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Abstract

We classify regular holonomicD-modules whose characteristic variety is contained in the union of conormal bundles
orbits of the group of invertible matrices. The main result is an equivalence between the category of suchD-modules and the
one of graded modules of finite type over a Weyl algebra.To cite this article: P. Nang, C. R. Acad. Sci. Paris, Ser. I 338 (2004).
 2003 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

D-modules associés aux matrices3 × 3. On classifie lesD-modules holonômes réguliers dont la variéte caractérist
est contenu dans la réunion des fibrés conormaux aux orbites du groupe des matrices inversibles. Le résultat princip
équivalence entre la catégorie de telsD-modules et celle des modules gradués de type fini sur une algèbre de Weyl.Pour citer
cet article : P. Nang, C. R. Acad. Sci. Paris, Ser. I 338 (2004).
 2003 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

SoientX l’espace vectoriel complexe des matrices carrées d’ordre 3,DX le faisceau des opérateurs différenti
sur X. Le groupeGL3(C) × GL3(C) opère surX par : ((g,h),A) �→ gAh−1. Nous noteronsG le quotient de
GL3(C)× GL3(C) par le noyau de cette action et̃G := SL3(C)× SL3(C)×C son revêtement universel. Le grou
G a quatre orbitesXi : les ensembles de matrices de rangi = 0,1,2,3. On se propose de classifier lesDX-
modules holonômes réguliers dont la variéte caractéristique est contenue dans la réunionΛ des fibrés conormau
aux orbites. Nous noterons Modrh

Λ(DX) cette catégorie. On prouve le théorème suivant : soientθ le champ d’Euler
sur X et B l’algèbre de Weyl des opérateurs différentielsG̃-invariants opérant sur les fonctions̃G-invariantes.
Notons Modgr(B) la catégorie desB-modules gradués de type finiT tels que dimC C[θ ]u<∞ ∀u ∈ T .

Théorème 0.1.Les catégoriesModrh
Λ(DX) et Modgr(B) sont équivalentes.

De tels objets peuvent être interprétés en termes de diagrammes finis d’applica tions linéaires. Bien av
étude, des résultats similaires ont été obtenus par plusieurs auteurs. Boutet de Monvel [1] a classifié lesDC-modules
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1631-073X/$ – see front matter 2003 Académie des sciences. Published by Elsevier SAS. All rights reserved.
doi:10.1016/j.crma.2003.11.003
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holonômes réguliers en utilisant des paires deC-espaces vectoriels liés par certaines applications linéaires. Ga
Granger et Maisonobe [2] ont obtenu, en utilisant la correspondance de Riemann–Hilbert, une classifica
DCn -modules à singularités régulières le long dex1 . . . xn par des 2n-tuples deC-espaces vectoriels munit d’u
ensemble d’applications linéaires. MacPherson et Vilonen [9] ont traité le cas à singularités le long de la
yn = xm. Enfin, l’auteur [11] a donné une présentation explicite dans le cas du cône quadratique dansCn (cf.
aussi [3]) etc.

1. Introduction

LetX be the complex vector space of square matrices of order 3, DX the sheaf of differential operators on it. T
groupGL3(C)× GL3(C) acts onX by: ((g,h),A) �→ gAh−1. Denote byG the quotient ofGL3(C)× GL3(C) by
the kernel of this action and̃G := SL3(C)×SL3(C)×C its universal covering. The groupG has four orbitsXi : the
sets of matrices of ranki = 0,1,2,3. Our aim is to classify regular holonomicDX-modules whose characterist
variety is contained in the unionΛ of conormal bundles to these orbits. Denote by Modrh

Λ(DX) this category. We
prove the following theorem: letθ be the Euler vector field onX andB the Weyl algebra of̃G-invariant differential
operators acting oñG-invariant functions. Denote by Modgr(B) the category of gradedB-modulesT of finite type
such that dimC C[θ ]u<∞ ∀u ∈ T .

Theorem 1.1.The categoriesModrh
Λ(DX) andModgr(B) are equivalent.

Let us mention that the objects in the category Modgr(B) can be understood in terms of finite diagrams
linear maps. Even before our study, results along these lines have been obtained by several authors.
Monvel [1] classified regular holonomicDC-modules by using pairs of finite dimensionalC-vector spaces relate
by certain linear maps. Galligo, Granger and Maisonobe [2] obtained, using the Riemann–Hilbert correspo
a classification of holonomicDCn -modules with singularities alongx1 · · ·xn by using 2n-tuples ofC-vector spaces
with a set of linear maps. MacPherson and Vilonen [9] treated the case with singularities along the curveyn = xm.
Finally, the author [11] constructed an explicit presentation in the case of the quadratic cone inCn (see also [3])
etc.

2. Preliminary notions and results

2.1. Homogeneous D-modules

We will use the theory of analyticD-modules developed in [4–8].

Definition 2.1. Let M be aDX-module. We say thatM is homogeneous if there is a good filtration stable un
the action of the Euler vector fieldθ onX. We say that a sections of M is homogeneous if dimC C[θ ]s <∞. The
sections is said to be homogeneous of degreeλ ∈ C if there existsj ∈ N such that(θ − λ)j s = 0.

Theorem 2.2[11, Theorem 1.3].LetM be a coherent homogeneousDX-module with a good filtration(FkM)k∈Z

stable byθ . Then
(i) M is generated by a finite number of global sections(si )i=1,...,p in M such thatdimC C[θ ] si <∞,
(ii) the vector spaceΓ (X,FkM)∩ [⋃p∈N

ker(θ − λ)p] of homogeneous global sections ofFkM of degreeλ is
finite dimensional∀k ∈ Z, ∀λ ∈ C.

2.2. Algebra of invariant operators

Now denote byW the Weyl algebra onX. Let us describe the algebra�B := Γ (X,DX)
G̃ ⊂ W of G̃-invariant

differential operators. Letx1 = (xij ), d1 =t (∂/∂xij ) be matrices with entries inDX . The groupG̃ acts on
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these matrices by:g · (x1, d1) = (ax1b
−1, bd1a

−1) ∀g = (a, b) ∈ G̃. Let x2 := det(x1)x
−1
1 (resp.d2) be the

adjoint matrice ofx1 (resp.d1). Denote by Tr the trace map. We setδ := 1
3 Trx1x2 = det(xij ), ∆ := 1

3 Trd1d2 =
det(∂/∂xij ), θ := Trx1d1, q := Trx2d2. We have the following proposition.

Proposition 2.3.The algebra�B is generated overC by δ, ∆, θ, q such that

(r1) [θ, δ] = +3δ, [θ,∆] = −3∆,

(r2) [q, δ] = 2θδ, [q,∆] = −2∆θ,

(r3) [∆,δ] = q

3
+ 2

(
θ

3
+ 1

)(
θ

3
+ 3

)
, [θ, q] = 0.

Denote byI ⊂W the left ideal generated by infinitesimal generators ofG. If we putJ := �B ∩ I, thenJ is the
two sided ideal generated byq3 − θ

3(
θ
3 + 1) andδ∆− θ

3(
θ
3 + 1)( θ3 + 2) andB := �B/J is the algebra of̃G-invariant

differential operators acting oñG-invariant functions.

3. Modules with support on matrices of rank�2

Let us denote byXi := {x ∈ X | rank(x) � i} (i = 0,1,2). We still denote byδ, the determinant ma
δ :X → C, x = (xij ) �→ det(x). Then we haveX2 := {x ∈X, δ(x)= 0}. In this section, we study theDX-modules
in Modrh

Λ(DX) with support onXi . This study will be effectively used in the next section to prove that anyDX-
moduleM in Modrh

Λ(DX) is generated by its̃G-invariant homogeneous global sections.

3.1. Study of the inverse image

For aDC-moduleN , we denote byδ+N its inverse image byδ. Let t be a coordinate ofC and∂t := ∂
∂t
, I3 the

identity matrice inX. The transfer moduleD
X

δ→C
is generated by an elementK subject to the following relation

δK =Kt, d1K = x2K∂t . (1)

These relations imply the following

x1d1K = I3Kt∂t , θK = 3Kt∂t , (2)

d2K = x1K∂t(t∂t + 1), x2d2K = I3Kt∂t (t∂t + 1), (3)

qK = 3Kt∂t (t∂t + 1), ∆K =K∂t(t∂t + 1)(t∂t + 2). (4)

The transfer moduleD
X

δ→C
is flat overδ−1(DC) so the inverse image functorδ+ is exact. IfN is a regular

holonomicDC-module with singularity att = 0, then its inverse imageδ+N decomposes asN . If the operator of
multiplication byt is invertible on theDC-moduleN , thenδ is invertible onδ+N . In particular, in this case an
meromorphic section defined onX \X2 extends to the wholeX.

3.2. Characterization ofδ+(OC(
1
t
))

Now let us describe the submodules ofP := δ+(OC(
1
t
)) = OX(

1
δ
). TheDX-moduleP is generated by its

G̃-invariant homogeneous sectionsek =Ktk = δkK, k ∈ Z�0. We have

δek = ek+1, d1ek = kx2ek−1, (5)

d2ek = k(k + 1)x1ek−1, ∆ek = k(k + 1)(k + 2)ek−1. (6)
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TheDX-moduleP has 4 submodulesPj , generated byej (j = 0,−1,−2,−3). Denote byPj the quotient module
associated toPj : P 0 = P0; Pj = Pj/Pj+1 if j = −1,−2,−3. The quotientPj is an irreducible holonomicDX-
module of multiplicity 1, whose microsupport isΛ3+j = T ∗

X3+j
X. Indeed we haveP 0 = OX and the following

description

IrreducibleD-modules Associated generators and relations

P−1 with
char(P−1)= T ∗

X2
X

generator̃e−1,

δẽ−1 = 0,
d2ẽ−1 = 0,
x1d1ẽ−1 = −I3ẽ−1,

θ ẽ−1 = −3ẽ−1,

(7)

P−2 with
char(P−2)= T ∗

X1
X

generator̃e−2,

x2ẽ−2 = 0,
∆ẽ−2 = 0,
x1d1ẽ−2 = −2I3ẽ−2,

θ ẽ−2 = −6ẽ−2,

(8)

P−3 with
char(P−3)= T ∗

X0
X

generator̃e−3,{
xẽ−3 = 0,
θ ẽ−3 = −9ẽ−3.

(9)

Therefore using the relations (5), (6) and the fact that thePj are irreducible modules, we see that ifN is a
submodule ofP which is not contained inPj thenN containsPj+1. Thus we have proved the following lemma

Lemma 3.1.P0, P−1, P−2, P−3 are the only submodules ofP .

Next we have the following proposition.

Proposition 3.2.Any sections ∈ Γ (X \ X1,P−2) (resp.Γ (X \ X0,P−1)) of theDX-moduleP−2 (resp.P−1)

defined on the complementary ofX1 (resp.X0 = {0}) extends to the wholeX.

Proof. TheDX-modulePj is the union of modulesOXẽk such that the associated graded module gr(Pj ) is the sum
of modulesOX3+j

ẽk (j � k � 0, j = −1,−2). In this case the property of “extension” here is true for functi

because the hypersurfaceX2 is normal (alongX1) andX1 is normal. ✷
4. Invariant sections

Let M be an object in ModrhΛ(DX). In this section, we show thatM is generated bỹG-invariant homogeneou
global sections. This fact is at the heart of the proof of our main theorem. In an attempt to do it, first

that there exits aDC-moduleN such thatM is isomorphic toδ+N in X \ X2. Let i :C →X, t �→
( t 0 0

0 1 0
0 0 1

)
be

a section of the determinant mapδ :X → C, x �→ det(x), i.e., δ ◦ i(C) = C. Denote byD := i(C) its image.
The lineD is non characteristic forM, i.e., T ∗

DX ∩ char(M) ⊂ T ∗
XX. ThenM is canonically isomorphic to

δ+i+(M) in the neighborhood ofD. We know from [4] thatHomDX
(M, δ+i+(M)) is a constructible shea

Also HomDX
(M, δ+i+(M)) is locally constant on the fibersδ−1(t), t ∈ C. The sheafHomDX

(M, δ+i+(M))

has a canonical sectionu defined in the neighborhood of the lineD (corresponding with the isomorphis
M ∼→ δ+i+(M) which induces the identity onD). Since the fibersδ−1(t), t �= 0 ∈ C are simply connected (se
Theorem 5.2 of [10]), we have the following proposition.
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Proposition 4.1. The canonical isomorphismu : M ∼→ δ+i+(M) defined in the neighborhood ofD such that
i+ · u= Id|D , extends toX \X2.

Now we can prove the following theorem.

Theorem 4.2.TheDX-moduleM is generated by its̃G-invariant homogeneous global sections.

Proof. Recall P := δ+(OC(
1
t
)) = OX(

1
δ
). It has 4 submodules denoted byPj , generated by the invarian

homogeneous sectionej (j = 0,−1,−2,−3) (see Section 3.2). LetMG ⊂ M be the submodule generated ov
DX by G̃-invariant homogeneous global sections. We are going to show successively that the quotientM�MG is
a module with support onXi (i = 0,1,2).

FirstM�MG is with support onX2: indeed, we know from Proposition 4.1 thatM is isomorphic inX \ X2
to a moduleδ+N . We may assume that the operator of multiplication byt is invertible onN such that there is
morphismv :M → δ+N which is an isomorphism out ofX2 (see Section 3.1). The imagev(M) is a submodule
of δ+N thus it is generated by its invariant global sections, and any invariant sections of a quotient ofM lifts to
an invariant sectioñs of M (i.e. s̃ ∈ Γ (X,M)G). ThereforeM�MG is with support onX2.

If M is with support onX2, it is isomorphic out ofX1 to a direct sum of copies ofP−3�P0, then there is
a morphismM → (P−3�P0)

N whose sections extend such thatM�MG is with support onX1 because the
submodules ofP−3�P0 are also generated by their invariant sections. In the same way, ifM is with support on
X1 then there is a morphismM → (P−3�P−1)

N which is an isomorphism out ofX0 = {0}, such thatM�MG

is with support on{0} because the submodules ofP−3�P−1 are also generated by their invariant sections. Fina
if M is with support onX0 = {0} the result is obvious. ✷
5. Main result

Recall thatW indicates the Weyl algebra onX andB ⊂ W is the algebra of̃G-invariant differential operator
generated byδ, ∆, θ, q satisfying the relations(ri )i=1,2,3 of Proposition 2.3. We denoted byB the quotient of�B
by the two sided idealJ generated byδ∆− θ

3(
θ
3 + 1)( θ3 + 2) andq − θ( θ3 + 1). As in the introduction Modgr(B)

stands for the category of gradedB-modulesT of finite type such that dimC C[θ ]u <∞ ∀u ∈ T .
If M is an object in ModrhΛ(DX), denote byΨ (M) the submodule ofΓ (X,M) consisting of̃G-invariant global

sectionsu of M such that dimC C[θ ]u < ∞. RecallΨ (M)λ := [Ψ(M)] ∩ [⋃p∈N
ker(θ − λ)p] is theC-vector

space of homogeneous global sections of degreeλ of Ψ (M) and thatΨ (M)= ⊕
λ∈C

Ψ (M)λ (see Theorem 2.2)
ThenΨ (M) is an object in Modgr(B). Conversely, ifT is an object in Modgr(B), one associates to it theDX-
moduleΦ(T ) :=M0

⊗
B T whereM0 :=W/I with I the left ideal generated by infinitesimal generators ofG.

ThenΦ(T ) is an object in ModrhΛ(DX). Thus, we have defined two functorsΨ : Modrh
Λ(DX) → Modgr(B) and

Φ : Modgr(B)→ Modrh
Λ(DX).

Theorem 5.1.The functorsΨ andΦ induce an equivalence of categories

Modrh
Λ(DX)

∼−→Modgr(B). (10)

Proof. First, denote byε the canonical generator ofM0 := W/I. If h ∈ W , denote bỹh ∈ �B its average ove
SU3(C)×SU3(C). The average operatorW → �B, h �→ h̃ induces a surjective morphism ofB-modulesv :M0 →
B. More generally, for anyT in Modgr(B) the morphismv⊗1T is a surjective mapvT :M0

⊗
B T → B

⊗
B T = T

which is the left inverse ofuT :T → M0
⊗

B T , t �→ ε ⊗ t . ThusuT is injective. Next, the image ofuT is exactly
the set of invariant sections ofM0

⊗
B T := Φ(T ) that is ImuT = Ψ (Φ(T )). ThereforeuT is bijective fromT

to Ψ (Φ(T )). Now consider the canonical morphismw : Φ(Ψ (M)) → M. From Theorem 4.2M is generated
by its invariant sectionsΨ (M) thusw is surjective. The kernelQ := kerw is also generated byΨ (Q). Then
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Ψ (Q) ⊂ Ψ [Φ(Ψ (M))] = Ψ (M). SinceΨ (M)→ M is injective we obtainΨ (Q)= 0. ThusQ= DXΨ (Q)= 0
(see Theorem 4.2). Thereforew is bijective. ✷
5.1. Diagram associated to aD-module

A gradedB-module T in Modgr(B) defines an infinite diagram consisting of finite dimensional ve
spacesTλ (with (θ − λ) being nilpotent on eachTλ, λ ∈ C) and linear maps between them deduced from

multiplication by δ, ∆, q : · · · � Tλ
δ

�
∆

Tλ+3 � · · · satisfying the relations(ri )i=1,2,3 of Proposition 2.3 and

δ∆= θ
3(

θ
3 + 1)( θ3 + 2), ∆δ = ( θ3 + 1)( θ3 + 2)( θ3 + 3), q = θ( θ3 + 1). Such a diagram is completely determined

a finite subset of objects and arrows. Indeed
(a) For σ ∈ C/3Z, denote byT σ ⊂ T the submoduleT σ = ⊕

λ=σmod3Z Tλ. ThenT is generated by the finit
direct sum ofT σ ’s

T =
⊕

σ εC/3Z

T σ =
⊕

σ εC/3Z

( ⊕
λ=σmod3Z

Tλ

)
.

(b) If σ �= 0 mod3Z (λ = σ mod3Z), then the linear mapsδ and∆ are bijective. ThereforeT σ is completely
determined by one elementTλ.

(c) If σ = 0 mod3Z (λ = σ mod3Z), thenT σ is completely determined by a diagram of four elements

T−9
δ

�
∆

T−6
δ

�
∆

T−3
δ

�
∆

T0.

In the other degreesδ or∆ are bijective thanks to the relations∆δ = ( θ3 +1)( θ3 +2)( θ3 +3), δ∆= θ
3(

θ
3 +1)( θ3 +2).
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