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Abstract

Our first result is a ‘sum–product’ theorem for subsetsA of the finite fieldFp, p prime, providing a lower bound o
max(|A + A|, |A · A|). As corollary, the second and main result provides new bounds on exponential sums assoc
subgroups of the multiplicative groupF∗

p. To cite this article: J. Bourgain, S.V. Konyagin, C. R. Acad. Sci. Paris, Ser. I
337 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Estimes sommes–produits et sur les sommes exponentielles associées à des sous-groupes d’un corps d’ordre premier.
Notre premier résultat est un théorème « sommes–produits » pour des sous-ensemblesA d’un corps finiFp, p un nombre
premier, donnant une minoration du max(|A + A|, |A · A|). Comme corollaire et résultat principal, on en déduit
nouvelles bornes sur les sommes exponentielles associées à des sous-groupes du groupe multiplicatifF

∗
p. Pour citer cet

article : J. Bourgain, S.V. Konyagin, C. R. Acad. Sci. Paris, Ser. I 337 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Version française abrégée

Pour un sous-ensembleA d’un anneau, on dénoteA + A = {a + b; a, b ∈ A} et A · A = {ab | a, b ∈ A}. Soit
p un nombre premier. On démontre que siA est un sous-ensemble du corpsFp tel que|A| <p1/2 on a une borne
max(|A + A|,A · A|) > c1|A|1+c2 où c1 > 0, c2 > 0 sont des constantes. Cette propriété nous permet en
d’obtenir l’estimée suivante sur les sommes exponentielles : il existe des constantesc1, c2 telles que pourp un
nombre premier,δ > 0 etG un sous-groupe du groupe multiplicatifF

∗
p, |G| � pδ , on ait

max
ξ∈F∗

∣∣∣∣
∑
x∈G

exp

(
2π ixξ

p

)∣∣∣∣ � |G|p−γ ,

oùγ = exp(−c1/δ
c2).
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1. Sum–product estimates

For a subsetA of some ring, we consider the sum set

A+A := {a + b: a, b ∈ A}
and the product set

A · A := {ab: a, b ∈ A}.
Let |A| denote the cardinality ofA. We have the obvious bounds

|A+A|, |A ·A| � |A|.
Erdős and Szemerédi [4] proved the inequality

max
(|A +A|, |A · A|) � |A|1+α

for someα > 0, whereA is a subset of integers. (We write standard notationg � f or f  g if |f | � Cg for some
constantC.) The estimate (2) was improved in the series of papers [10,5,3]. As far as we know, the best e
belongs to Solymosi [12] who has proved that for any setA of complex numbers with|A| � 2 we have

max
(|A +A|, |A · A|) � |A|14/11/

(
log3 |A|).

However, the proofs in all the cited papers could not be directly extended to subsets of finite fields. Letp be a
prime,F = Fp := Z/pZ, and letA be a nonempty subset ofF . The inequality (1) is sharp if|A| = p or |A| = 1,
but it was believed that the lower estimate (2) holds for|A| small comparatively top. However, no related resul
were known until the recent paper [1] where the following theorem has been established.

Theorem A. Let A be a subset of F such that

pδ � |A| � p1−δ

for some δ > 0. Then one has a bound of the form

max
(|A +A|, |A · A|) � c(δ)|A|1+α

for some α = α(δ) > 0 and c(δ) > 0.

Also, in [1] the reader can find some related problems, generalizations and applications of Theorem
proof of Theorem A uses an elegant idea of [2]. In this paper we present the following estimate.

Theorem 1.1. Let A be a subset of F such that

|A|<p1/2.

Then one has a bound of the form

max
(|A +A|, |A · A|) � c1|A|1+c2

for some c1 > 0 and c2 > 0.

To prove Theorem A, the authors associated with a setA ⊂ F the set

I (A) := {
a1(a2 − a3)+ a4(a5 − a6): a1, . . . , a6 ∈ A

}
.

They found lower bounds for|I (A)| and applied those bounds for estimation of max(|A + A|, |A ·A|). Using the
ideas from [2] and [1] we give new lower estimates for|I (A)|.
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es the
We denote

A−A := {a − b: a, b ∈ A}.
Throughout the paperc andC will denote absolute positive constants.

Theorem 1.2. Let A be a subset of F such that

|A|<p1/2.

Then one has a bound of the form

|A−A| × ∣∣I (A)
∣∣ � c|A|5/2.

Observing that|I (A)| � |A−A| we deduce from Theorem 1.2 an estimate for|I (A)|.

Corollary 1.3. Let A be a subset of F such that

|A|<p1/2.

Then one has a bound of the form∣∣I (A)
∣∣ � c|A|5/4.

Also, one can get a good lower bound for|I (A)| if |A|>p1/2.

Theorem 1.4. Let A be a subset of F such that

|A|>p1/2.

Then one has a bound of the form∣∣I (A)
∣∣ � p/2.

Corollary 1.5. Let A be a subset of F such that

pδ � |A| � p1−δ/4

for some δ > 0. Then one has a bound of the form∣∣I (A)
∣∣ � c|A|pδ/4.

Using technique of [1], Theorem 1.1 can be deduced from Theorem 1.2. Also, Corollary 1.3 impli
following result:

Corollary 1.6. Let A be a subset of F such that

pδ � |A| � p1−δ

for some δ > 0. Then one has a bound of the form

max
(|A +A|, |A · A|) � c1|A|pc2δ

for some c1 > 0 and c2 > 0.

DenoteF ∗ := F \ {0}. LetA ⊂ F ∗ and

H := {
s ∈ F :

∣∣{(a, b): a, b ∈ A, s = a/b
}∣∣ � |A|2/(5|A ·A|)}.
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Denote byG the multiplicative subgroup ofF ∗ generating byH . We show that there is a cosetG1 of G such that

|A∩ G1| � |A|/3.

To prove Theorem 1.2, we estimate|A − A| and|I (A)| from below in terms of|G|. To estimate|A −A|, we use
(3) and the following fact.

Lemma 1.7. Let G be a subgroup of F ∗, B ⊂ G, |B| < √
p. Then

|B −B| � |A|5/2/|G|.

To prove Lemma 1.7, we use some results on additive structure of subgroups ofF
∗
p established in [6] for

estimation of exponential sums over subgroups.

2. Estimates of exponential sums over subgroups of F
∗
p

We denotee(u) := exp(2π iu)). LetF = Fp , G be a subgroup ofF ∗. We wish to estimate

S(G) = max
ξ∈F ∗

∣∣∣∣∣
∑
x∈G

e

(
xξ

p

)∣∣∣∣∣
and, in particular, to have a bound of the form

S(G)  |G|p−γ

with someγ > 0 for a wide class of subgroupsG. Various applications of exponential sums over subgroups ca
found in [9]. We have already mentioned that study of exponential sums was useful for sum–product estim
will see that, conversely, sum–product estimates can help to prove (4) in the most general situation.

It is well known thatS(G) � √
p (this follows, for example, from [8], Theorem 5). Thus, (4) holds

|G| � p1/2+δ with γ = γ (δ) (in our caseγ = δ). Shparlinski [11] proved (4) under a weaker assump
|G| � p3/7+δ, and this was further weakened to|G| � p1/3+δ in [6] and to|G| � p1/4+δ in [7]. Now we can prove
(4) for all subgroupsG satisfying the condition|G| � pδ which is clearly sharp if do not care about dependenc
γ on δ.

Theorem 2.1. There exist positive constants C1 and C2 such that for δ > 0 and |G| � pδ we have

S(G) � |G|p−γ , γ = exp
(−C1/δ

C2
)
.

The proof is based on the following assertion which, we hope, has an independent interest.

Theorem 2.2. Let µ be a probability measure on F = Fp (equipped with normalized measure). There are constant
c > 0 and C > 0 such that for all ε > 0 and ε′ = cε > 0 such that if

pε �
∑∣∣µ̂(ξ)

∣∣2 � p1−ε

then ∑
ξ

∫ ∣∣µ̂(ξ)∣∣2 ∣∣µ̂(yξ)
∣∣2µ(dy)� Cp−ε′ ∑

ξ

∣∣µ̂(ξ)
∣∣2.

The proof uses Theorem 1.1.
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Let G be a subgroup ofF ∗, |G| = pδ . Let

ν := 1

|G|
∑
x∈G

δx and ν− = 1

|G|
∑
x∈G

δ(−x),

whereδx is the indicator function of the elementx ∈ F . Introduce the symmetric probability measures (for# even)

ν# := ν ∗ ν− ∗ ν ∗ ν− ∗ · · · ∗ ν− (# fold).

Theorem 2.1 is a simple corollary of the following lemma.

Lemma 2.3. There exist positive constants c, C3, C4 such that for every # � 2 which is a power of 2 there exists a
power of 2#′ = #′(#) such that for

U :=
∑
ξ

∣∣ν̂#(ξ)∣∣2,
ε := ε(#) = min(logU/ logp,1− logU/ logp), p � C

1/ε
3 ,

the following conditions hold:

#′ � C4#
2/ε;∑

ξ

∣∣ν̂#′(ξ)
∣∣2 � Up−cε.

To deduce Theorem 2.1 from Lemma 2.3, we define the sequence{#j } as#0 = 2, #j+1 = #′(#j ) for j � 0. We
terminate the process when∑

ξ

∣∣ν̂#J (ξ)∣∣2 � pδ/2.

We observe that∑
ξ

∣∣ν̂(ξ)∣∣2 � p1−δ.

Therefore, for# = #j , j = 0, . . . , J − 1, we haveε(#j ) � δ/2, and, by Lemma 2.3,

#j+1 � 2C4#
2
j /δ.

Also, it is easy to get from Lemma 2.3 thatJ  log(1/δ), and, by (6),

#J � exp

(
C5

δC6

)
.

Returning to the exponential sum, assume

|G|∣∣ν̂(ξ)∣∣ =
∣∣∣∣∣
∑
x∈G

e

(
xξ

p

)∣∣∣∣∣ > |G|1−τ for someξ �≡ 0.

Then (8) holds also for allξy, y ∈ G, so that by (5)

|G|1−#J τ < pδ/2.

Takeτ = 1/(2#J (δ/2)) to get a contradiction.
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We observe that by using Lemma 3.1 from [9] we can terminate the iterations when∑
ξ

∣∣ν̂#J (ξ)∣∣2 � pα

for a fixedα < 1/2.
To prove Lemma 2.3, we apply Theorem 2.2 to the measureµ = ν# and use the following lemma.

Lemma 2.4. If a probability measure µ has a property

∀ξ ∀x ∈ G µ̂(ξ) = µ̂(xξ)

and for some ξ ∈ F and γ > 0 we have |µ̂(ξ)| >p−γ then for any k which is a power of 2 the inequality∑
Gk

µ̂
(
ξ(x1 − x2 + x3 · · · − xk)

)
>p−kγ |G|k

holds.

Using Lemma 2.4 forµ = ν#, k = #, we get the inequality∫
µ̂(ξy)µ(dy)> p−#γ

which can be combined with Theorem 2.2 to get Lemma 2.3.
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