaset a little, then the partial derivative ofΦ(t,m) at m = m0 decreases enoug
to ensure that it is<0 if t � t0, and thus that we can findm with Φ(t,m) < 2ψ(t). The argument is somewh
different when�0 = 1 andu < q1 since in that case there is no room to varym0 = 0, and different again whe
u < 0.

Once we know thatη(u) < 2ψ(t) whenu �= q�0, to prove (9) it suffices to consider the case where|u− q�0| is
very small, and this case is much easier because everything can be computed by power expansions.

In conclusion, even though there is quite a distance between Theorem 1.1 and a complete math
understanding of the SK model, one can now hope that it is only a matter of time and work until this unders
is reached.

The real challenge has then moved to the other important spin glass models, such as the Hopfield m
the Perceptron model, where one has yet to find arguments that generalize Guerra’ approach. (More a
interpolating Hamiltonians are easy to write, but the miracle of positivity upon which our arguments rely do
occur in an obvious manner.)
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