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Abstract

The paper concerns existence of exact solutions of the Dubreil–Jacotin–Long equation describing large amplitud
fronts in a continuously stratified fluid. The proof uses cosymmetric variant of the implicit function theorem based on th
invariance of the variational functional for DJL operator. Supercritical branching occurs near approximate front solu
the boundary of continuous spectrum of the problem linearized with respect to the basic uniform flow.To cite this article:
N. Makarenko, C. R. Acad. Sci. Paris, Ser. I 337 (2003).
 2003 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Cosymétrie équivariante et solutions « fronts » de l’équation de Dubreil–Jacotin–Long. 2ème partie : Solutions exactes.
Cette Note traite de l’existence de solutions exactes de l’équation de Dubreil–Jacotin–Long (DJL), qui décrivent le
internes de grande amplitude dans un fluide continûment stratifié. La démonstration utilise une variante du théo
fonctions implicites en présence d’une cosymétrie, basée sur le groupe d’invariance de la fonctionnelle variation
l’opérateur de DJL. Une bifurcation supercritique a lieu au bord du spectre continu du problème linéarisé au vois
l’écoulement primaire.Pour citer cet article : N. Makarenko, C. R. Acad. Sci. Paris, Ser. I 337 (2003).
 2003 Académie des sciences. Published by Elsevier SAS. All rights reserved.

1. Introduction

In this Note we prove the existence of exact front solutions of DJL equation in weighted Sobolev spac
the approximate solutions constructed in the Part 1 by scaling with small Boussinesq parameter. We ap
the modified Lyapunov–Schmidt procedure which is similar to the method suggested in the paper Beale
the problem on surface solitary wave. The cosymmetry arguments are used to satisfy the orthogonality c
which appears due to the dissymmetry of the front-like flow. We refer to formulae (n) from the first part
paper by notation I(n) everywhere in the text.
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1631-073X/$ – see front matter 2003 Académie des sciences. Published by Elsevier SAS. All rights reserved.
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2. Nonlinear maps associated with DJL operator

We consider the front problem for DJL equation in the stripΩ = R × (0,π)

F (v;σ,λ) def= σ(ρvx)x + (ρvy)y − λρ′v − f (v,∇v, y;σ) = 0, (x, y) ∈ Ω, (1)

(a) v(x,0) = v(x,π) = 0; (b) v → v±, ∇v → ∇v± (x → ±∞), (2)

where the density profileρ = ρ(y + v,σ ), ρ′ = σ−1ρy(y + v,σ ) satisfies the Condition A of the Part
nonlinearityf has the formf = (1/2)(σ 2v2

x + σv2
y)ρ

′, andσ > 0 is the Boussinesq parameter. We look

v = u0 + σu with a leading-order termu0(x, y;σ) = b−1
0 a0(x)v

+(y;σ) wherea0 is the front solution of Eq. I(6)
and the conjugate flowv+ is given by Theorem I 3.1. Note thatu0 satisfiesexactcondition (2b) at infinity. We
rewrite equation for the functionu as follows

σuxx + uyy + u = ϕ(u,σ ), (3)

where the operatorϕ collects nonlinear terms of Eq. (1). Now we introduce the function spaces adapted to th
problem. LetLα,β

2 (R) be the weighted Hilbert space of the functionsu(x) having finite norm

‖u‖2
α,β =

+∞∫
−∞

(
e−2αx + e2βx

)∣∣u(x)∣∣2 dx,

with the exponents 0< α < α0 and 0< β < β0 whereα0, β0 are decay exponents of approximate solution. Furt
we introduce the weighted Sobolev spaceHk

α,β(R) of the functionsu(x) which have generalized derivatives up

the order�k belonging to the classLα,β
2 (R). Finally, we define the class

Xk = {
u(x, y) | Dm

x Dn
yu ∈ L2

([0,π];Hk
α,β(R)

)
(0 � m + n � 2); u(·,0) = u(·,π) = 0

}
and the classY k = L2([0,π];Hk

α,β(R)). Weighted Sobolev norms inXk andY k will be denoted as‖ · ‖k and| · |k
consequently. It is easy to verify thatϕ(0, σ ) = −σ−1F(u0;σ,λ+

1 (σ )) ∈ Y k due to the exponential behaviour
a0 for large|x|. Let Br = {‖u‖k < r} be the open ball in the classXk . For everyr > 0 there existsσ1(r) such that
the mapϕ :Br × (0, σ1) → Y k is a smooth map. We will use some properties of the Fréchet derivativeϕ′

u of the
operatorϕ and its remainder̃ϕ in the Taylor expansion

ϕ(u,σ ) = ϕ(0, σ ) + ϕ′
u(0, σ )u + ϕ̃(u, σ ).

Introduce the elementϕ0 = f1(a0 siny)−b−1
0 a0f1(b0 siny) ∈ Y k defined by the functionf1 from I(5). In addition,

let M :Xk → Y k be the linear differential operator acting by the formulaMu = −(ψ0uy)y + θu where the
coefficients areψ0 = y + v0 andθ = ρ′

0(ψ0) + (1+ ρ′′
0(ψ0))v0 + Λ1(b0).

Lemma 2.1. For u,v ∈ Br ⊂ Xk(k � l − 2) andσ ∈ (0, σ1) the estimates

(i) |ϕ(0, σ ) − ϕ0|k � Cσ ,
(ii) |ϕ′

u(0, σ )u − σMu|k � Cσ 2‖u‖k ,
(iii) |ϕ̃(u, σ ) − ϕ̃(v, σ )|k � Cσ 2‖u − v‖k

are valid with the constantC independent onσ .
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3. Existence of exact front solutions

The form of a leading-order solution term motivate us to consider the direct sums of closed sub
Xk = X k ⊕ QXk and Y k = Yk ⊕ QYk with infinite-dimensional subspacesX k = {a(x)siny | a ∈ Hk+2

α,β (R)}
andYk = X k−2. The projectionQ can be chosenQu(x, y) = u(x, y) − u1(x)siny whereu1 is the first Fourier
coefficient foru(·, y) with respect to the basis{sinny}. Looking for the solutionu(x, y) = a(x)siny + w(x,y)

with w ∈ QXk anda ∈ Hk+2
α,β (R) we obtain from (3) the system of equations{

(a) σwxx + wyy + w = Qϕ(a siny + w,σ),

(b) a′′ + p′′(a0)a = ϕ∗(a siny + w,σ),
(4)

whereϕ∗(u,σ ) = (σ−1ϕ(u,σ ) − M(I − Q)u)1, brackets(ϕ)1 mean the first Fourier coefficient ofϕ. Consider in
more details the resolvents for the linear operators of the system (4). First of them, the operatorW :QYk → QXk ,
acts by the formula

Wf (x, y) =
∞∑

n=2

wn(x)sinny,

where the coefficientswn have the Fourier transformŝwn(ξ) = −f̂n(ξ)/(σξ2 + n2 − 1). Functionsu ∈ L
α,β
2 (R)

have the analytic Fourier transformŝu(ξ + iη) which belong to the Hardy classH 2 for the complex strip
−α < η < β . Therefore one can use the equivalent Hardy norm‖u‖2

α,β = ‖û(ξ − iα)‖2
L2(R) + ‖û(ξ + iβ)‖2

L2(R) by
the estimating. Sincêwn(ζ )(n � 2) are analytic for−α < Imζ < β , we obtain following estimates.

Lemma 3.1. For 0 � m + n � 2 and0< σ � σ2 with σ2 < 3/max(α2, β2) the inequalitiesσm/2|Dm
x Dn

yWf |k �
C|f |k are satisfied with the constantC independent onσ . In addition, the operatorWQM :Xk → QXk (k � l−2)
is bounded uniformly inσ : ‖WQMu‖k � C‖u‖k .

The ordinary differential operatorD2
x +p′′(a0)I :Hk+2

α,β (R) → Hk
α,β(R) appearing in (4) is the Fréchet derivati

of the nonlinear operator I(6) with respect to the front solutiona0. Consider integral operator

Kf (x) = a1(x)

x∫
0

a2(x
′)f (x ′)dx ′ + a2(x)

+∞∫
x

a1(x
′)f (x ′)dx ′,

wherea1(x) = a′
0(x), a2(x) = a1(x)

∫ x

0 a−2
1 (x ′)dx ′, and alsoa′′ + p′′(a0)a = −f if a = Kf .

Lemma 3.2. If the functionf ∈ Hk
α,β(R) satisfies the orthogonality condition(a1, f )L2(R) = 0 then Kf ∈

Hk+2
α,β (R) is valid with the estimate‖Kf ‖

Hk+2
α,β (R)

� C‖f ‖Hk
α,β (R).

In accordance with this lemma the Fréchet derivative of DJL operator linearized about the approxima
solution is the Fredholm operator. It has one-dimensional kernel inXk spanned by the functionv0x = a′

0(x)siny,

and one-dimensional defect space inY k. Applying the projectorsP = ‖a1‖−2
L2(R)a1(a1, ·)L2(R) andI −P to Eq. (4b)

and using the resolventsW andK we reduce the system (4) to equivalent system foru ∈ Xk and parameterc ∈ R:

(a) u = cv0x + U(u,σ), (b) ω(u,σ ) = 0. (5)

The nonlinear mappingU is defined here by the formula

U(u,σ) = WQϕ(u,σ) − K(I − P)(I − Q)
(
σ−1ϕ(u,σ ) − Mu + MWQϕ(u,σ)

)
,
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the functionalω has the formω(u,σ ) = (σ−1ϕ(u,σ ) − M(I − Q)u,v0x)L2(Ω). Let σ3 = min(σ1, σ2), then the
mapU :Br × (0, σ3) → Xk(k � l − 3) is bounded uniformly inσ . Here the bound depends on theY l−1-norm of
elementϕ0 being sufficiently smooth, and the O(σ−1) term ofU vanishes at leading order due to orthogona
(ϕ0,siny)L2[0,π] = 0. Moreover, this operator has the Lipschitz constant of the order O(σ ) due to Lemmas 2.1 an
3.1, 3.2. Therefore for smallσ there exists the solution familyu(c,σ ) of Eq. (5a).

Finally we consider the bifurcation equation (5b). Note that similar orthogonality condition for a symm
solitary waves can be satisfied by the restriction to the classes of even functions. The restriction is im
a priori for the front problem since internal bores are not symmetric flows in general case. We use the pot
and group invariance of the Dubreil–Jacotin–Long operator in order to remove this obstacle. Name
divergence relation I(3) implies the identity(

F
(
v;σ,λ+

1 (σ )
)
, vx

)
L2(Ω)

= 0 (6)

which is satisfied for allv = u0 + σu with arbitraryu ∈ Br . The operatorX = ∂x is here the cosymmetry for DJ
equation. We rename itequivariant cosymmetrysince this operator is generated obviously by thex-autonomy of
LagrangianL. More generally [2], if a potential operatorF has invariant Lagrangian under action of Lie groupG,
then cosymmetry is given by the Lie algebra of infinitesimal generators of groupG factorized with respect to
isotropy subgroup of basic solutionu0. Yudovich [3,4] explained by the presence of cosymmetry the branchin
solution families near a known non-cosymmetric solutionu0(Xu0 �= 0). In the case under consideration, parame
solutionu(c,σ ) appears since the projection ofF(u0 + σu(c, σ ), σ ) onto the defect space vanishes due to
identically inc, so Eq. (5b) is fulfilled automatically.

The following proposition is the main result of the paper.

Theorem 3.3. Let the density profile satisfy ConditionA of the Part1. Then for each supercritical conjugate flow
of the first mode given by TheoremI 3.1 and satisfying ConditionB (Part 1) there exists exact solution of th
problem(1), (2) having the formv = b−1

0 a0(x)v
+(y;σ) + σu(x, y;σ), whereu ∈ Xl−3 is uniformly bounded a

σ → 0.

Any given number of supercritical fronts of the first mode are obtained for the densitiesρ such that the function
Λ1(b) has the sequence of monotonically decreasing minimaΛ1(b0) > Λ1(b1) > · · · > Λ1(bm) located at the
points 0< b0 < b1 < · · · < bm < 1, or the sequence of monotonically increasing minimaΛ1(b0) < Λ1(b1) < · · · <
Λ1(bm) in the case−1< b0 < b1 < · · · < bm < 0.
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