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Abstract

We consider a Riemannian metric in an open subset ofR
d and assume that its Riemann curvature tensor vanishes. If the m

is of classC2, a classical theorem in differential geometry asserts that the Riemannian space is locally isometrically im
in the d-dimensional Euclidean space. We establish that, if the metric belongs to the Sobolev spaceW1,∞ and its Riemann
curvature tensor vanishes in the space of distributions, then the Riemannian space is still locally isometrically immers
d-dimensional Euclidean space.To cite this article: S. Mardare, C. R. Acad. Sci. Paris, Ser. I 337 (2003).
 2003 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Sur les immersions isométriques d’un espace de Riemann sous des hypothèses faibles de régularité. On considère une
métrique Riemannienne dans un ouvert deR

d et on suppose que son tenseur de courbure de Riemann s’annule. Si la m
est de classeC2, un théorème classique en géométrie différentielle affirme que l’espace de Riemann peut être plongé lo
dans l’espace euclidiend-dimensionnel par une immersion isométrique. On établit que, si la métrique est de classeW1,∞ et
son tenseur de courbure de Riemann s’annule, alors l’espace de Riemann peut encore être plongé localement da
euclidiend-dimensionnel par une immersion isométrique.Pour citer cet article : S. Mardare, C. R. Acad. Sci. Paris, Ser. I 337
(2003).
 2003 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

On considère une métrique Riemannienne définie dans un ouvertΩ ⊂ R
d par un champ des matrice

symétriques définies positives d’ordred et l’on suppose que son tenseur de courbure de Riemann s’annule,
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p
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ij + Γ l
ikΓ

p

jl − Γ l
ij Γ

p

kl = 0 dansΩ

pour touti, j, k,p ∈ {1,2, . . . , d}, où

Γ k
ij = 1

2
gkl(∂igjl + ∂jgli − ∂lgij )

sont les symboles de Christoffel associés à la métrique(gij ).
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1631-073X/$ – see front matter 2003 Académie des sciences. Published by Elsevier SAS. All rights reserved.
doi:10.1016/j.crma.2003.09.039
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L’objet de cette Note est d’établir, sous des hypothèses faibles de régularité sur la métrique, que l’es
Riemann(Ω; (gij )) peut être plongé localement dans l’espace euclidiend-dimensionnel (identifié àRd ) par une
immersion isométrique, i.e., que pour tout pointx ∈Ω , il existe un voisinageV dex et une applicationΘ :V → R

d

telle que

gij (x)= ∂Θ(x)

∂xi
· ∂Θ(x)

∂xj

pour toutx = (x1, x2, . . . , xd) ∈ V . De plus, une telle immersion isométriqueΘ est unique aux isométries deRd

près. Lorsque l’ouvertΩ est connexe et simplement connexe, il existe une immersion isométrique défin
tout Ω (voir par exemple [1]), c’est-à-dire queV = Ω dans la définition ci-dessus. Comme le résultat loca
évidemment une conséquence du résultat global, seulement ce dernier est présenté dans cette Note, so
de deux théorèmes.

Dans le premier (Théorème 2.1), on établit l’existence d’une immersion isométriqueΘ ∈W2,∞(Ω;R
d) sous les

hypothèses que la métrique(gij ) appartient à l’espaceW1,∞(Ω;S
d
>) avec(gij )−1 ∈ L∞(Ω;M

d) et que l’ouvert
Ω est borné, connexe, simplement connexe, et satisfait la propriété du cône.

Dans le second (Théorème 2.2), on établit l’existence d’une immersion isométriqueΘ ∈W
2,∞
loc (Ω;R

d) sous les

hypothèses que la métrique(gij ) appartient à l’espaceW1,∞
loc (Ω;S

d
>) et que l’ouvertΩ est connexe et simpleme

connexe.
Les démonstrations complètes de ces deux théorèmes, esquissées dans la version anglaise, se trouve

1. Preliminaries

All functions and fields appearing in this paper are real-valued and the summation convention with re
repeated indices and exponents is used.

Thed-dimensional Euclidean space will be identified withR
d by fixing a Cartesian basis in it. Letu ·v designate

the Euclidean inner product ofu,v ∈ R
d and let|u| denote the Euclidean norm ofu ∈ R

d . The distance betwee
two subsetsA andB of R

d is defined by

dist(A,B)= inf
x∈A,y∈B |x − y|.

Let M
d designate the space of all square matrices of orderd and letSd> designate its subset consisting of

symmetric, positive definite matrices of orderd . The notation(gij ) stands for the matrix whose entries are
elementsgij , where the first index is the row index and the second index is the column index.

Let D′(Ω) denote the space of distributions defined overΩ , letWm,p(Ω;R
d) denote the usual Sobolev spac

and let

W
m,p

loc

(
Ω;R

d
) := {

v ∈D′(Ω;R
d
); v ∈Wm,p

(
U ;R

d
)

for all open setU �Ω
}
,

where the notationU � Ω means that the closure ofU in R
d is a compact subset ofΩ . For real-valued function

spaces, we shall use the notationWm,p(Ω) instead ofWm,p(Ω,R), D′(Ω) instead ofD′(Ω,R), etc.
Let x = (x1, x2, . . . , xd) andx ′ = (x1, x2, . . . , xd−1) respectively denote generic points inR

d andR
d−1 and let

∂i := ∂

∂xi
and ∂α := ∂ |α|

∂x
α1
1 · · ·∂xαdd

,

whereα := (α1, α2, . . . , αd) is a multi-index and|α| := α1 + α2 + · · · + αd .
In what follows, we make the following conventions: for anŷf ∈ L∞, we will always choose a bounde

representativef such that‖f̂ ‖L∞ = supx |f (x)|; for any f̂ ∈ W1,∞, we will always choose the continuou
representativef of f̂ .
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The following three lemmas are key ingredients in the proof of our main results (Theorems 2.1 and 2.2)

Lemma 1.1. Letf ∈ L1
loc(R

d ). Then there exists a setXd ⊂ R with zero measure such that

f (·, x̄d) ∈L1
loc

(
R
d−1) and lim

ε→0

1

2ε

x̄d+ε∫
x̄d−ε

∫
ω′

∣∣f (x ′, xd)− f (x ′, x̄d)
∣∣dx = 0

for all bounded open setsω′ ⊂ R
d−1 and all x̄d ∈ R \Xd .

Lemma 1.2. Let (gij ) ∈ S
d
>. Then there existd vectorsgi ∈ R

d , i ∈ {1,2, . . . , d}, such thatgi · gj = gij .

Lemma 1.3. LetΩ be a bounded open subset ofR
d that satisfies the cone property and let1 � p � ∞. Then

Wm,p(Ω)= {
u ∈D′(Ω); ∂αu ∈Lp(Ω) for all |α| =m

}
,

whereWm,p(Ω) := {u ∈ Lp(Ω); ∂αu ∈Lp(Ω) for all |α| �m} denotes the usual Sobolev space.

The proof of Lemma 1.1 relies on an idea which has been already put to use in other contexts (see
instance), the proof of Lemma 1.2 is straightforward, and a proof of Lemma 1.3 can be found in, e.g., [4].

2. Existence of an isometric immersion

LetΩ be a connected and simply-connected open subset ofR
d and let(Ω, (gij )) be a Riemannian space who

metric is given by a matrix field(gij ) ∈W
1,∞
loc (Ω;S

d
>). Define the Christoffel symbols

Γ k
ij (x)= 1

2
gkl(x)

(
∂igjl(x)+ ∂jgli(x)− ∂lgij (x)

)
for almost all x ∈ Ω , where (gkl(x)) is the inverse of the matrix(gij (x)). We recall that, according to th
conventions made in Section 1, the field(gij ) is the continuous representative of the class, still denoted by,(gij ).
Therefore,(gij (x)) ∈ S

d
> for all x ∈Ω . This implies that the inverse matrix(gkl) belongs toC0(Ω;S

d
>), then that

the Christoffel symbolsΓ k
ij belong to the spaceL∞

loc(Ω).
We assume that the corresponding Riemann curvature tensor vanishes, that is,

∂jΓ
p

ik − ∂kΓ
p

ij + Γ l
ikΓ

p

jl − Γ l
ij Γ

p

kl = 0 inD′(Ω) for all i, j, k,p ∈ {1,2, . . . , d}.
The aim of this section is to find a mappingΘ ∈ W

2,∞
loc (Ω;R

d) such that the restriction of thed-dimensional
Euclidean metric toΘ(Ω) is given by the matrix field(gij ). The mappingΘ is thus an isometric immersion of th
Riemannian space(Ω, (gij )) in thed-dimensional Euclidean space. This result is established in Theorem 2.

If the setΩ is bounded and satisfies the cone property (the definition can be found in, e.g., [4]) and if the
(gij ) satisfies some additional assumptions, we show that the mappingΘ belongs toW2,∞(Ω;R

d). This result is
established in the theorem below:

Theorem 2.1. Let Ω be a connected and simply-connected bounded open subset ofR
d that satisfies the con

property. Let there be given a matrix field(gij ) ∈W1,∞(Ω;S
d
>) such that(gij )−1 ∈L∞(Ω;M

d) and assume tha
the Riemann curvature tensor associated with the metric(gij ) vanishes, that is,

∂jΓ
p
ik − ∂kΓ

p
ij + Γ l

ikΓ
p
jl − Γ l

ij Γ
p
kl = 0 in D′(Ω) for all i, j, k,p ∈ {1,2, . . . , d}. (1)

Then there exists a mappingΘ ∈W2,∞(Ω;R
d), unique up to isometries inRd , such that

∂iΘ · ∂jΘ = gij in Ω.
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Sketch of proof. Let the matrix fieldΓi :Ω → M
d be given byΓi(x) = (Γ k

ij (x)) ∈ M
d , wherej is the column

index andk is the row index of the matrix. Then the Riemann compatibility conditions (1) can be written as

∂iΓj − ∂jΓi + ΓiΓj − ΓjΓi = 0 inD′(Ω;M
d
)

for all i, j ∈ {1,2, . . . , d}.
These relations make sense sinceΓi ∈ L∞(Ω;M

d). Let also a pointx0 ∈ Ω and vectorsΘ0,g0
i ∈ R

d be given
such thatg0

i · g0
j = gij (x

0) (such vectors exist thanks to Lemma 1.2).
The outline of the proof, broken into five steps numbered (i) to (v), is as follows. We first prove the existe

a matrix fieldF ∈W1,∞(Ω;M
d) such that

∂iF = FΓi in Ω and F
(
x0) = F 0, (2)

whereF 0 ∈ M
d is the matrix whosei-th column isg0

i ∈ R
d . This result is first proved locally (step (i)), the

globally by glueing together the local solutions (step (iii)). This can be done thanks in particular to the
uniqueness result proved in step (ii). The columnsgi of the matrixF(x) will turn out to be the derivatives of th
sought mappingΘ, whose existence will then be given by a generalized form of Poincaré’s theorem (step
The uniqueness up to isometries inR

d of such a mapping is proved in step (v).
(i) Local existence of a solution to the system(2). We first show that this system possesses a solution in any

subset ofRd of the formω = ∏d
i=1(x̄i − εi, x̄i + εi), wherex̄ ∈ A∩Ω andεi > 0 are such thatω ⊂Ω . The setA

is a dense subset ofR
d defined in such a way that Lemma 1.1 can be applied for all functionsΓ̂ k

ij (·, x̄l+1, . . . , x̄d),

2 � l � d , whereΓ̂ k
ij are the extensions by zero inRd of the functionsΓ k

ij .

To this end, letd vectorsḡi ∈ R
d be given such that̄gi · ḡj = gij (x̄) (their existence is insured by Lemma 1

and let�F ∈ M
d denote the matrix whosei-th column is the vector̄gi . We construct a solution to the system (

defined overω recursively. We define first a solutionF1 ∈W1,∞((x̄1 − ε1, x̄1 + ε1);M
d) to the system

∂1F1 = F1Γ1(·, x̄2, . . . , x̄d) and F1(x̄1)= F,

then a solutionF2 of classW1,∞ in (x̄1 − ε1, x̄1 + ε1)× (x̄2 − ε2, x̄2 + ε2) to the system

∂αF2 = F2Γα(·, x̄3, . . . , x̄d), α ∈ {1,2}, and F2(x̄1, x̄2)= �F,
and finally, afterd steps, a solutionF := Fd ∈W1,∞(ω;M

d) to the system

∂iFd(x)= Fd(x)Γi(x), i ∈ {1,2, . . . , d}, and Fd(x̄)= �F . (3)

Because of the lack of regularity of the coefficientsΓi , we cannot integrate these equations directly, but o
through a sequence of approximating solutions. For the last system above for instance, this sequence is d

F 0(x)= 0 and Fn+1(x)= Fd−1(x
′)+

xd∫
x̄d

(
FnΓd

)
(x ′, td)dtd ,

for almost allx ∈ ω. Then it is established by a recursion argument that, for alln� 1,

Fn+1 ∈W1,∞(
ω;M

d
)
,

∂αF
n+1(x)= (

FnΓα
)
(x)+

xd∫
x̄d

((
∂αF

n − Fn−1Γα
)
Γd

)
(x ′, td )dtd

+
xd∫

x̄d

((
Fn − Fn−1)(ΓdΓα − ΓαΓd)

)
(x ′, td )dtd for α � d − 1,

∂dF
n+1(x)= (

FnΓd
)
(x).
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Lettingn go to∞ in these relations shows that the limit inL∞(ω;M
d) of Fn satisfies the system (3). Besides

gi denotes thei-th column ofF , then one can prove that

gi (x) · gj (x)= gij (x) for all x ∈ ω.

This relation allows us to remove the assumption thatx̄ belongs to the subsetΩ ∩ A. Besides, since distance
between parallelepipeds are not easy to estimate, the local solutions to the system (2) will finally be defin
open ballsB(y, r) such thaty ∈Ω and 0< r

√
d < dist(y,Ωc), whereΩc = R

d \Ω .
(ii) LetU be a connected open subset ofΩ and letF, F̃ ∈W

1,∞
loc (U ;M

d) be such that

∂iF = FΓi and ∂i F̃ = F̃Γi a.e. inU.

Assume that there exists a pointy ∈U such thatF(y)= F̃ (y). ThenF(x)= F̃ (x) for all x ∈U .
Define the setS = {x ∈ U ; F(x)= F̃ (x)} and letx ∈ S. Then we show, by means of an inequality of Poinc

type, that there exists an open ballB(x, r)�U such thatF = F̃ in this ball. Therefore the setS is open inU . But
the setS is also closed inU , since the mappingF − F̃ is continuous overU thanks to the Sobolev imbedding
Then the connectedness ofU implies that eitherS = ∅ or S =U . SinceS contains at least the elementy, we must
haveS =U .

(iii) There exists a solutionF ∈W1,∞(Ω;M
d) to the system:

∂iF = FΓi a.e. inΩ,

F
(
x0) = F 0,

(4)

whereF 0 is the matrix whosei-th column isg0
i . Moreover,gi (x) · gj (x) = gij (x) for all x ∈ Ω , wheregi (x)

denotes thei-th column of the matrixF(x).
We define a solutionF to the system above by glueing together some sequences of local solutions d

in step (i) along curves starting from the given pointx0. Let x be a fixed, but otherwise arbitrary, point ofΩ .
Let γ ∈ C0([0,1];Ω) be a path joiningx0 to x (γ (0) = x0 and γ (1) = x), let a numberR > 0 be such tha
R

√
d < dist(γ ([0,1]),Ωc), and let a division∆ = {t0, t1, t2, . . . , tN } be such that 0= t0 < t1 < t2 < · · ·< tN = 1

and such that, for alli ∈ {0,1, . . . ,N},
γ (t) ∈ B

(
xi,R

)
for all t ∈ [ti−1, ti+1],

wherexi := γ (ti), t−1 := 0 andtN+1 := 1. LetBi denote the ball centered atxi of radiusR. Fori = 0,1,2, . . . ,N ,
we successively defineF i := F [ti ] ∈W1,∞(Bi;M

d) as the solutions to the systems

∂jF
i = F iΓj in D′(Bi;M

d
)
,

F i
(
xi

) = F i−1(xi), (5)

with the convention thatF−1(x0) := F 0. SinceR
√
d < dist(xi,Ωc), this system has a unique solution thanks

steps (i) and (ii). Then we define the solution to the system (4) by letting

F(x) := FN(x).

In this way, we have associated a value forF(x) for eachγ ,R,∆ defined as above. We prove that this definit
is unambiguous, i.e., that it does not depend on the choice ofγ , R, ∆, thanks to the uniqueness result proved
step (ii) and to the fact that the setΩ is simply-connected.

Next, we show thatF = FN in the open ballB(x,R). SinceFN belongs to the spaceW1,∞(B(x,R);M
d ) and

satisfies the system (5) withi =N , letting x vary in the setΩ shows thatF belongs to the spaceW1,∞
loc (Ω;M

d)

and satisfies the system (4). Besides, it can be shown as in step (i) that the columnsgi of F satisfy the relation
gi · gj = gij in Ω .

Since(gij ) ∈ L∞(Ω;R
d), this last relation implies thatgi ∈ L∞(Ω;R

d), hence thatF ∈ L∞(Ω;M
d). Since

we know that∂iF = FΓi ∈ L∞(Ω;M
d), the fieldF belongs to the spaceW1,∞(Ω;M

d).
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(iv) Existence of an isometric immersion.The columnsgi of the matrixF found in the previous step belong
the spaceW1,∞(Ω;R

d) and satisfy the relations

∂jgi = Γ k
jigk = Γ k

ijgk = ∂igj .

These relations, together with the assumption thatΩ is simply-connected, imply the existence of a solut
Θ ∈W

2,∞
loc (Ω;R

d) to the system

∂iΘ = gi in Ω,

Θ
(
x0) =Θ0.

To prove this generalized form of Poincaré’s theorem, we follow the same ideas as those used in establi
existence of a solutionF to the system (2).

Since the setΩ is bounded and satisfies the cone property, Lemma 1.3 shows that the mappingΘ belongs to
the spaceW2,∞(Ω;M

d).
(v) The uniqueness up to isometries ofR

d of the mappingΘ satisfying the conditions of the theorem can
established as a consequence of the uniqueness result of step (iii). This can be done as in the classical fr
where the metric is assumed to be of classC2 overΩ . ✷

The assumptions that(gij ) ∈ W1,∞(Ω;S
d
>) and(gij )−1 ∈ L∞(Ω;M

d) were needed in Theorem 2.1 in ord
to prove thatΓ k

ij ∈ L∞(Ω). However, this regularity of the Christoffel symbols has been used only to prove

Θ belongs toW2,∞(Ω;R
d) and to define the setA at the begining of the proof of Theorem 2.1. It is however

difficult to adapt this part of the proof under the assumption thatΓ k
ij belongs only toL∞

loc(Ω), a condition which is

satisfied if the matrix field(gij ) belongs toW1,∞
loc (Ω;S

d
>). Therefore, we also have the following result:

Theorem 2.2. LetΩ be a connected and simply-connected open subset ofR
d and let a metric be given inΩ by the

means of a matrix field(gij ) ∈W
1,∞
loc (Ω;S

d
>). Assume that the corresponding Riemann curvature tensor vani

that is,

∂jΓ
p
ik − ∂kΓ

p
ij + Γ l

ikΓ
p
jl − Γ l

ij Γ
p
kl = 0 in D′(Ω).

Then there exists a mappingΘ ∈W
2,∞
loc (Ω;R

d), unique up to isometries inRd , such that

∂iΘ · ∂jΘ = gij in Ω.
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