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Abstract

A complete orthonormal system of functions{Θn}∞n=1, Θn ∈ L∞[0,1] defined on the closed interval[0,1] is constructed such

that
∑∞

n=1anΘn diverges almost everywhere for any{an}∞n=1 /∈ l2. For the constructed system the following result is true: A
nontrivial series by the system{Θn}∞n=1 which converges in measure to zero diverges almost everywhere.To cite this article:
K. Kazarian, C. R. Acad. Sci. Paris, Ser. I 337 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Un système orthonormal complet de divergence.On construit un système complet orthonormal{Θn}∞n=1, Θn ∈ L∞[0,1] tel

que
∑∞

n=1 anΘn diverge presque partout pour n’importe quel{an}∞n=1 /∈ l2. Pour le système construit le résultat suivant
vrai : Toute série suivant le système{Θn}∞n=1 non triviale et qui converge en mesure vers zéro diverge presque partoutPour
citer cet article : K. Kazarian, C. R. Acad. Sci. Paris, Ser. I 337 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

1. Introduction and the main theorem

If {φn}∞n=1 is an orthonormal system (ONS) of functions defined on the closed interval[0,1], then it is well
known that, the series

∑∞
n=1 cnφn converges inL2[0,1] if and only if

∑∞
n=1 |cn|2 <+∞. In many questions it is o

interest to study the behaviour of an orthogonal series
∑∞

n=1 cnφn when the above condition on the coefficients
not satisfied (cf.{cn}∞n=1 /∈ l2). For a particular class of ONS, namely if{φn}∞n=1 is an ONS of independent function
such that

sup
n

‖φn‖L∞[0,1] <+∞,

1∫
0

φn(t)dt = 0 ∀n ∈ N,
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Kolmogorov [7] has proved that
∑∞

n=1 cnφn converges in measure on[0,1] if and only if {cn}∞n=1 ∈ l2. Note that
an ONS with such a property can not be complete inL2

E, E ⊂ [0,1], if the measure of the setE is very close to
one (see [5]).

Definition 1.1.Let {φn}∞n=1 be an ONS of functions defined on the closed interval[0,1]. We will say that{φn}∞n=1
is a divergence system if the series

∑∞
n=1 anφn diverges almost everywhere (a.e.) for any{an}∞n=1 /∈ l2.

Definition 1.2.Let {φn}∞n=1 be an ONS of functions defined on the closed interval[0,1]. We will say that{φn}∞n=1
is a divergence system in the weak sense if for any{an}∞n=1 /∈ l2 the series

∑∞
n=1anφn diverges on a set of positiv

measure.

Recall that an ONS of functions defined on the closed interval[0,1] {φn}∞n=1 is called a system of convergen
if for any {cn}∞n=1 ∈ l2 the series

∑∞
n=1 cnφn converges almost everywhere. The existence of a complete

(CONS) which is a divergence system in the weak sense was proved by Kashin [3,4]. Problems about the
of complete ONS which are divergence system or divergence system in the weak sense have been posed b
([10], p. 17]). Precisely, he asked if there exists a complete ONS of convergence which is a divergence
(divergence system in the weak sense). The most interesting part in these problems is the question
existence of a complete ONS which is a divergence system (divergence system in the weak sense). That is
not strange that in the Kashin’s original article and also in the book written jointly with Saakian it is given on
construction of a CONS which is a divergence system in the weak sense and there are given some indica
to modify the construction to make it also a system of convergence. We construct a complete orthonorma
{Θn}∞n=1 defined on the closed interval[0,1] and prove that the following result holds.

Main Theorem. There exists a complete ONS{Θn}∞n=1, Θn ∈ L∞[0,1] of functions defined on[0,1] which is a
divergence system.

We prefer not to give any indication by which one can modify our construction to obtain a complete solu
Ulyanov’s problem. A forthcoming paper will be dedicated to that question.

2. Some corollaries

One can formulate several corollaries of the above theorem in the theory of representation of funct
series. We proceed to formulate the principal question in this theory. Let{fn}∞n=1 be a system of functions from
a linear topological spaceF0 such that for anyf ∈ F0 there exists a sequence of scalars{an}∞n=1 for which the
series

∑∞
n=1 anfn = f in the topology ofF0 or in some other sense (convergence almost everywhere, conver

in measure, etc.) and supposeF1 ⊃ F0 is another linear topological space with weaker topology. Then the
question is: can anyg ∈ F1 be represented by some series

∑∞
n=1 bnfn which converges in the topology ofF1

or in another sense (convergence almost everywhere, convergence in measure, convergence on sets
measure, etc.). The history of representation of functions by series goes back to Bernoulli, Euler, Fourier a
others whose works give rise to contemporary harmonic analysis. The development of the Lebesgue t
measure gave a new impulse to the theory of representation of functions allowing Luzin to study the qu
of summability of trigonometric series to any given measurable function almost everywhere and to pose
open problems which afterwards have been studied by himself, Privalov, Meñshov, Talalyan, Ulyanov an
others. In the late fifties Talayan [9] proved the first result about the general complete ONS (see [6] for mor
results).

Theorem 2.1 (A.A. Talalyan). Let {fn}∞n=1 be a complete ONS of functions defined on[0,1]. Then for any
measurable functionf defined on[0,1] there exists a sequence of scalars{an}∞n=1 such that

∑∞
n=1 anfn = f,

where the series converges in measure.
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Observe that when{fn}∞n=1 is a complete ONS then we automatically have that any functiong ∈ L2[0,1] is

represented by a series with respect to the system that converges tog in theL2[0,1]-norm and, consequently, i
measure. We will say that a series

∑∞
n=1 bnfn is nontrivial if bk �= 0 for somek ∈ N. The proof of Talalyan’s

theorem remain valid if one discards any finite number of elements from the complete ONS{fn}∞n=1. Thus it
follows that for any complete ONS there exist nontrivial series

∑∞
n=1 bnfn which converge to zero in measure. T

last comment permits us to formulate the following corollary of the Main Theorem.

Corollary 2.2. Any nontrivial series by the system{Θn}∞n=1 which converges in measure to zero diverges alm
everywhere.

We will not formulate here several other corollaries asserting that the system{Θn}∞n=1 is not a representatio
system for the classesLr[0,1], 0 � r < 1 if we want to represent the functions from those classes by a series
respect to the system{Θn}∞n=1 which converges (or is summable for some methods) pointwise on sets of po
measure, even if those sets depend on the function.

The following corollary is related with the modification of functions.

Corollary 2.3. For anyQ ⊂ [0,1], |Q|> 0 and anyφ ∈ L
p

[0,1], 1 � p < 2 such thatφ|Q /∈ L2
Q we have that the

Fourier series with respect to the system{Θn}∞n=1 of any functiong ∈ L1[0,1], g(x)= φ(x) if x ∈Q diverges almos
everywhere on[0,1].

The above result shows that the constructed system can serve also as an counterexample if one con
possibility of generalization for the complete ONS of the following (see [1])

Theorem 2.4(D.E. Meñshov).Let f ∈ L1[0,1] andP ⊂ [0,1] is any perfect nowhere dense set. Then there e

g ∈ L1[0,1], g(x) = f (x) if x ∈ P such that the Fourier series of the functiong with respect to the trigonometri

system{e2π inx}+∞
n=−∞ converges almost everywhere.

3. Main tools of the construction

In the construction of the system{Θn}∞n=1 we have used the properties of the collections of the Meñs
functions. Let[a, b] ⊂ R andk ∈ N, whereN is the set of the natural numbers. We denote byEk[a,b] the inner-
product space of the step functions

Ek[a,b] =
{
f : f (x)= ai if x ∈

(
a + (i − 1)

b− a

2k
, a + i

b− a

2k

)
, 1 � i � 2k

}
,

where the inner product is defined in the same way as inL2[a,b]. The Meñshov functionMk ∈ Ek+1
[−1,1], for any natural

k � 3, is an odd 2-periodic function on the real lineR defined by the following equations:

Mk(x)=




1
8i · 2k/2, if x ∈

(
i − 1

2k
,
i

2k

)
, 1 � |i| � 2k − 1,

0, if x ∈
(

− 1

2k
,0

)
∪

(
1− 1

2k
,1

)
.

DenoteMk,i(x)=Mk(x − i · 2−k) ∀i ∈ N and let

S∗
k (a,ω)(x)= sup

0�j�2k−1

∣∣∣∣∣
j∑
i=0

ai
(
Mk,i(x)+ω

)∣∣∣∣∣,
wherea = {ai}2k−1

i=0 is a set of 2k real numbers andω ∈ R. Then the following lemmas are true.
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Lemma 3.1.For anyk � 2 and anya = {ai}2k−1
i=0

1∫
−1

S∗
k (a,ω)(x)dx � 1

6

(
k + |ω|)2−k/2

∣∣∣∣∣
2k−1∑
i=0

ai

∣∣∣∣∣.

Lemma 3.2.For anyk ∈ N there exist an orthonormal system{f i
k }2k−1
i=0 in L2[−2,2] such that

f i
k (x)=

{
Mk,i(x), if x ∈ [−1,1],
0, if x ∈ [−2,−1),

2∫
−2

f i
k (x)dx = 0

(
0 � i � 2k − 1

)
,

andf i
k |[1,2] ∈ Ek+1

[1,2].

For the proof of the main theorem we use also the following

Lemma 3.3.Let {φi}∞i=1 be an orthonormal system of independent functions on[0,1] such that∫
[0,1]

φi(t)dt = 0 and
∫

[0,1]

∣∣φi(t)∣∣dt > α > 0 for all i ∈ N.

Then there existCl > 0, l = 1,2 such that|{x ∈ [0,1]: |∑k
i=1 aiφi(x)| � C1(

∑k
i=1 a

2
i )

1/2}| � C2, for any
collection of numbers{ai}ki=1 ⊂ R.

We prove Lemma 3.3 using a lemma from [2] (see p. 8) and the following lemma which should be attrib
Pisier [8] (see also [2], p. 22) where the proof is given for theLp-norm,p > 1.

Lemma 3.4. Let {Fi}∞i=1 be a system of symmetric independent functions defined on a measurable sG ⊂
Rn, |G|n = 1 and

∫
G

|Fi(x)|dx � α � 0 ∀i ∈ N. Then
∫
G

|∑k
i=1 aiFi(x)|dx � α

∫
G

|∑k
i=1airi (t)|dt, for any

collection of numbers{ai}ki=1 ⊂ R.

References

[1] N.K. Bari, Trigonometric Series, 1961 (in Russian); English transl.: A Treatise on Trigonometric Series, Pergamon Press, New Yo
[2] J.-P. Kahane, Some Random Series of Functions, in: Cambridge Stud. Adv. Math., Vol. 5, Cambridge University Press, London
[3] B.S. Kashin, A certain complete orthonormal system, Mat. Sb. 99(141) (3) (1976) 356–365 (in Russian); English transl.: Math

Sb. 28 (1976) 315–324.
[4] B.S. Kashin, A.A. Saakyan, Orthogonal Series, in: Transl. Math. Monographs, Vol. 75, American Mathematical Society, Provide

1989.
[5] K.S. Kazarian, A remark on the divergence of Fourier series, Izv. Akad. Nauk Armyan. SSR Ser. Mat. 18 (2) (1983) 116–123 (in R

English transl.: Soviet J. Contemporary Math. Anal. 18 (1983).
[6] K.S. Kazarian, D. Waterman, Theorems on representations of functions by series, Mat. Sb. 191 (12) (2000) 123–140 (in Russian

transl.: Math. USSR-Sb. 191 (11–12) (2000) 1873–1889.
[7] A. Khintchine, A.N. Kolmogorov, Über Konvergenz von Reihen deren Glieder durch den Zufall bestimmt werden, Mat. Sb. 32

668–677.
[8] G. Pisier, Type des espaces normés, C. R. Acad. Sci. Paris, Ser. A–B 276 (1973) 1673–1676.
[9] A.A. Talalyan, Representation of measurable functions by series, Uspekhi Mat. Nauk 15 (5(95)) (1960) 77–141; English transl.

Math. Surveys 15 (1960).
[10] P.L. Ulyanov, Solved and unsolved problems in the theory of trigonometric and orthogonal series, Uspekhi Mat. Nauk 19 (1(115

3–69 (in Russian); English transl.: Russian Math. Surveys 19 (1964).


