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Abstract

The set of all rearrangement invariant function spaces on[0,1] having thep-Banach–Saks property has a unique maxim
element for allp ∈ (1,2]. Forp = 2 this isL2, for p ∈ (1,2) this isL0

p,∞. We compute the Banach–Saks index for the fami
of Lorentz spacesLp,q, 1< p < ∞, 1� q � ∞, and Lorentz–Zygmund spacesL(p,α), 1� p < ∞, α ∈ R, extending the
classical results of Banach–Saks and Kadec–Pelczynski forLp-spaces. Our results show that the set of rearrangement inva
spaces with Banach–Saks indexp ∈ (1,2] is not stable with respect to the real and complex interpoltaion methods.To cite this
article: E.M. Semenov, F.A. Sukochev, C. R. Acad. Sci. Paris, Ser. I 337 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

L’indice de Banach–Saks des espaces invariants par réarrangement sur [0,1]. L’ensemble des espaces invariants
réarrangement sur[0,1] qui possèdent la propriété dep-Banach–Saks admet un unique élément maximal pourp ∈ (1,2].
Pourp = 2 c’estL2 ; pourp ∈ (1,2) c’estL0

p,∞. Nous calculons l’indice de Banach–Saks de la famille des espaces de L
Lp,q, 1< p <∞, 1� q � ∞, et des espaces de Lorentz–ZygmundL(p,α), 1� p <∞, α ∈ R, généralisant ainsi les résulta
classiques de Banach–Saks et Kadec–Pelczynski pour les espacesLp. Nous montrons que l’ensemble des espaces invar
par réarrangement qui ontp ∈ (1,2] indice de Banach–Saks n’est pas stable par interpolation réelle ou complexe.Pour citer
cet article : E.M. Semenov, F.A. Sukochev, C. R. Acad. Sci. Paris, Ser. I 337 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Version française abrégée

SoientE un espace de Banach etp � 1. Une suite bornée{xn} ⊂ E est appeléep − BS-suite (BS-suite) s’il
existe une sous suite{ynk } ⊂ {xk} telle que
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On dit queE possède lap − BS-propriété (BS-propriété) et on écritE ∈ BSp (E ∈ BS) si toute suite{xn} ⊂ E

faiblement nulle contient unep − BS-suite (BS-suite). Il est évident que tout espace de Banach a la 1− BS-
propriété. L’ensembleΓ (E) = {p: E ∈ BSp} est égal à[1, α], ou bien à[1, α) pour unα ∈ [1,∞]. On écrit
γ (E) = α si Γ = [1, α] et γ (E) = α − 0 si Γ (E) = [1, α). Le nombreγ (E) est appelé l’indice de Banach
Saks. Pour les espacesLp classiques (de suites ou de fonctions) ces indices sont bien connus. En effe
facile de voir [6] queγ (lp) = p pour 1< p < ∞ et γ (l1) = γ (c0) = ∞, tandis que les résultats classiques
Banach et Saks [2] et de Kadec et Pelczynski [4] donnentγ (Lp) = min(p,2) pourp ∈ [1,∞). Le but de la note
présentée ici est d’étudier l’indice de Banach–Saks pour des espaces invariants par réarrangement sur l
[0,1] [7]. Il découle de l’inégalité de Khintchine que, pour un espaceE séparable invariant par réarrangeme
on a 1� γ (E) � 2. Le sous-ensemble deBSp formé de tous les espaces invariants par réarrangement ay
p − BS-propriété, ordonné par l’inclusion, possède un élément unique maximal. Sip = 2, cet élément coïncid
avec l’espaceL2, tandis que, pour 1< p < 2, il coïncide avec l’espaceL0

p,∞ c’est à dire la « partie séparable »
l’espace[L1,L∞]1/p,∞. Ici [·, ·]θ,q, 0< θ < 1,1� q � ∞, désigne la méthode réelle d’interpolation [7,5]. En
on calcule l’indice de Banach–Saks pour les espaces de la classe[Lp1,Lp2]θ,q , 1 � p1 < p2 � ∞, qui coïncide
avec la classe desLp,q -espaces (de Lorentz), 1� p < ∞, 1 � q � ∞, voir [5,7]. Nos résultats (Théoréme 2.
montrent que dans la classe desLp,q -espaces, les indices de Banach–Saks d’ependent dep et q . En particulier,
γ (Lp,q) est une fonction discontinue enq = 1 et le type (de Rademacher) deLp,q ne coïncide pas nécessairem
avec son indice de Banach–Saks. De plus, il en découle que l’ensemble des espacesE invariants par réarrangeme
ayantγ (E)� r, r ∈ (1,2], n’est pas stable par rapport aux méthodes complexe ou réelle d’interpolation.

1. Introduction

LetE be a Banach space andp � 1. A bounded sequence{xn} ⊂E is called ap− BS-sequence (BS-sequence
if there exists a subsequence{ykk } ⊂ {xk} such that
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We shall say thatE has thep − BS-property (theBS-property) and writeE ∈ BSp (E ∈ BS) if every weakly
null sequence{xn} ⊂ E contains ap − BS-sequence (BS-sequence). It is evident that every Banach space
1− BS-property. The setΓ (E)= {p: E ∈ BSp} is either[1, α], or else[1, α) for someα ∈ [1,∞]. We shall write
γ (E) = α if Γ = [1, α] andγ (E) = α − 0 if Γ (E)= [1, α). The numberγ (E) is called the Banach–Saks inde
For classical (sequence and function)Lp-spaces these indices are well known. Indeed, it is easy to see [6
γ (lp) = p for 1< p < ∞ andγ (l1) = γ (c0) = ∞, whereas classical results of Banach and Saks [2] and K
and Pelczynski [4] yieldγ (Lp)= min(p,2) for p ∈ [1,∞). The main objective of the present note is to study
Banach–Saks index in the class of rearrangement invariant spaces on[0,1] [7,5]. A Banach function spaceE (with
an order semicontinuous norm) on[0,1] is said to be rearrangement invariant (r.i.) if

(1) |x(t)| � |y(t)| a.e.,y ∈E imply x ∈E and‖x‖E � ‖y‖E ,
(2) x(t) andy(t) are equimeasurable (i.e., ifx∗(t) = y∗(t) for all t > 0, wherex∗ andy∗ are right continuous

non-increasing rearrangements of|x| and|y| respectively, see [5]) andy ∈E, thenx ∈E and‖x‖E = ‖y‖E .

Denote byE0 the closure ofL∞ in E. If E �= L∞, then the spaceE0 is a separable r.i. space. By [6], 1.a
any non-separable r.i. spaceE contains a subspace isomorphic tol∞. Sincel∞ is a universal space it follow



E.M. Semenov, F.A. Sukochev / C. R. Acad. Sci. Paris, Ser. I 337 (2003) 397–401 399

r

d

d,

y

from Baernstein’s result [1] thatl∞ contains a subspace without theBS-property. Consequently,E fails to have the
BS-property andγ (E)= 1. Therefore, we shall investigate theBS-index of separable r.i. spaces only.

Recall that a Banach spaceE has the typep ∈ (1,2] if

1∫
0

∥∥∥∥∥
n∑

k=1

rn(s)xk

∥∥∥∥∥
E

ds � C

(
n∑

k=1

‖xk‖p
)1/p

for any x1, x2, . . . , xn ∈ E and anyn � 1, whererk(s) = sign(sin 2kπs), k = 1,2, . . . , are the Rademache
functions. The Rademacher functionsrk form a weakly null sequence in any separable r.i. spaceE. Using the
Khintchine inequality [6,7] and the continuity of embeddingE ⊆ L1 (which holds for any r.i. spaceE on [0,1],
see [5]) we see that 1� γ (E)� 2 for any r.i. spaceE. Clearly, these bounds are exact.

The set of operators

στ x(t)=
{
x(t/τ ), 0� t � min(τ,1),
0, for all othert ∈ [0,1]

acts in any r.i. space and min(1, τ )� ‖στ‖E � max(1, τ ), 0< τ <∞. The numbers

αE = lim
τ→0

ln ‖στ‖E
ln τ

, βE = lim
τ→∞

ln ‖στ‖E
ln τ

are called the Boyd indices of r.i. spaceE. For every suchE, we always have 0� αE � βE � 1.
A Banach latticeE is calledp-convex (q-concave) if there existC > 0 such that∥∥∥∥∥

(
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for anyx1, x2, . . . , xn ∈E, n� 1. Herep,q ∈ [1,∞].

2. Results

Theorem 2.1. LetE be a separablep-convex r.i. space for somep > 1 such thatαE > 0. Thenγ (E)� min(p,2).

In particular, if a separable r.i. spaceE is 2-convex andαE > 0, thenγ (E) = 2. Theorem 2.1 may be applie
to r.i. spaces with trivial type. For such spaces Rakov’s result that any Banach spaceE of typep belongs toBSp

(see [9]) yields only the trivial estimateγ (E) � 1. The assumptionαE > 0 in Theorem 2.1 is essential. Indee
consider Orlicz space expLp := LMp(0,1) with the Orlicz functionMp(u) := eu

p − 1, p � 1 (see, e.g., [7]). It is
shown in [3] that(expLp)

0 fails theBS-property and consequentlyγ ((expL)0)= 1. On the other hand, it is eas
to see that(expLp)

0 is p-convex for anyp � 1.

Theorem 2.2. If the separable r.i. spaceE satisfies the following properties:

(1) E is q-concave for someq <∞;
(2) βE < 1/2.
(3) 2−BS-property holds for disjointly supported sequences fromE, i.e., for every weakly null sequence{xk} ⊂E

of disjointly supported elements there exist an increasing sequenceki of positive integers and a constantC > 0
such that∥∥∥∥∥

n∑
i=1

xki

∥∥∥∥∥
E

� C
√
n, n� 1;

thenγ (E)= 2.
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The Banach–Saks and Kadec–Pelczynski theorems show that the maximal index 2 in the scaleLp is attained if
2 � p <∞. There is a partial converse to this statement.

Theorem 2.3. If E is a separable r.i. space andγ (E)= 2, thenLp ⊂E ⊂ L2 for somep ∈ [2,∞).

Hence we have the following:

Corollary 2.4. If E is a separable r.i. space andγ (E)= γ ((E∗)0)= 2, thenE = L2 up to the norm equivalence

For r.i. spaces with indexp ∈ (1,2), we have different embeddings. To formulate the result, we first reca
definition of the Lorentz spacesLp,q : x ∈ Lp,q if and only if the quasi-norm

‖x‖p,q =



q

p

( 1∫
0

(
x∗(t)t1/p

)q dt

t

)1/q

, q <∞,

supx∗(t)t1/p, q = ∞
is finite.Lp,q -spaces play a significant role in the interpolation theory [5,7]. The expression‖ · ‖p,q is a norm if
1 � q � p and is equivalent to a (Banach) norm ifq > p.

Theorem 2.5. Let E be a separable r.i. space and1 < p < 2. If γ (E) = p, thenexpLq ⊂ E ⊂ L0
p,∞, where

q > p/(p − 1).

It follows from Theorems 2.3,2.5 and 2.6 (below) that the subset ofBSp formed by all rearrangement invaria
spaces with thep − BS-property ordered by inclusion has a unique maximal element. Ifp = 2 this element
coincides with the spaceL2, whereas for 1<p < 2 it is given by the spaceL0

p,∞. Whenp = 2, such a set does no
have any minimal element. Indeed, this follows from Theorem 2.3 and the Kadec–Pelczynski theorem [4].

Theorem 2.6. Let 1<p <∞, 1 � q <∞. Then

γ (Lp,q)=
{min(p, q,2), p �= 2, q �= 1 or p = 2, 1< q � 2,

min(p,2), p �= 2, q = 1,
2− 0, p = 2, q ∈ {1} ∪ (2,∞)

and

γ
(
L0
p,∞

)=
{

min(p,2), p �= 2,
2− 0, p = 2.

It easily follows from Theorem 2.6 that (i) the function(p, q) → γ (Lp,q) is discontinuous atq = 1 (and
continuous atq = ∞); (ii) if r ∈ (1,2], then the set of r.i. spacesE such thatγ (E) � r is not stable with respec
to the complex or real interpolation methods; (iii) the type ofLp,q coincides with itsBS-index if and only if
1< q <∞, in other words if and only ifLp,q is reflexive.

Let M be an Orlicz function satisfying the"2-condition at∞ and letLM be the corresponding Orlicz spa
(see [7]). Denote

aM = sup
{
p: p � 1 inf

λ,t�1
M(λt)/M(λ)tp > 0

}
.

Theorem 2.7.

(1) γ (LM)� min(aM,2).
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(2) If M(u1/p) is convex up to equivalence for somep ∈ (1,2], thenγ (LM)� p.

Consider the set of functions

Mp,α(u)= up lnα(e+ u), u� 0,

where 1< p < ∞, α ∈ R. The functionMp,α is convex forα � 0 and is convex up to equivalence forα < 0.
Denote byL(p,α) the corresponding Orlicz space (which is frequently called Lorentz–Zygmund space).

Corollary 2.8. If 1<p <∞, α ∈ R, then

γ
(
L(p,α)

)=
{

min(p,2), if p > 2 or α � 0,

p − 0, if p � 2 andα < 0.

Theorem 2.6 and Corollary 2.8 extend to the Lorentz spacesLp,q and Orlicz spacesL(p,α) classical results
concerning the Banach–Saks index given in [2,4].

All of the results announced here are contained in [8].
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