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Abstract

We consider a collection(Y11, Y21), . . . , (Y1s , Y2s) of s independent couples of 2r-dimensional random vector withr > 1.
We assume that each couple has a multinomial distribution linked to an unknown vector parameter and an extra se
deal with a formal inversion of a Fisher’s information matrix connected to those couples using Schur complements a
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Résumé

Estimation sous contraintes d’une matrice de covariances dans la modélisation d’accidents de la route par
complements de Schur. On considère(Y11, Y21), . . . , (Y1s, Y2s) une collection des couples indépendants de vecteurs aléato
de dimension 2r avec(r > 1). On suppose que chaque couple est distribué selon une loi multinomiale dépendant à la fo
vecteur paramètre inconnu et d’un ensemble de données supplémentaire. On étudie l’inversion formelle de l’inform
Fisher issue de cess couples par le biais de la technique des compléments de Schur.Pour citer cet article : A. N’Guessan, C. R.
Acad. Sci. Paris, Ser. I 337 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

1. Introduction and motivation

N’Guessan, Essai and Langrand [6] deal with the multidimensional estimation of the effect of road
measure applied tos (s > 0) entities (sites), each one includingr (r > 1) mutually exclusive different acciden
types and linked to a specific control area. They consider a collection(Y11, Y21), (Y12, Y22), . . . , (Y1s, Y2s) of s
independent couples of 2r-dimensional random vector and assume that, for fixedk, each couple(Y1k, Y2k) has
multinomial distribution denoted byM(nk;Π1k(α),Π2k(α)), where

Πtk(α) = (
πt1k(α),πt2k(α), . . . , πtrk(α)

)
,
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s:
nk (nk > 0) is a given integer,α = (β0, β
T)T ∈ R

1+sr a unknown vector parameter,β0 (β0 > 0) a scalar,
β = (βT

1 , . . . , β
T
s )

T ∈ R
sr with βk = (β1k, β2k, . . . , βrk)

T ∈ R
r and βjk > 0. The componentsπtrk(α) of the

r × 1 vector probabilityΠtk(α) are given by a continuous differentiable functional linkg :R1+sr �→ ]0,1[ so
thatπtrk(α) = g(zk,α) and

g(zk,α) =




βjk

1+ β0〈zk,βk〉 , t = 1; j = 1,2, . . . , r,

zjkβ0βjk

1+ β0〈zk,βk〉 , t = 2; j = 1,2, . . . , r,
(1)

where〈, 〉 is the usual inner product,zk = (z1k, z2k, . . . , zrk)
T a given extra set data connected to the control a

of each couplek. The latter authors are interested in the m.l.e.α̂ of α and its numerical consistency under t
restraintshk(α) = 0 where

hk(α) = 〈1r , βk〉 − 1; k = 1,2, . . . , s, (2)

with 1r = (1, . . . ,1)T ∈ R
r , the vector of unity. The main motivation of this Note is to make their paper com

by investigating the asymptotic precision ofα̂, i.e., the asymptotic variances–covariances matrix.

2. Technical intermediate results

In the following we noteHα = (H1,H2) the constraints matrix withH1 = ∂h
∂β0

a s × 1 matrix, H2 = ∂h
∂β

a

s × (sr) matrix,h = (h1, h2, . . . , hs), L(α) the log-likelihood function based on thes couples,Jα = E(− ∂2L
∂α∂α

),
the (1 + sr) × (1 + sr) information matrix evaluated at different points on the line segment joiningα0 (the true
vector parameter) and̂α. Statistical aspects of asymptotic results of restraints m.l.e.α̂ and related problems hav
been extensively discussed in Aitchison and Silvey [1], Crowder [2,3], Harville [4], Lee [5], and Van Eeden
can been shown under regularity conditions, thatα̂ is asymptotically normally distributed and its covariance ma
strongly depends on the fact that bothJα andHαJ

−1
α HT

α are nonsingular. Technical lemmas below elabo
these points. The technical demonstrations and further straightforward matrix manipulations are disp
N’Guessan [7].

Lemma 2.1. Let us note Vα,k = β0
1+β0〈zk,βk〉 (z1k, z2k, . . . , zrk)

T a r × 1 vector and Ωα,k = diag(1+β0z1k
β1k

,
1+β0z2k

β2k
,

. . . ,
1+β0zrk

βrk
) a r × r matrix. Then for k = 1,2, . . . , s: (i) ‖zk‖2

Ω−1
α,k

<
〈zk,βk〉

β0
; (ii) ‖Vk‖2

Ω−1
α,k

<
β0〈zk,βk〉

(1+β0〈zk,βk〉)2 < 1.

Lemma 2.2. Let us note Bα,k = γk(Ωα,k − Vα,kV
T
α,k) with γk = nk

1+β0〈zk,βk〉 . Then (i) for k = 1,2, . . . , s; B−1
α,k =

γ−1
k (Ω−1

α,k + tkΩ
−1
α,kVα,kV

T
α,kΩ

−1
α,k); tk = (1− ‖Vk‖2

Ω−1
α,k

)−1; (ii) ‖Uα‖2
B−1
α

< τα ; where Bα = Bloc−diag(Bα,1, . . . ,

Bα,s), Uα = (UT
α,1, . . . ,U

T
α,s)

T a (sr) × 1 vector with Uα,k = γk
β0
Vα,k and τα = ∑s

k=1
γk〈zk,βk〉

β0(1+β0〈zk,βk〉) .

Using model (1) above and after some straightforward derivations and matrix manipulations one obtain

Jα =
(

τα UT
α

Uα Bα

)
.

Following Ouellette [8] we note(Jα/Bα) (resp.(Jα/τα)) the Schur complement ofBα (resp.τα) in Jα and defined
by (Jα/Bα) = τα −UT

α B
−1
α Uα (resp.(Jα/τα) = Bα −Uατ

−1
α UT

α ).

Lemma 2.3. (i) (Jα/Bα) > 0; (ii) (Jα/τα) is nonsingular and

(Jα/τα)
−1 = B−1

α + (Jα/Bα)
−1B−1

α UαU
T
α B

−1
α . (3)
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Lemma 2.4. (i) J−1
α exits and

J−1
α =

(
(Jα/Bα)

−1 −(Jα/Bα)
−1UT

α B
−1
α

−B−1
α Uα(Jα/Bα)

−1 (Jα/τα)
−1

)
; (4)

(ii)(
HαJ

−1
α HT

α

)−1 = Λ−1
α − (

(Jα/Bα)+ ‖ξα‖2
Λ−1

α

)−1
Λ−1

α ξαξ
T
α Λ

−1
α , (5)

where ξα = H2B
−1
α Uα a s × 1 vector and Λα = diag(‖1r‖2

B−1
α,1
,‖1r‖2

B−1
α,2
, . . . ,‖1r‖2

B−1
α,s

) a s × s matrix.

Remark 1. Lemmas 2.3 and 2.4 provide from general applications of well-known results of Schur comp
about the inverse of partitioned matrix (see Ouellette [8], pp. 201–204) and combine model(1) and constraints (2)

3. Main result

The restraints m.l.e. ofα0, provided it exists, is the vectorα̂ which satisfies(
∂L

∂α

)
α̂

+HT
α̂ λ̂ = 0, h(α̂) = 0, (6)

whereλ is a vector ofs Lagrange multipliers.

Let Mα = J−1
α (Jα + ( ∂2L

∂α∂α
)) a (1 + sr) × (1 + sr) matrix, Rα = H2(Jα/τα)

−1HT
2 a s × s matrix, Φα =

J−1
α HT

α R
−1
α a (1+ sr)× s matrix.

Theorem 3.1. Suppose that

(A1) (α̂, λ̂) is a consistent solution of (6).

(A2) Mα̂
Proba−→ 0, Φα̂ −Φα0

Proba−→ 0, |Φα0| < ∞.

(A3) ( ∂L
∂α

)α0
Distr.∼ N (0, Jα0).

Then the asymptotic components of the covariance matrix of α̂ are:

σ 2(β̂0) = (
(Jα/Bα)+ ‖ξα‖2

Λ−1
α

)−1
,

Var(β̂) = (Jα/τα)
−1 − (Jα/τα)

−1HT
2 R

−1
α H2(Jα/τα)

−1,

COV(β̂, β̂0) = −(Jα/Bα)
−1(B−1

α Uα − (Jα/τα)
−1HT

2 R
−1
α ξα

)
.

Proof (outline). Application of the mean value theorem atα0 to (6) and Lemma 2.4 give(
∂L

∂α

)
α0

+ Jα(Mα − I1+sr )
(
α̂ − α0

) +HT
α λ̂ = 0,

Hα

(
α̂ − α0

) = 0.

(7)

Under constraints(2) and (A1) to (A3) and using a version of a theorem of Crowder ([3], Section 2), then(
α̂ − α0

ηα̂

)
Distr.∼ N

((
0
0

)
;
(
Wα0 0

0 Rα0

))
, (8)

whereWα = J−1
α − J−1

α HT
α R

−1
α HαJ

−1
α ; ηα̂ = Rαλ̂. Now using formula (4) of Lemma 2.4 and after some ma

manipulation (N’Guessan [7], Appendix A.2) the components ofWα0 above fellow. We will make capital ou
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of those results at subsequent papers in order to bring forward asymptotic confidence intervals and co
coefficients (N’Guessan [7], Section 5).✷
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