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Abstract

We prove the existence of vacuumS1 symmetric Einsteinian, unpolarized, space times which are complete in the dir
of the expansion, for small initial data.To cite this article: Y. Choquet-Bruhat, C. R. Acad. Sci. Paris, Ser. I 337 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Espaces temps einsteinians complets vers le futur. On démontre l’existence d’espaces temps génériques, à symétrieS1 mais
non polarisés, complets dans la direction de l’expansion, pour des données initiales petites.Pour citer cet article : Y. Choquet-
Bruhat, C. R. Acad. Sci. Paris, Ser. I 337 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Version française abrégée

Un espace temps(V ,(4)g) à symétrieS1 estV =M×R, avecM un fibré en cercles sur une surfaceΣ que nous
supposons orientable, compacte et de genre supérieur à 1. Une métrique lorentzienne(4)g invariante parS1 s’écrit :

(4)g = e−2γ (3)g + e2γ (dx3 +Aα dxα
)2
, (1)

(3)g = −N2 dt2 + gab
(
dxa + νa dt

)(
dxb + νb dt

)
. (2)

Les coefficients sont définis surΣ × R. Les équations d’Einstein du vide pour(V ,(4)g) sont un système coup
d’une application d’ondes de(M,(3)g) dans le plan de Poincaré et des équations d’Einstein surΣ × R pour (3)g
avec sources cette application. Ces équations se décomposent en un système elliptique sur chaqueΣ × {t} et un
système différentiel ordinaire pour l’évolution de la structure conforme de ces surfaces.

A l’aide de majorations elliptiques et d’inégalités différentielles satisfaites par des énergies corrigé
l’application d’ondes et ses dérivées premières, on démontre un théorème d’existence globale vers le fu
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des énergies initiales petites (hypothèse qui implique la trivialité du fibréM). Le paramètre temporel est défini p
t = −τ−1, où τ est la courbure extrinsèque moyenne deΣ × {t}. Les espaces temps ainsi construits satisfon
critère de complétude donné dans [4]. Ils possédent, quandt tend vers l’infini, l’attracteur :

(4)g = e−2γ∞(−4 dt2 + 2t2σ∞
) + e2γ∞(

dx3 +H∞
)2
, (3)

oùγ∞ est une constante,R(σ∞)= −1,H∞ est une 1-forme harmonique surΣ .

1. Introduction

I generalize the nonlinear stability theorem obtained in collaboration with V. Moncrief [7,8] for Einste
4-manifolds(V ,(4)g) with V =M × R, M a circle bundle over a compact, orientable surfaceΣ of genus greate
than 1, and(4)g a Lorentzian metric admitting a Killing symmetry along the (spacelike) circular fibers
polarization condition is removed, i.e., the orthogonality of the fibers to the quotient 3-manifolds. The v
Einstein equations take then the form of a wave map system (instead of a linear wave equation) coupled+ 1
gravity. I use results on wave maps from curved manifolds obtained in [2,3]. Some steps of the proof ha
obtained independently, using other notations by V. Moncrief, I thank him for communicating his manus
me, and for numerous conversations on the subject.

2. S1 invariant Einsteinian universes

The spacetime manifoldV is a trivial fiber bundle with Lie groupS1 and baseΣ × R, with Σ a smooth
orientable compact surface of genus greater than one. The spacetime metric is(4)g invariant under the actio
of S1. We denote byx3 a coordinate onS1, setx0 = t ∈ R, xa , a = 1,2, coordinates onΣ . The metric(4)g
takes the form (1), withγ a function,A a 1-form, and(3)g a Lorentzian metric onΣ × R which we write as (2)
in the usual 2+ 1 decomposition. It has been proved in [10,6] that the 3+ 1 Einstein equations reduce th
to a 2+ 1 Einstein-wave map system, with a wave map from(Σ × R,(3)g) into the Poincaré planeP ≡ (R2,
G≡ 2(dγ )2+ (1/2)e−4γ (dω)2) for a pair of functions(γ,ω). The so called twist potentialω, zero in the polarized
case, is a scalar function such that

dA= 1

2
e−3γ ∗ dω, (4)

it permits the construction ofA when it satisfies initially (and then at all times) the integral condition∫
Σ

e−4γ N−1∂0ωµg = 0. (5)

The 2+ 1 Einstein equations are equivalent [10] to the constraints, equations for lapse and shift, andL2

orthogonality of the evolution part of these equations to traceless divergence free symmetric 2-tensors, al
Σt .

We solve the constraints on eachΣt by the conformal method: we setgab = e2λσab, with σ is a smooth
Riemannian metric onΣ , depending ont , which we choose such thatR(σ) = −1: Σ is in the negative Yamab
class since its genus is greater than 1, hence its Euler number isχ < 0. We impose toΣt that it has constant mea
curvatureτ . We choose the time parametert such thatt = −τ−1. Thent will increase fromt0> 0 to infinity when,
Σt expanding,τ (t) increases fromτ0< 0 to zero. The constraints reduce to, with| · | pointwise norm,D covariant
derivation and#σ the Laplacian in the metricσ , andh traceless:
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a = La, La ≡ −Dau · u̇, (6)

#σλ= f (x,λ)≡ p1 e2λ − p2 e−2λ + p3, (7)

p1 ≡ 1

4
τ2, p2 ≡ 1

2

(|u̇|2 + |h|2), p3 ≡ −1

2

(
1+ |Du|2), (8)

u̇= e2λu′, u′ =N−1∂0u, ∂0 = ∂

∂t
− νa∂a, ∂a = ∂

dxa
. (9)

The lapseN satisfies on eachΣt the linear elliptic (inN ) equation:

#N − αN = −e2λ ∂τ

∂t
, α ≡ e−2λ(|h|2 + |u̇|2) + 1

2
e2λτ2. (10)

The definition ofh gives for the shiftν the system:

(Lσ ν)ab ≡Daνb +Dbνa − σabDcνc = fab, (11)

fab ≡ 2N e−2λhab + ∂tσab − 1

2
σabσ

cd∂tσcd . (12)

The conformal Killing operatorLσ has injective symbol, it has kernel zero on manifolds of genus greater th
The kernel of the dual ofLσ is the space of divergence free, traceless symmetric (TT) 2-tensors, i.e., su
σabTab = 0,DaTab = 0.

We suppose given a mappingQ �→ ψ(Q),Q= (QI , I = 1, . . . ,6G−6)∈ Teich, Teichmüller space of classes
conformally inequivalent metrics onΣ , ψ(Q) ∈M−1, metrics with scalar curvature−1 [1,5,9]. Then the∂ψ/∂QI

are tensors with traceless transverse parts a known basisXI (Q) of TT tensors on (Σ,ψ(Q)). The metricsσt are
determined by a curvet �→Q(t) in Teich. The traceless tensorh admits the decomposition

h= q + r, with q = PI (t)XI
(
Q(t)

)
(13)

with r a tensor in the range ofLσ . The pair (Q(t),P (t)) satisfies an ordinary differential system deduced from
integrability condition of (10) and theL2 orthogonality of the evolution part of the 2+ 1 Einstein equations with
TT tensors. Its coefficients have simple expressions (see [6,7]) in terms ofu, λ, N , ν andh:

XIJ
dQI

dt
+ YIJ P I +ZJ = 0, XIJ

dPI

dt
+ΦJ

(
P,

dQ

dt

)
= 0. (14)

The following theorem is a refinement of a theorem of [6], Sobolev spaces onΣ are defined through the metricσ0.

Theorem 2.1 (Local in time existence).The Cauchy data1 onΣt0 for the Einstein equations withS1 isometry group
are aC∞ metricσ0 ∈M−1, aC∞ TT tensorq0, and data foru andu̇ such that the integral condition(5) is satisfied.
This Cauchy problem has, ifu(t0, ·)= u0 ∈H2, u̇(t0, ·)≡ u̇0 ∈H1 and if T − t0 is small enough, a solution wit
u ∈ C0([t0, T ),H2), u̇ ∈ C1([t0, T ),H1); λ,N,ν ∈ C0([t0, T ), Wp

3 ) ∩ C1([t0, T ),Wp

2 ), 1< p < 2, andN > 0
whileσ ∈C1([t0, T ],C∞) with σt uniformly equivalent toσ0. This solution is unique up tot parametrization ofτ ,
choice ofAt , and choice of the mappingψ .

It results from the local existence theorem and a standard argument that the solution exists on[t0,∞) if the
curvet �→Q(t) remains in a compact subset ofTeich and the norms‖u(t, ·)‖H2, ‖u̇(t, ·)‖H1 do not blow up for any
finite t .

1 The given data determine the initial data for the other unknown.
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3. Energies

We denote by| · | and| · |g , norms in the metricG, andg andG; by ‖ · ‖g theL2(g) norm of | · |g . As in [7] we
define the first energy by

ε2 ≡E(t)≡ 1

2

{‖u′‖2
g + ‖Du‖2

g + ‖h‖2
g

}
(15)

and we find thatE(t) is a nonincreasing function oft if τ is negative:

dE(t)

dt
= 1

2
τ

∫
t

(|h|2g + |u′|2)Nµg. (16)

We define the second energy by the following formula

τ2ε2
1 ≡E(1)(t)≡ 1

2

{∥∥#̂gu∥∥2
g

+ ∥∥∇̂u′∥∥2
g

}
, (17)

where∇̂ denotes a covariant derivative in the metricsg andG, for t dependent sections of a fiber bundleEp,q with
baseΣ and fiber⊗pT ∗

x Σ ⊗q Tu(x)P .

4. Elliptic estimates

The equations forh, λ, N , andν are elliptic equations on(Σt , σt ), identical with those written in [7], excep
that in the coefficientsDu · u̇, |Du|2, |u̇|2 which appear in these equationsu is now a wave map and not a sca
function. The estimates obtained in [7] in terms ofε andε1 will be valid if the new coefficients satisfy the sam
estimates in terms of our newε andε1. The following inequalities are independent of these estimates, they
from the maximum principle and the equations satisfied byN andλ:

0�Nm �N �NM � 2, e−2λM � e−2λ � e−2λm � 1

2
τ2. (18)

Hypothesis Hλ. There exists a numbercλ > 1, independent oft , such that

1√
2

eλM |τ | � cλ. (19)

We denote byCλ any positive number depending continuously oncλ ∈R+.

Hypothesis Hσ . The curvet �→ Q(t) is contained in a compact subset ofTeich. Choosing a cross sectio
ψ :Teich → M−1 the metricσt is then uniformly equivalent toσ0. The normsWp

s (σt ) andWp
s (σ0) ≡ W

p
s are

uniformly equivalent as well as Sobolev constants on(Σ,σt ) and(Σ,σ0). We denote byCσ any positive numbe
depending only on (Σ,σ0) and the considered compact subset ofTeich.

Hypothesis HE . There exists a positive numbercE such thatε+ ε1 � cE . We denote byCE any positive numbe
depending continuously oncE ∈ R+.

We denote by| · | a pointwise norm in theσ andG metrics, by‖ · ‖ and‖ · ‖p L2 andLp norms of| · | in theσ
metric. We denote bŷD a covariant derivative for gradients of maps(Σ,σ)→ (R2,G). The following lemma is
obtained by integration by parts, the Ricci formula and|Du ·Du| � |Du|2.

Lemma 4.1. If R(σ)= −1 andR(G)� 0, it holds that:∥∥D̂Du∥∥2 � 2 e2λMτ2ε2
1 + ε2. (20)
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Using properties of covariant derivativeŝD, this lemma, definitions and Sobolev embeddings, one proves
|Du|2 and|u̇|2 and their derivatives satisfy the same inequalities as those satisfied by the functionu in the polarized
case. We obtain, denoting byCE,λ,σ some continuous positive function ofcE , cλ, cσ ∈R+:

Theorem 4.2. (i) It holds that:

1� 1√
2
|τ |eλM � 1+CE,λ,σ (ε+ ε1); (21)

(ii) There existsη1> 0 such that the hypothesisHλ is satisfied as soon as

ε+ ε1 � η1. (22)

We obtain estimates inWp
s , 1< p < 2, by using the elliptic theory, and adapting the proofs of [7] to our c

We thus prove that:

‖h‖L∞(g) � Cλτ2‖h‖∞ � CσCλτ2‖h‖Wp
2

� CE,λ,σ |τ |(ε+ ε1),
‖2−N‖L∞ �Cσ ‖2−N‖H2 � CE,λ,σ

(
ε2 + εε1

)
.

Hence there existsη2> 0 andNm > 0, (independent oft) such that

N �Nm > 0, if ε+ ε1 � η2, (23)

‖DN‖L∞(g) � Cλ,σ,E|τ |(ε2 + εε1
)
. (24)

Using the differential equation satisfied byQ, hence byσ ≡ ψ(Q), the hypothesis Hσ and these elliptic
estimates we find that∣∣∣∣dQ

dt

∣∣∣∣ � CσCE |τ |(ε+ ε1) hence|∂tσ | � CσCE |τ |(ε+ ε1), (25)

while the equation satisfied by the shift implies that:

‖ν‖Wp
3

�CσCE |τ |(ε+ ε1). (26)

5. Second energy estimate

We define∂̂0 to be a differential operator mapping at dependent section of a bundleEp,q into another such
section by:

∂̂0∇̂puA = ∂̄0∇̂puA +GABC∂0uB∇̂puC, ∂̄0 ≡ ∂0 −Lν, (27)

whereLν is the Lie derivative with respect toν. The wave map system can then be written:

−∂̂0u′A + ∇̂a(N∂auA) +Nτu′ = 0. (28)

Since∂̂0GAB = 0 and∂̂0gab ≡ ∂̄0gab ≡ −2Nkab, it holds that

∂0J1 = ∂̂0#̂gu · #̂gu, J1 ≡ 1

2

∣∣#̂gu∣∣2, (29)

∂0J0 ≡ gab∂̂0∇̂au′ · ∇̂bu′ +N
(
habg + 1

2
gabτ

)
∂au

′ · ∂bu′, J0 ≡ 1

2

∣∣∇̂u′∣∣2
g
. (30)
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Commutation relations between∂̂0 and∇̂ proved in [3] and lengthy estimates using previous results and the
map equation lead to the followingsecond energy inequality:

dE(1)

dt
− 2τE(1)(t)� |τ |3Cσ,λ,E(ε+ ε1)3. (31)

These energy estimates are not sufficient to bound the domain of Teichmüller space whereσt projects.

6. Corrected energies

The corrected first energy is, withα a positive constant,u= (γ,ω):

Eα(t)=E(t)− ατEc(t), Ec(t)≡
∫
Σt

(u− ū) · u′µg, (32)

ū≡ − 1

4πχ

∫
Σt

uµσ , (u− ū) · u′ ≡ 2(γ − γ̄ )γ ′ + 1

2
e−4γ (ω− �ω )ω′.

The Cauchy–Schwarz inequality on (Σ,g), g ≡ e2λσ and the Poincaré inequality imply that:∣∣∣∣
∫
Σt

(γ − γ̄ )γ ′µg
∣∣∣∣ � eλMΛ−1/2

σ ‖Dγ ‖‖γ ′‖g (33)

with Λσ the first positive eigenvalue of the Laplacian#σ on functions with mean value zero. An analogo
procedure gives, withγm andγM the lower and upper bounds ofγ :∣∣∣∣

∫
Σt

e−4γ (ω− �ω )ω′µg
∣∣∣∣ � e2(γM−γm) eλMΛ−1/2

σ

∥∥e−2γDω
∥∥∥∥e−2γ ω′∥∥

g
. (34)

We estimateγM − γm using Sobolev embeddings, Poincaré inequality, the relation between#̂ and#, and
Lemma 4.1. We find that:

0� γM − γm � 2‖γ − γ̄ ‖L∞ � Cσ‖γ − γ̄ ‖H2 � Cσ,λ,E{ε+ ε1}.
We have obtained that∣∣∣∣τ

∫
Σt

(u− ū) · u′µg
∣∣∣∣ �

√
2Λ−1/2

σ ‖Du‖‖u′‖g +CE,λ,σ ε2(ε+ ε1). (35)

Therefore, with‖Du‖ = x1,‖u′‖g = x0, there exists a number@ > 0 such that

Eα(t)�
1

2

(‖h‖2
g + x2

0 + x2
1

) − α√2Λ−1/2
σ x0x1 −CE,λ,σ ε2(ε+ ε1)� @E(t), (36)

if α < 2−1/2Λ
1/2
σ and

ε+ ε1 � η3, with 0< η3<
1− α√2Λ−1/2

σ

Cσ,E,λ
. (37)

If u satisfies the wave map equation, straightforward computations lead to the differential inequality

dEα − kτEα � |τA|, |τA| � |τ |CE,λ,σ (ε+ ε1)3, (38)

dt



Y. Choquet-Bruhat / C. R. Acad. Sci. Paris, Ser. I 337 (2003) 129–136 135

),
when the numberk is such that

k � 4α, k � 2(1− 2α), 2α2Λ−1(1− k)2 − 4

(
2α − k

2

)(
1− 2α − k

2

)
� 0. (39)

(i) If Λ> 1
8 the best choice isα = 1

4, k = 1;

(ii) Λ� 1
8. Thenα andk are such that (then also 1− α√2Λ−1/2

σ > 0):

0< α <
4

8+Λ−1
� 1

4
, 0< k < 1− 1− 4α

(1− 2Λ−1α2)1/2
. (40)

We define acorrected second energyE(1)α by the formula

E(1)α (t)=E(1)(t)+ ατE(1)c (t), E(1)c (t)≡
∫
Σt

#̂gu · u′µg. (41)

One proves that ifα satisfies (40) there exists a numberη4> 0 andL> 0 such that

Eα + τ−2E(1)α � L
(
ε2 + ε2

1

)
if ε+ ε1 � η4 (42)

and, through long computations and estimates, ifu satisfies the wave map equation,

dE(1)α
dt

− (2+ k)τE(1)α � |τ |3B, |B| � CE,λ,σ (ε+ ε1)3.

7. Decays and global existence

Hypothesis HηE . In addition to the hypotheses Hσ and HE we suppose thatε2 andε2
1 satisfy the inequalities (37

(42) the hypothesis Hλ is satisfied. We denote byMi > 0 a bound of the formCσ,E , byΛ a lower bound ofΛσ .
We chooseα such that

α = 1

4
if Λ>

1

8
, α <

4

8+Λ−1 � 1

4
if Λ� 1

8
. (43)

Lemma 7.1. Under the hypothesesHσ andHηE there exists a numberk > 0 such that the total energyEtot(t) ≡
φ(t)≡ ε2 + ε2

1 satisfies an estimate of the form

tkφ(t)�M2φ(t0) (44)

if it is small enough initially.

Proof. We have shown that thetotal corrected energyψ ≡Eα + τ−2E
(1)
α satisfies:

dψ

dt
� −k

t

(
ψ −M1ψ

3/2). (45)

We suppose thatψ0 ≡ ψ(t0) satisfiesψ1/2
0 < M−1

1 . Thenψ starts and continues to decrease, therefore(ψ −
M1ψ

3/2) > 0. The announced decay estimate is obtained by integration of (45) and the use of (42).✷
Lemma 7.2. Under the hypothesisHεE andHσ there exists a number M3 such that:∣∣Q(t)−Q(t0)∣∣ �M3φ(t0)

1/2.
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Proof. This uses the inequalities (25) and (44).✷
The proof of the following theorem is as in [7] a consequence of these two lemmas, and a continuity arg

Completeness results from a theorem of [4].

Theorem 7.3. Let initial data for the Einstein equations withU(1) isometry group satisfy the hypothesis of
local existence Theorem2.1. Then there exists a numberη0 > 0 such that ifφ(t0) ≡ E(t0) + τ−2

0 E(1)(t0) < η0
these Einstein equations have a future timelike and null complete solution admitting these initial data.

The asymptotic behaviour of the solution is given by (3).
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