
on

udié
us

.
ndrait

e deeply

grant also
C. R. Acad. Sci. Paris, Ser. I 337 (2003) 797–800

Probability Theory/Statistics

Jensen’s inequality forg-expectation, Part 2

Zengjing Chena,1, Reg Kulpergerb,2, Long Jianga

a Department of Mathematics, Shandong University, Jinan, 250100, China
b Department of Statistical and Actuarial Science, The University of Western Ontario, London, Ontario, Canada

Received 20 April 2003; accepted after revision 17 September 2003

Presented by Paul Deheuvels

Abstract

Chen et al. (C. R. Acad. Sci. Paris, Ser. I 337 (11) (2003)) studied a Jensen’s inequality forg-expectation under the assumpti
thatg does not depend on(t, y). In this Note we consider some applications of this inequality.To cite this article: Z. Chen et
al., C. R. Acad. Sci. Paris, Ser. I 337 (2003).
 2003 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

L’inégalité de Jensen pour lag-espérance, 2ème partie.Chen et al. (C. R. Acad. Sci. Paris, Ser. I 337 (11) (2003)) a ét
l’inégalité de Jensen pour lag-espérance sous la prétention queg n’est pas fonction de(t, y). Comme suite a cette étude, no
considérons les applications de l’inégalité de Jensen dans cet article.Pour citer cet article : Z. Chen et al., C. R. Acad. Sci.
Paris, Ser. I 337 (2003).
 2003 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

Dans [3], nous démontrons une inégalité de Jensen sous la prétention queg : Rd → R est une fonction convexe
En fait, si on suppose queg a les mêmes propriétés que dans Briand et al. [2], l’inégalité de Jensen se tie
toujours. Dans cet article, nous considérons quelques applications de l’inégalité de Jensen.

1. Introduction

In [3], we show a Jensens’s inequality under the assumptiong : Rd → R is a convex function. In fact, ifg is of
the same form as in Briand et al. [2], i.e.,g :Ω × [0, T ]× Rd → R is continuous int and for eachz ∈ Rd , {g(·, z)}
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is a progressively measurable process andg(ω, t, z) is convex with respect toz, then Jensens’s inequality still
true. In this Note, we consider some applications of Jensen’s inequality.

2. Main result

Let (Ω,F ,P) be a probability space and(Bt)t�0 be ad-dimensional standard Brownian motion with resp
to filtration (Ft )t�0 generated by the Brownian motion and allP -null subsets, i.e.,Ft = σ {Bs, s ∈ [0, t]} ∨ N ,
t ∈ [0, T ], whereN is the set of allP-null subsets. Fix a real numberT > 0. We assume thatFT = F . Denote
L2(Ω,F ,P ) := {ξ : ξ is aFT -measurable andEξ2<∞}.

Let g(ω, t, zt) :Ω × [0, T ] × Rd → R satisfy the following conditions:

(A1) (Lipschitz Condition) There exists a constantK > 0, such that∀z1, z2 ∈ Rd∣∣g(ω, t, z1)− g(ω, t, z2)∣∣ �K|z1 − z2|, t � 0,

where|z| is the norm ofz ∈ Rd .
(A2) g is continuous int and∀t ∈ [0, T ], g(t,0)≡ 0.

Let Eg(·) be theg-expectations in [3] or [5]. The remainder of the notation in this Note is from [3]. Unde
above assumptions, Chen et al. [3] studied a Jensen’s inequality forg-expectation under the assumption thag
does not depend ont . This Note is a continuation of [3], and considers applications of Jensen’s inequali
g-expectations. In fact, Theorem 3.1 in [3] is still true wheng depends ont . The functiong is said to be positively
homogeneous if for eachz ∈ Rd and any positive real numberλ� 0, theng(t, λz)= λg(t, z), ∀t ∈ [0, T ].

Theorem 2.1.Letg satisfy(A1) and(A2). Supposeξ ∈L2(Ω,F ,P ) andϕ : R → R is a convex function such tha
ϕ(ξ) ∈L2(Ω,F ,P ). Then

(i) Jensen’s inequality

ϕ
(
Eg[ξ |Ft ]

)
� Eg

[
ϕ(ξ)|Ft )

]
, 0 � t � T , (1)

holds if and only ifg is uniformly positively homogeneous with respect toz;
(ii) If d = 1, the necessary and sufficient condition of Jensen’s inequality(1) to hold is that there exist two bounde

adapted processesa � 0 andb such thatg(t, z)= at |z| + btz a.e.,t ∈ [0, T ].

Proof. Applying the measurable maximum principle (see Aliprantis and Boder [1, Theorem 14.91], Rev
Yor [6, p. 44]), for eacht andz there existsbt (z) which isFt -measurable, such thatbt (z) · z= g(t, z). The rest can
be proved in a similar manner as Theorem 3.1 in [3].

Example 1.Let zi be thei-th component ofz ∈ Rd , i = 1, . . . , d . It is easy to check the following functions a
convex and positively homogeneous:

g(z)=
d∑
i=1

∣∣zi∣∣; g(z)=
√√√√ d∑
i=1

∣∣zi ∣∣2.
Thus Jensen’s inequality (1) is true for the relatedg-expectations.

Remark 1. Note that forg ≡ 0, theg-expectation is the classical mathematical expectation. Moreover, ifg is
nonlinear, then theg-expectation usually is nonlinear. In this regard, Theorem 2.1 extends the classical J
inequality.
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Corollary 2.2. SupposeH is a bounded, convex and closed subset ofRd and D := the set ofRd -valued
progressively measurable processes{vt } such that for eacht � 0, vt ∈ H a.s. Define the probability measureQv

by

dQv

dP
:= exp

{
−1

2

T∫
0

|vs |2 ds +
T∫

0

vs · dBs

}
. (2)

Thus for any convex functionϕ

ϕ
(

sup
v∈D

EQv [ξ ]
)

� sup
v∈D

EQv
[
ϕ(ξ)

]
wheneverξ , ϕ(ξ) ∈ L2(Ω,F ,P ).

Proof. g(z) = supv∈D v · z is convex and positively homogeneous. From [4], supv∈D EQv [ξ ] = Eg[ξ ] is a g-
expectation. Applying Theorem 3.1 in [1] yields the result.

The proof is now complete.

Definition 2.3 (Peng[5]). A square integrable adapted process{Xt } is called ag-martingale (sub-martingale),
for anys � t

Eg[Xs |Ft ] = (�)Xt .

Applying Jensen’s inequality, immediately we have

Corollary 2.4. Let g satisfy the conditions of Theorem2.1. If {Xt } is a g-martingale andϕ is a convex function
such thatϕ(Xt) ∈ L2(Ω,F ,P ), then{ϕ(Xt)} is ag-sub-martingale.

Many results in mathematical finance depend on the notion of complete market models. In an incomplete
sometimes we need to calculate the upper (lower) bound of the pricing of contingent claim for European
(see [4] for details), for example, if the price of a stock is a geometric Brownian motion with initial valuex:

dSt = µSt dt + σSt dBt . (3)

We sometimes need to calculate

sup
Q∈P

EQ
[
(ST − k)+]

,

whereP is a subset of all equivalent martingale measures with respect toP . In a complete market modelP is a
set of size 1. In an incomplete market modelP is an infinite set. The calculation usually is very complicated,
using Corollary 2.2 we have the following property:

Corollary 2.5. Letµ andσ > 0 in (3) be two constants andP be the set of all probability measuresQv defined
in (2) and withv ∈D, whereD is the set of all adapted bounded processes such that|vt | � |µ|/σ . Then

ess supv∈D EQv
[
(ST − k)+|Ft

]
� (St − k)+,

wherek is called the strike price. In particular whent = 0 andS0 = x
ess supv∈D EQv

[
(ST − k)+]

� (x − k)+. (4)
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Proof. Let yt := ess supv∈DEQv [(ST − k)+|Ft ]. Thenyt is the solution of BSDE:

yt = (ST − k)+ +
T∫
t

|µ|
σ

|zs |ds −
T∫
t

zs dBs.

If we chooseg(z) := |µ|
σ

|z|, then from [4]

ess supv∈D EQv
[
(ST − k)+|Ft

] = Eg
[
(ST − k)+|Ft

]
.

On the other hand, let(yt , zt ) be the solution of the following BSDE:

yt = ST − k +
T∫
t

|µ|
σ

|zs |ds −
T∫
t

zs dBs.

It is easy to check that ifµ > 0, then(yt , zt ) = (St − k,σSt ) and if µ < 0 thenyt � St − k. Applying Jensen’s
inequality yields

ess supv∈D EQv
[
(ST − k)+|Ft

] = Eg
[
(ST − k)+|Ft

]
�

(
Eg

[
(ST − k)|Ft

])+ � (St − k)+.
Taking t = 0 gives (4).
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