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Abstract

We establish a Jacobian estimate in the context of Ginzburg–Landau theory, which was conjectured in a recen
Bourgain, Brezis and Mironescu.To cite this article: F. Bethuel et al., C. R. Acad. Sci. Paris, Ser. I 337 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Un problème ouvert sur les Jacobiens soulevé par Bourgain, Brezis et Mironescu. Nous démontrons une estimée po
des Jacobiens dans le contexte de la fonctionnelle de Ginzburg–Landau. Cela répond à une conjecture dans un trava
Bourgain, Brezis et Mironescu.Pour citer cet article : F. Bethuel et al., C. R. Acad. Sci. Paris, Ser. I 337 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Version française abrégée

Soit N � 3 et BN la boule unité deRN . Nous considérons des applicationsuε :BN → C et leur énergie de
Ginzburg–Landau définie par (1). Ici 0< ε représente un petit paramètre, et nous supposons queuε se situe dans
le régime énergétique défini par(H0). Sous cette hypothèse, nous établissons pourN = 3, dans le Théorème 1.
une estimation uniforme pour le Jacobien deuε défini par (2). Il s’agit d’une estimation dans le dual de l’esp
de SobolevW1,3 conjecturée par Bourgain, Brezis et Mironescu dans [3]. Notre preuve utilise de manière c
une nouvelle inégalité (voir Théorème 1.3 ci-dessous) qu’ils ont obtenue dans [3], combinée à une pr
d’approximation (Théorème 2.1) qui reprend des constructions de [1,8,9,4].

Rappelons que dans le même esprit, une estimation similaire, dans le dual deC0,α, avait auparavant été obten
par Jerrard et Soner [8].
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reserved.
doi:10.1016/S1631-073X(03)00367-4
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1. Introduction

Let N � 3 andBN be the unit ball inRN . We consider mapsuε :BN → C and the Ginzburg–Landau energy
uε defined by

Eε(uε) =
∫

BN

eε(uε) =
∫

BN

|∇uε|2
2

+ (1− |uε|2)2

4ε2 , (1)

where 0< ε < 1 represents a small parameter. We assume throughout that the mapuε verifies the bound

Eε(uε) � M0|logε|, (H0)

whereM0 is a fixed positive constant. In order to analyze possible concentration phenomena in the asympto
ε → 0 of maps(uε)0<ε<1 verifying (H0), an important quantity is the Jacobian

Juε =
∑
i<j

∂iuε × ∂j uε dxi ∧ dxj . (2)

In particular, the following important estimate was derived in [8].

Theorem 1.1 [8]. Let 0< α < 1. There exists a constantC(α) depending only onα (but not onε) such that, ifuε

verifies(H0), then we have∣∣∣∣
∫

BN

Juε ∧ φ

∣∣∣∣ � C(α)M0‖φ‖C0,α
c (BN)

, ∀φ ∈ C0,α
c

(
BN ;ΛN−2

R
N

)
. (3)

It is also known (see, e.g., [8,1]) that (3) does not hold in general in the caseα = 0 (i.e., assumingφ ∈
C0
c (B

N ;ΛN−2RN)), that is, there is no estimate (uniform inε) for the Jacobian inL1. However, this is essentiall
true, up to correction terms which are small (in appropriate weaker norms), see, e.g., [8,1]. In connecti
Theorem 1.1, and in view of a new linear estimate (see Theorem 1.3 below) which holds in dimensionN = 3,
Bourgain, Brezis and Mironescu raised the following question:

Conjecture [3]. Is it true that, for every compact subsetK ⊂ B3, and everyuε verifying(H0),∣∣∣∣
∫

B3

Juε ∧ φ

∣∣∣∣ � C(K)‖φ‖W1,3(B3), ∀φ ∈ C∞
0

(
K;Λ1

R
3)? (4)

In this Note, we establish (4) under the additional assumption thatuε is bounded inL∞ (see howeve
Remark 1(b) below). More precisely, we have

Theorem 1.2. Assumeuε verifies(H0) and

‖uε‖L∞(B3) � M1. (H1)

Then, for every compact subsetK ⊂ B3 there exists a constantC(K,M1) depending only onK andM1, but neither
onM0 nor onε, such that forε sufficiently small,∣∣∣∣

∫

B3

Juε ∧ φ

∣∣∣∣ � C(K,M1)M0‖φ‖W1,3(B3), ∀φ ∈ C∞
0

(
K;Λ1

R
3). (5)
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Remark 1. (a) If we allow the constant in (5) to depend onM0, then the same conclusion holds without smalln
assumption onε.

(b) Although assumption(H1) is presumably not optimal, conclusion (5) is not true assuming only(H0), as the
following counterexample shows: letφ ∈ C∞

0 (B3;Λ1R3), u ∈ C∞
0 (B3) be such that∫

B3

Ju ∧ φ = 1.

Definevε,R(x) := 1+ √
R|logε|u(Rx), andφR(x) = φ(Rx), for R > 1. By scaling,∣∣∣∣

∫

B3

Jvε,R ∧ φR

∣∣∣∣ = |logε|, ‖φR‖W1,3(B3) = ‖φ‖W1,3(B3)

and ∫

B3

|∇vε,R|2 = |logε|
∫

B3

|∇u|2, 1

ε2

∫

B3

(
1− |vε,R|2)2 � C(u)|logε|2

Rε2
.

Therefore, (4) does not hold choosingR arbitrarily large.

As mentioned, inequalities (4), (5) where motivated by a new beautiful inequality derived in [3] (see also
further developments). More precisely, we have

Theorem 1.3 [3]. There exists a universal constantC0 such that, for any closed oriented rectifiable curveΓ in R3,
we have∣∣∣∣

∫
Γ

�φ · �t
∣∣∣∣ � C0H1(Γ )‖�φ‖W1,3(R3), ∀�φ ∈ C∞

0

(
R

3;R
3), (6)

where�t is the tangent vector toΓ.

Our proof of Theorem 1.2 relies on estimate (6) in an essential way. Two other important ingredients ar

– an approximation ofJuε by the Jacobian of a “canonical” functionvε on which we have better control;
– the oriented and unoriented coarea formulae.

In the next sections we describe these methods.

2. Approximation

As mentioned, the Jacobian ofuε is not necessarily uniformly bounded inL1. However, in this section we wil
see that there is a mapvε whose JacobianJvε is suitably close toJuε, and is uniformly bounded inL1. More
precisely

Theorem 2.1. Assumeuε verifies(H0). Then, forε sufficiently small, there exists a smooth functionvε :BN → C

such that

|vε| � 1, (7)

Eε(vε) � CM0|logε|, (8)
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wever,
‖Juε − Jvε‖[C0,1
c (BN)]∗ � CεαEε(uε), (9)

‖Jvε‖L1 � CM0, (10)

whereC > 0 and0< α < 1 depend only onN .

Remark 2. One may also require in addition that‖uε − vε‖L2 � CεαEε(uε) (see [4]).

The proof of Theorem 2.1 is not straightforward and borrows ideas from the analysis in [5,9,7,1,8,10]. Ho
since it cannot be deduced directly from those works, a detailed proof will be given in [4].

3. Interpolation

We writeJuε = Jvε + κε, so thatκε = Juε − Jvε.

Lemma 3.1. For everyδ > 0 we have

‖κε‖[W1,2+δ
0 (BN)]∗ � CM0 ε

σ |logε|, (11)

whereσ = αδ
2+δ

, andC depends only onδ andM1.

Proof. Let φ ∈ C∞
0 (BN ;ΛN−2RN). SinceJu = 1

2 d(u × du), we have

κε = Juε − Jvε = 1

2
d(uε × duε − vε × dvε) = 1

2
d
(
(uε − vε) × (duε + dvε)

)
, (12)

so that,∣∣∣∣
∫

BN

κε ∧ φ

∣∣∣∣ = 1

2

∣∣∣∣
∫

BN

(uε − vε) × (duε + dvε) ∧ dφ

∣∣∣∣
� C

(‖uε‖L∞ + ‖vε‖L∞
)(‖duε‖L2 + ‖dvε‖L2

)‖dφ‖L2

� CM1M0|logε|‖dφ‖L2. (13)

Therefore,

‖κε‖[W1,2
0 (BN )]∗ � CM1M0|logε|. (14)

Combining (9) and (14) we obtain, by interpolation,

‖κε‖[W1,2+δ
0 (BN)]∗ � C(δ)M

2/(2+δ)

1 M0|logε|εσ . (15)

The lemma is proved. ✷

4. The coarea formula

Sincevε is smooth, by Sard’s Theorem for a.e.z ∈ C, v−1
ε (z) is a a smooth oriented(N −2)-submanifold ofBN .

The (oriented) coarea formula (see [6], 3.2.22) applied tovε yields∫

BN

Jvε ∧ φ =
∫
C

[ ∫

v−1
ε (z)

φ

]
dz, (16)

for anyφ ∈ C∞
0 (BN ;ΛN−2RN).
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5. Proof of Theorem 1.2

HereN = 3. By (16) we have∣∣∣∣
∫

BN

Jvε ∧ φ

∣∣∣∣ �
∫
C

∣∣∣∣
∫

v−1
ε (z)

φ

∣∣∣∣dz. (17)

Let 0<R < 1 be such thatK ⊂ B(R) and letz ∈ C be a regular value ofvε. If (each component of)v−1
ε (z)∩B(R)

is a closed loop, we simply setγ (z) := v−1
ε (z)∩B(R). Otherwise, we may always extendv−1

ε (z)∩B(R) to a (union
of) closed loop(s)γ (z) verifying

H1(γ (z)
)
� π H1(v−1

ε (z) ∩ B(R)
)

and γ (z)∩ B(R) = v−1
ε (z) ∩ B(R).

By Theorem 1.3, we therefore have∣∣∣∣
∫

v−1
ε (z)

φ

∣∣∣∣ =
∣∣∣∣

∫
γ (z)

φ

∣∣∣∣ � CH1(v−1
ε (z) ∩B(R)

)‖φ‖
W

1,3
0 (K)

. (18)

Integrating with respect toz, we obtain by (17), the unoriented coarea formula, and estimate (10),∣∣∣∣
∫

BN

Jvε ∧ φ

∣∣∣∣ � C‖φ‖
W

1,3
0 (K)

∫
C

H1(v−1
ε (z) ∩B(R)

)
dz

� C‖φ‖
W

1,3
0 (K)

∫

BN∩B(R)

|Jvε| � C(K)M0‖φ‖
W

1,3
0 (K)

. (19)

On the other hand, applying Lemma 3.1 withδ = 1, we obtain∣∣∣∣
∫

BN

κε ∧ φ

∣∣∣∣ � CM0ε
α/3|logε|‖φ‖

W
1,3
0 (K)

. (20)

Combining (19) and (20) the proof is completed.
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