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Abstract

We study minimizers of the Ginzburg–Landau functional in an annular type domain with holes. We assume degre
−1 on the boundary of the annulus, degree 0 on the boundaries of the holes. Two types of qualitatively different
of minimizers occur, depending on the value of theH1-capacity of the domain. We also describe the asymptotic behavi
minimizers as the coherency length tends to∞. To cite this article: L. Berlyand, P. Mironescu, C. R. Acad. Sci. Paris, Ser. I
337 (2003).
 2003 Published by Éditions scientifiques et médicales Elsevier SAS on behalf of Académie des sciences.

Résumé

Minimiseurs de l’énergie de Ginzburg–Landau avec degrés prescrits : dépendance du domaine. On étudie des
minimiseurs de l’énergie de Ginzburg–Landau dans un domaine annulaire à trous. Les conditions aux limites sont d
prescrits : degrés 1 et−1 sur le bord du domaine annulaire, degré 0 sur les bords des trous. En fonction de laH1-capacité du
domaine, les minimiseurs ont deux types de comportement, qualitativement différents. On décrit aussi le comporte
minimiseurs quand le paramètre de Ginzburg–Landau tend vers∞. Pour citer cet article : L. Berlyand, P. Mironescu, C. R.
Acad. Sci. Paris, Ser. I 337 (2003).
 2003 Published by Éditions scientifiques et médicales Elsevier SAS on behalf of Académie des sciences.

Version française abrégée

On étudie le problème variationnel suivant :

mκ = Inf

{
1

2

∫
A

|∇u|2 + κ2

4

∫
A

(
1− |u|2)2; u ∈K

}
. (1)
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Ici, A est un domaine perforé 2D, c’est-à-dire

A=Ω
∖ (

k⋃
j=0

ωj

)
, ωj ⊂Ω, j = 0, . . . , k, ωj ∩ ωk = ∅, j �= l, (2)

et les domainesΩ, ωj , j = 0, . . . , k, sont simplement connexes, bornés et réguliers. La classe des fonctio
est

K = {
u ∈H 1(A;R

2); |u| = 1 p.p. sur∂A, deg(u, ∂Ω)= 1,

deg(u, ∂ω0)= −1, deg(u, ∂ωj )= 0, j = 1, . . . , k
}
. (3)

Plus précisément, on s’intéresse aux deux questons suivantes :

1◦ Y-a-t-il un minimiseur de (1), pour toutκ ?
2◦ Si oui, quel est le comportement des minimiseurs de (1), pourκ → ∞ ?

On montre que les réponses dépendent de la valeur d’un problème de minimisation pour app
harmoniques

I0 = Min

{
1

2

∫
A

|∇u|2; u ∈ K ∩H 1(A;S1)}. (4)

On prouve les résultats suivants :

Théorème 0.1. Si I0 � 2π , alors :

(a) mκ est atteint pour toutκ ;
(b) si uκ est un minimiseur de(1), alors, à une sous-suite près,uκ → u0 dansC1,α(Ā), ∀0< α < 1, oùu0 est un

minimiseur deI0 ;
(c) il existe unκ0 tel que, pourκ > κ0, les minimiseurs de(1) soient uniques à une rotation près, c’est-à-dire

κ > κ0 etuκ, vκ sont deux minimiseurs de(1), alorsuκ = βvκ , pour unβ ∈ S1.

Théorème 0.2. Si I0> 2π , alors :

(a) il existe unκ1 ∈ [0,∞] tel que: mκ soit toujours atteint pourκ < κ1 et jamais atteint pourκ > κ1 ;
(b) si mκ est toujours atteint(c’est-à-dire siκ1 = ∞), alors, à une sous-suite près, les minimiseursuκ de (1)

convergent, faiblement dansH 1 et fortement dansC1,α
loc (Ā \ (∂Ω ∪ ∂ω0)), ∀0< α < 1, vers une constant

β ∈ S1. De plus, il existeκ0 tel que, pourκ > κ0, uκ ait au moins deux zéros de degré non-nul, l’un tend
vers∂Ω , l’autre vers∂ω0 quandκ → ∞.

À ce stade, nous ne pouvons pas décider, pour un domaineA donné, siκ1 = 0, κ1 est positif, ouκ1 = ∞.
En particulier, nous ne savons pas si les minimiseurs existent pour toutκ . Néanmoins, pour toutκ , on peut
considérer des quasi-minimiseursunκ , vérifiant les conditions (5)–(7) ci-dessous. (Àκ fixé, lesunκ forment une
suite minimisante.) On obtient alors la généralisation suivante du Théorème 0.2(b) :

Théorème 0.3. On supposeI0 > 2π . Soit(unκ) une famille d’applications vérifiant les conditions(5)–(7). Alors,
à une sous-suite près, lesunκ convergent, faiblement dansH 1 et fortement dansC1,α

loc (Ā\ (∂Ω∪∂ω0)), ∀0< α < 1,
vers une constanteβ ∈ S1. De plus, il existeκ0 tel que, pourκ > κ0, uκ ait au moins deux zéros de degré non-n
l’un tendant vers∂Ω , l’autre vers∂ω0 quandκ → ∞.
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La valeur de la constanteI0 est liée à laH 1-capacité deA. Par exemple, siA=Ω \ω0, alorsI0 = 2π2/cap(A).
SiA a plusieurs trous, alors on peut exprimerI0 en fonction d’une capacité généralisée.

Les preuves détaillées des Théorèmes 0.1–0.3 apparaîtront dans [3].

1. Introduction

Our study is motivated by the following problem. In [1,2], a mathematical model of anideal superconducto
reinforced by a large number of thin insulating rods was introduced. For a cylindrical superconductor with a
cylindrical hole (often used in experimental settings), this model led to a minimization problem forharmonic maps
in a 2D annular domain with many small holes. The distinguished mathematical feature of this problem is
physical insulating conditions lead to prescribing degree (winding number) boundary conditions. Even tho
problem is nonlinear, it has an underlyinglinear problem for the multi-valued phase of the harmonic maps.

2. The problem

This study led to a natural question: what if the superconductor in the composite described below is n
(e.g., of type II)? Mathematically, this means that, in the above minimization problem, the Dirichlet integ
harmonic maps should be replaced by the Ginzburg–Landau functional and we arrive to the following prob

mκ = Inf

{
1

2

∫
A

|∇u|2 + κ2

4

∫
A

(
1− |u|2)2; u ∈K

}
. (1)

Here,A is a 2D perforated domain, i.e.,

A=Ω
∖ (

k⋃
j=0

ωj

)
, ωj ⊂Ω, j = 0, . . . , k, ωj ∩ ωk = ∅, j �= l, (2)

with Ω, ωj , j = 0, . . . , k, simply connected bounded smooth domains. The classK of testing maps is

K = {
u ∈H 1(A;R

2); |u| = 1 a.e. on∂A,deg(u, ∂Ω)= 1,

deg(u, ∂ω0)= −1, deg(u, ∂ωj )= 0, j = 1, . . . , k
}
. (3)

We thus consider a domain with finitely many holesωj of fixed size. The homogenization limit for this proble
will be addressed in a subsequent paper.

Wheng ∈H 1/2(Γ ;S1), with Γ a simply closed planar curve,g has a well-defined degree (see [9]). Thus,
definition ofK is meaningful. Here, the degrees are computed with respect to the direct orientation of∂A.

An important feature of (1) is thatK is not closed under weakH 1-convergence (see example below), so t
it is not clear whether there exists a minimizer inK. By contrast, in the case of a fixed Dirichlet boundary da
extensively studied in [7], the existence of minimizers is straightforward. The existence of minimizers
above mentionned harmonic map problem is also straightforward, see [7]. We shall illustrate this phenom
the special case whereΩ = {z; |z|< 2} andω0 = {z; |z|< 1} (this example can be adapted to the general ca
Setϕn(z)= z/|z|, if |z|> 1− 1/n, ϕn(z)= nz/(n− 1), if |z| � 1− 1/n. Consider the maps

un(z)= ϕn

(
2
z̄− (1+ 1/n2)

1− (1+ 1/n2)z̄

z− (2− 1/n2)

4− (2− 1/n2)z

)
.

Then,un ∈ K, for sufficiently largen. Moreover, it is easy to check thatun ⇀ 1 weakly inH 1. Clearly, this weak
limit is not in K.

The objective of this paper is to answer the following questions for problem (1):
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1◦ Ismκ attained (for anyκ)?
2◦ If so, what is the behavior of minimizersuκ of (1) asκ → ∞?

A first guess for question 2◦ is the following: consider the minimization problem

I0 = Min

{
1

2

∫
A

|∇u|2; u ∈ K ∩H 1(A;S1)}. (4)

Then one may expectuκ ⇀ u0 at least weakly inH 1, whereu0 is one of the minimizers of (4). It turns out that th
answer depends onI0.

Theorem 2.1. AssumeI0< 2π (subcritical case) or I0 = 2π (critical case). Then:

(a) mκ is attained for eachκ ;
(b) if uκ is a minimizer of(1), then, up to a subsequence,uκ → u0 in C1,α(Ā), ∀0< α < 1, whereu0 is a

minimizer ofI0;
(c) there exists someκ0 such that, forκ > κ0, the minimizers of(1) are unique up to a a phase shift, i.e., ifκ > κ0

anduκ , vκ are minimizers of(1), thenuκ = βvκ for someβ ∈ S1.

In [3], we estimateκ0 in terms of the geometry ofA.

Theorem 2.2. AssumeI0> 2π (supercritical case). Then:

(a) there is someκ1 ∈ [0,∞] such thatmκ is always attained forκ < κ1 and never attained forκ > κ1;
(b) assumemκ always attained(i.e., assumeκ1 = ∞). Then, up to a subsequence, minimizersuκ of (1) converge,

as κ → ∞, weakly inH 1 and strongly inC1,α
loc (Ā \ (∂Ω ∪ ∂ω0)), ∀0< α < 1, to some constantβ ∈ S1.

Moreover, these minimizers have, for large values ofκ , at least two zeroes of nonzero degree, one tendin
∂Ω , the other one to∂ω0, asκ → ∞.

At this point, we are unable to establish, for a given domainA, whetherκ1 is 0, finite positive or∞. In particular,
we do not know whether minimizers exist for each value ofκ . However, for eachκ we may clearly construct quas
minimizers, i.e., mapsunκ such that

Eκ
(
unκ
)= 1

2

∫
A

∣∣∇unκ ∣∣2 + κ2

4

∫
A

(
1− |u|2)2 �mκ + 1

n+ κ , (5)

unκ ∈ K, (6)

Eκ
(
unκ
)
�Eκ(u) if u= unκ on∂A. (7)

Clearly, for fixedκ, (unκ) is a minimizing sequence. We have the following generalization of Theorem 2.2(b)

Theorem 2.3. AssumeI0 > 2π and letunκ satisfy(5)–(7). Then, up to a subsequence,unκ converge, asκ → ∞,
weakly inH 1 and strongly inC1,α

loc (Ā \ (∂Ω ∪ ∂ω0)), ∀0< α < 1, to some constantβ ∈ S1. Moreover, these
minimizers have, for large values ofκ , at least two zeroes of nonzero degree, one tending to∂Ω , the other one to
∂ω0, asκ → ∞.

Note that the qualitative change of behavior of minimizers illustrated by Theorems 2.1–2.3 does not appe
consider instead a fixed Dirichlet boundary condition. It follows from the above results that this behavior cr
depends onI0. We now explain the geometrical meaning ofI0. We begin with the case of a circular annulus w
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no holes, i.e.,A= {z; r < |z|<R}. Then it is easy to see thatI0 = π ln(R/r), so thatA is: subcritical ifR/r < e2,
critical if R/r = e2 and supercritical ifR/r > e2. In this specific case, we have the following additional result:

Proposition 2.4. AssumeA= {z; r < |z|< R}, with R/r � e2. Then there is someκ0 such that, forκ > κ0, the
minimizers of(1) are radially symmetric, i.e., of the formuκ(ρ eıθ )= βfκ(ρ)eıθ for someβ ∈ S1. Moreover, up to
a subsequence,uκ → β eıθ .

On the other hand, an immediate consequence of Theorem 2.2 is the following result, previously est
in [4]:

Corollary 2.5. AssumeA= {z; r < |z|< R}, with R/r > e2. Then there is someκ0 such that, forκ > κ0, quasi-
minimizers are not radially symmetric.

The conclusions of Proposition 2.4, whenR/r is sufficiently close to 1 andκ is arbitrary, were obtained i
[11]. However, the techniques used in [4] and [11] require circular symmetry on domains and, in what co
Proposition 2.4, do not provide the sharp thresholdR/r = e2. Corollary 2.5 should be compared to a result in [1
that asserts that radially symmetric solutions of the Ginzburg–Landau equation belonging toK are local minimizers
of the Ginzburg–Landau energy.

For S2-valued harmonic maps with Dirichlet boundary conditions, the existence of a critical value oR/r

determining a qualitative change in the behavior of minimizers was established in [5]. Similar split in behav
described in physical context, see, e.g., [10].

Consider now a domain with a single hole, i.e.,A = Ω \ ω0. In this case, the role ofR/r is played by the
capacity ofω0 in Ω . Recall (see [14]) that theH 1-capacity is defined as follows:

cap(A)= Min

{∫
A

|∇v|2; v ∈H 1(A;R), v = 0 on∂Ω, v = 1 on∂ω0

}
.

It is easy to see that

I0 = 2π2

cap(A)
. (8)

Thus,

subcritical corresponds to cap(A) > π (“thin domains”),

critical to cap(A)= π,

supercritical to cap(A) < π (“thick domains”). (9)

Finally, we turn to general perforated domainsA = Ω \ (⋃k
j=0ωj ). In this case, we introduce a generaliz

capacity, defined as follows:

cap(A)= Min

{∫
A

|∇v|2; v ∈H 1(A;R), v = 0 on∂Ω, v = 1 on∂ω0, v = Cj on∂ωj , j � 1

}
.

(Here, the constantsCj are arbitrary.) As above, the three cases are defined by (9).

3. Outline of the proofs

Step 1. Energy bounds.By considering appropriate testing maps, it is easy to see that

mκ � 2π, mκ < I0. (10)
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Step 2. Existence of minimizers.Theorem 2.1(a) is an immediate consequence of (10) and of the following

Lemma 3.1. Assume that

mκ < 2π. (11)

Thenmκ is attained.

Conditions of type (11) play a crucial role in PDEs with possible lack of compactness for minimizing sequ
see, e.g., [8].

Step 3. Asymptotic behavior of (quasi-)minimizers.Using the bound (10) and the methods developed in
we obtain that, up to subsequences, (quasi-)minimizers converge, inClloc(A), to someu ∈ H 1(A). Using once
again (10) we prove that, whenI0< 2π , thenu is a minimizer of (4), while, whenI0> 2π, u is a constant. When
I0 = 2π, u is a minimizer of (4), but the proof is much more involved in this case. Theorems 2.2(b) and 2.3
from Step 3. WhenI0 � 2π , we also haveuk → u strongly inH 1(A). Using this fact, Theorem 2.1(b), (c) follo
by adapting the methods in [6,13].

The detailed proofs of Theorems 2.1–2.3 will appear in [3].
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