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Abstract

We consider a particular class of (non-unimodular) rankAeroups with roots not all positive, and we show that, on each
of these groups, there exists a distinguished left invariant sub-Laplacian which adbfitsiferentiable functional calculus
for everyp € [1, +00]. To citethisarticle: E. David-Guillou, C. R. Acad. Sci. Paris, Ser. | 337 (2003).

0 2003 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Multiplicateurs spectraux sur certains groupes de type NA de rang un avec des racines non-toutes positives. Nous
considérons une certaine classe de groupes de Lie (hon-unimodulaires) déAtgleerang un avec des racines non toutes
positives, et nous montrons que, sur chacun de ces groupes, il existe un sous-laplacien invariant a gauche particulier qui adm
un calcul fonctionneL P-différentiable pour toup € [1, +o00]. Pour citer cet article: E. David-Guillou, C. R. Acad. Sci. Paris,
Ser. | 337 (2003).
0 2003 Académie des sciences. Published by Elsevier SAS. All rights reserved.

1. Introduction

Let G be areal connected Lie group andXet, j =1,..., n, be leftinvariant vector fields o@. Let us assume
that these vector fields generate the Lie algebré& df.e. they satisfy Hormander’s condition) and let us denote
by A =— Z’}zl XJZ. the corresponding sub-Laplacian. The operatas formally self-adjoint and nonnegative on

the spacd.?(G) of square integrable functions with respect to the right invariant Haar measeEvery Borel
functionm bounded orR* defines therefore a bounded operata\) on L2(G), via the spectral theorem. One
question which arises naturally is that of finding sufficient conditions on the multiplss thatn (A) extends to
a bounded operator ab¥’ (G) for somep # 2 (cf. [4] for R").

WhengG is a solvable Lie group with exponential volume growth, two different situations are known: on some
groups,A-like sub-Laplacians admit a differentiabde’-functional calculus; while on other groups;like sub-
Laplacians are of holomorphic? -type.
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The aim of this Note is to show that for a non-trivial class of groGpsvhich are semidirect products of a
real nilpotent (non necessarily Euclidian) Lie grodpand the real linéR, and for which the adjoint action is
semisimple and has non-zero eigenvalues not all positive, there exists a distinghidikedub-Laplacian oG
which admits a differentiabl&?-functional calculus for every € [1, +o00] (known whenN is Euclidian [2,3]).

Note that whenV is not Euclidian, previous results (in the case of roots not all positive) concern exclusively
sub-Laplacians of holomorphic?-type [1,5].

2. Multiplierstheorem

Let H be a stratified group, that is a connected simply connected nilpotent Lie group whose Lie algdbrias
a vector space decomposition

h=EPv;
j=1

such that the subspac¥s satisfy[V1, V;1=V; 1 foreveryj=1,...,n - 1.
There is a natural family of dilations dy) namely the one parameter group of automorphisnts of

n n
Jt<ZXj)=Zeith, XjEVj,l‘ER.
j=1 j=1

We endowH with the corresponding family of dilations ot
01 = expy oo o eXpt, 1 €R,

where exp, denotes the exponential map frdjmto H. Then H is ahomogeneous growwhosehomogeneous
dimensions

n
Q=Y jdimv;.
j=0
We fix 8 real negative. LeG = H x R x R be the Lie group whose product is given by
g1-g2=(h1,a1,11) - (ha,az,t2) = (h1- oy h2, a1+ €Paz, 11+ 12),  gi = (hi,ai, 1) €G, i=1,2.

Note thatG is a solvable Lie group with exponential volume growth, and, wBesquals not—Q, that G is
moreover non-unimodular.

Let {e1, ..., eq} be a basis of the vector spate. We identifyh with an ideal of the Lie algebrg of G and
define the following left invariant vector fields an

Xo=0,,
X;p(g) =0s¢(g-expise))|,_, 8€G. ¢eCHG), j=1.....d,
Xai1=€%9,,

where exp denotes the exponential map fipto G.
The system of vector fieldg = { Xo, ..., X441} satisfies Hormander’s condition @h We shall denote

d
A:—ZXJ?
j=0

the left invariant sub-Laplacian af.
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We endowG with the right invariant Haar measurg & di da dr where di denotes a bi-invariant Haar measure
on H, and & and d denote the Lesbegue measuresRooorresponding to the variablesand: respectively. We
shall assume thak is the Friedrichs extension (i.e., the smallest self-adjoint extension)Ef;:O Xf considered

as an operator oh?(G) defined on the set of smooth functions compactly supported.on
The operaton\ is non-negative, and admits therefore a spectral resolution

+00
A= / MAE;,
0

wherekE; are self-adjoint projections. Each Borel functiebounded ofiR* can then be associated with a bounded
operator on.2(G) via the formula

+00
m(A) = / m(1) dEy. (1)
0
We can now enunciate the multipliers theorem which motivates this note:

Theorem 2.1. Let G and A be as above. Suppose thais a real function compactly supported]i@, +oo[ which
belongs to the Sobolev spag?/4+11/2+¢(R+) for somes > 0. Then the operatom (A) defined by(1) extends
to an operator bounded oh? (G) for all p € [1, co].

3. L! estimate on the heat kernel

Let p, be the heat kernel associated with the sub-Laplagian
e p=px¢, ¢eCFG), 1>0,

wheresx; denotes the product of convolution in the sp@ééG, d’ g) defined with respect to the left invariant Haar
measure ol d'g = e (A1 g,

We shall considep, the analytical extension diz > 0 of the heat kernep,.

We derive Theorem 2.1 (see, e.g., [6]) from ttieestimate on the heat kernel given by the following theorem:

Theorem 3.1. Let G and p, be as above. There exists> 0 such that

30/4+5
Ipitishiig < C(L+15)°2*° seRr.

4. Weighted L? estimates

Let us fix a homogeneous norim|z on the homogeneous group. We define the function
(@ =h% lal, g=(ha,1)eG.

We estimate the.® norm of p1.i; by means of two terms, on the one hand a weigHtédorm of p1.i, (the
weight beingw), and on the other hand a term which compensate the introduction of

Proposition 4.1. There exist€ > 0 such that

30/4+2

|2 prsis] 2y < C(1+Is1) seR.
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Proposition 4.2. Let Br denote the ball centered in the neutral elemenGoénd of radiusr for the Carnot—
Caratheodory distance o6 related tox, whereR is real positive. Ifc > 0 is large enough, there exists > 0
such that

1/2 3
|+ o, SC(A+1s)°, seR.
Propositions 4.1 and 4.2 imply Theorem 3.1 (see [2]). Proposition 4.2 follows from easy properties of the
homogeneous norm.

Proposition 4.1 is much more delicate to establish. We base its proof on various intermediate estimates, the mos
relevant one being given by the following technical lemma:

Lemma 4.3. There exist€ > 0 such that

10, ]| 1712/21a ™2 pris | %]

0 0-1
<C<Z sup [e® 2 1 n 2 peyi| P+ sup ||e%f|h|k/2|all/2ps+is||2), seR.
i=olE-1<1/2 0 le-11<1/2

Detailed proofs of Theorems 2.1 and 3.1 will appear later on.

References

[1] M. Christ, D. Mller, OnL? spectral multipliers for a solvable Lie group, Geom. Funct. Anal. 6 (5) (1996) 860-876.

[2] W. Hebisch, Boundedness &f* spectral multipliers for an exponential solvable Lie group, Collog. Math. 73 (1) (1997) 155-164.

[3] W. Hebisch, Spectral multipliers on metabelian groups, Rev. Mat. Iberoamericana 16 (3) (2000) 597-604.

[4] L. Hérmander, Estimates for translation invariant operatorsfirspaces, Acta Math. 104 (1960) 93-140.

[5] J. Ludwig, D. Miller, Sub-Laplacians of holomorphi@’-type on rank onéN-groups and related solvable groups, J. Funct. Anal. 170 (2)
(2000) 366—-427.

[6] S. Mustapha, Multiplicateurs de Mikhlin pour une classe particuliere de groupes non-unimodulaires, Ann. Inst. Fourier (Grenoble) 48 (4)
(1998) 957-966.



