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Abstract

We consider the compressible 1D-Navier–Stokes system for a viscous heat-conducting gas, with a pressure lawp(ρ, θ) =
Rρθ + a

3θ4 and a one-order kinetics to include radiative and reactive processes. The mass force and the ignition phe
are also taken into account. For large data and under general assumptions on the heat conductivity, we establish glo
bounds and exponential stabilization for solutions inLq andH 1-norms, by using new Lyapunov functionals.To cite this article:
B. Ducomet, A. Zlotnik, C. R. Acad. Sci. Paris, Ser. I 338 (2004).
 2003 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Stabilisation pour un écoulement 1D de fluide compressible radiatif et réactif.Nous étudions le système de Navie
Stokes 1D décrivant un fluide compressible conducteur avec contribution radiative, couplé à une cinétique chimique d
ordre. On tient compte d’un champ de force externe ainsi que d’une température d’ignition. Pour de grandes donné
des conditions générales sur la conductivité, nous prouvons l’existence globale d’une solution et sa stabilisation en nLq

et H 1, en introduisant de nouvelles fonctionnelles de Lyapunov.Pour citer cet article : B. Ducomet, A. Zlotnik, C. R. Acad.
Sci. Paris, Ser. I 338 (2004).
 2003 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

Nous étudions un modèle monodimensionnel de gaz réactif décrivant de manière simplifiée l’évolutio
étoile gazeuse radiative. Le milieu est décrit par le système de Navier–Stokes compressible couplé à une
chimique du premier ordre. On suppose que le gaz et le rayonnement sont à l’équilibre thermodynamiq
(modèle du gaz de Rosseland) : la pression, l’énergie et la conductivité thermique ont une composante
de type Stefan–Boltzmann. On tient également compte d’un champ de force externe qui sert à rendre c
l’autogravitation ainsi que d’une température d’ignition positive pour la cinétique, qui modélise l’allumag
réactions thermonucléaires.

E-mail addresses:bernard.ducomet@cea.fr (B. Ducomet), zlotnik@apmsun.mpei.ac.ru (A. Zlotnik).
1631-073X/$ – see front matter 2003 Académie des sciences. Published by Elsevier SAS. All rights reserved.
doi:10.1016/j.crma.2003.11.013
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On considère un problème à frontière libre associé, où les bords de l’étoile sont libres de se dépla
l’action de la dynamique interne, du champ de forces et de la combustion du gaz.

Pour de grandes données et sous des conditions générales sur la conductivité, nous prouvons l’existen
d’une solution et sa stabilisation en normesLq et H 1, à l’aide de nouvelles fonctionnelles de Lyapunov.

Précisons que, contrairement aux travaux précédents sur des sujets reliés [2–5], la prise en compte d’
externe et d’une température d’ignition complique notablement l’analyse du comportement asymptotiqu
solution aux grands temps.

1. Statement of the problem and main results

We consider the compressible Navier–Stokes system describing 1D-flows of a viscous heat-conducting
and reactive gas

ηt = vx, vt = σx + g, êt = πx + σvx + λf (θ)z, zt = sx − f (θ)z, (1)

σ = νρvx − p̂, ρ = η−1, π = κ̂ρθx, s = dρ2zx, (2)

for (x, t) ∈ Q ≡ Ω × R+ = (0, M) × (0,∞), together with the equations of state

p(η, θ) = Rη−1θ + a

3
θ4, e(η, θ) = cV θ + aηθ4. (3)

Hereafter the abbreviation for the compositionsb̂(x, t) = b(η(x, t), θ(x, t)) is used, forb = e, p, κ, etc.;x, t are
the Lagrangian mass coordinates. We exploit the following boundary and initial conditions:

v|x=0 = 0, σ |x=M = −pΓ , π |x=0 = 0, θ |x=M = θΓ , s|x=0,M = 0, (4)

(η, v, θ, z)|t=0 = (
η0(x), v0(x), θ0(x), z0(x)

)
, for x ∈ Ω, (5)

with given outer pressurepΓ = const> 0 and temperatureθΓ = const> 0.
The unknown quantitiesη > 0, v, θ > 0 and 0� z � 1 are the specific volume, the velocity, the absol

temperature and the concentration of unburnt gas. The other quantitiesρ, σ, p, e, −π and−s are the density, th
stress, the pressure, the internal energy, the heat flux and the diffusion flux. Let alsoS(η, θ) := R logη + cV logθ +
4
3aηθ3 be the entropy. Finallyκ(η, θ) andg(x) are the heat conductivity and the mass force, and the quan
ν, R, a, cV , λ, d andM are positive physical constants.

The linearθ -terms in (3) correspond to the perfect polytropic contribution whereas theθ4-terms correspond t
the Stefan–Boltzmann radiative law. The last terms complicate the problem significantly, even forz ≡ 0.

For the non-radiative (a = 0) reactive case, global solutions and their stabilization were analyzed in [1–3,1
etc.; see also a local in time 3D result for the radiative non-reactive case in [10]. The general case was s
[5] but for highly growing (inθ ) κ(η, θ) only (not covering the most physically interesting case).

In this paper, for large data and under general assumptions onκ(η, θ), we present various global bounds for t
strong solution and establish its global exponential decay ast → ∞ in Lq andH 1-norms. Moreover, we show tha
the dynamics of solutions is described by (new) Lyapunov functionals.

In contrast to previous works, notice that we take into account large mass forceg = g(x) as a simplified
description of self-gravitation. Thus the stationary specific volume is no more a constant, which complica
study. Moreover the condition we impose on the datag, pΓ andθΓ to get stabilization is sharp. Finally, we tre
the case of a chemical reaction with an ignition temperature, which strongly modifies the dynamics.

We use the classical Lebesgue and Sobolev spacesLq(G) andW1,q(G), for q ∈ [1,∞], with H 1(G) = W1,2(G)

and H 0(G) = L2(G). We also need the Lebesgue and Sobolev spacesLq,r (QT ) and H 2,1(QT ) ≡ W
2,1
2 (QT )

(see [8]), forQT := Ω × (0, T ) with 0 < T � ∞, endowed with the norms

‖w‖Lq,r (QT ) = ∥∥‖w‖Lq (Ω)

∥∥
Lr(0,T )

, ‖w‖H 2,1(QT ) = ‖w‖V2(QT ) + ‖wx‖V2(QT ) + ‖wt‖L2(QT ),
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whereV2(QT ) is the standard energy space with the norm‖w‖V2(QT ) = ‖w‖L2,∞(QT ) + ‖wx‖L2(QT ). We denote

Iw(x) = ∫ x

0 w(ξ) dξ , I∗w(x) = ∫ M

x
w(ξ) dξ , 〈w〉 = 1

M

∫
Ω

w(x) dx andDt = d
dt

.
Assume first thatκ(η, θ) is continuously differentiable and satisfies 0< κ � κ(η, θ) onR+ ×�R+ only. Let also

f be a (globally) Lipschitz continuous function on�R+, such thatf (θ) = 0, for 0� θ < θI , and 0< f (θ) � f̄ , for
θ > θI , whereθI � 0 is the ignition temperature (the caseθI = 0, without ignition, is accepted, too). Finally let u
limit ourselves to the case of global strong solutions such that

η, ηx, ηt ∈ L2,∞(QT ), min�QT

η > 0; v, θ, z ∈ H 2,1(QT ), θ > 0 in �Ω × (0, T ], ∀T < ∞. (6)

To insure the existence of a solution, the following requirements on the data are necessary

η0, v0, θ0, z0 ∈ H 1(Ω), g ∈ L2(Ω), min�Ω
η0 > 0, θ0 � 0, v0(0) = 0, θ0(M) = θΓ . (7)

We begin with an elementary result on the stationary problem, i.e., the system

vx = 0, σx + g = 0, πx + λf (θ)z = 0, sx − f (θ)z = 0,

together with (2), forx ∈ Ω , and also with the first relation (3), under the boundary conditions (4).

Proposition 1.1.Let g ∈ L1(Ω). The weak solutionηS, vS, θS, zS ∈ W1,1(Ω) of the stationary problem such th
min �Ω ηS > 0 andθS � 0 exists if and only if the condition

a

3
θ4

Γ < pS min := min�Ω
pS, with pS := pΓ − I∗g, (8)

is satisfied. Under this condition, the solution is such that

vS(x) ≡ 0, p
(
ηS(x), θS(x)

) = pS(x), θS(x) ≡ θΓ , zS(x) ≡ const on�Ω; (9)

consequentlyηS = RθΓ /(pS − a
3θ4

Γ ). Moreover the componentzS = 0 is unique provided thatθΓ > θI .

Due to condition (8), for the stationary pressurepS both the gas pressure and radiation pressure can be iden
(see (3) and (9)). Forg = 0, condition (8) takes the simple forma3θ4

Γ < pΓ .
Let N > 1 be an arbitrarily large parameter andK = K(N), K1 = K1(N) be positive nondecreasing functio

of N which may also depend on the physical constants of the problem,κ, f̄ , η (see (12) below), etc. We also defi

the functionΨ (ζ ) := ζ − logζ − 1, for ζ > 0, and set̃η = η/ηS, θ̃ = θ/θΓ , θ̃ 0 = θ0/θΓ .

The first theorem describes theLq(Ω)-behaviour of the solution together with theH 1(Ω)-behaviour ofz.

Theorem 1.2.Assume that the data are such that

N−1 � η0 � N,
∥∥v0

∥∥
L2(Ω)

+ ∥∥θ0
∥∥

L4(Ω)
+ ∥∥logθ0

∥∥
L1(Ω)

� N, 0 � z0 � 1, j
∥∥z0

x

∥∥
L2(Ω)

� N, (10)

‖g‖L1(Ω) � N,
(
1+ N−1)a

3
θ4

Γ � pS min, (11)

where the parameterj may be equal to0 or 1.
(1) The following bounds hold inQ

0 < η � η(x, t) � η̄ = K in �Q,

‖η − ηS‖L2(Q) + ‖v‖V2(Q) + ∥∥θ−1/2vx

∥∥
L2(Q)

+ ‖σ + pS‖L2(Q) � K,

‖θ‖L4,∞(Q) + ‖logθ‖L1,∞(Q) + ∥∥√
κ̂θ−1θx

∥∥
L2(Q)

� K,

0� z(x, t) � 1 in �Q,
∥∥f (θ)z

∥∥
1 � M, ‖zx‖L2(Q) + j

(‖zt‖L2(Q) + ‖s‖V2(Q)

)
� K.

(12)
L (Q)
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Moreover, the following stabilization properties of the solution hold ast → ∞
V(1)(t) := 〈(

η(·, t) − ηS(·))2 + v2(·, t) + (
1+ θ(·, t)

)2(
θ(·, t) − θΓ

)2 + Ψ
(
θ̄ (·, t)

)〉 → 0, (13)∥∥z(·, t) − zS

∥∥
H j (Ω)

→ 0, (14)

for some constantzS (depending on the data) such that0� zS � 〈z0〉.
(2) In the caseθΓ > θI , one haszS = 0, and the behaviour of the solution with respect to time is described

Lyapunov functionalW(1), the explicit form of which is given below, such that

DtW(1) + K−1W(1) � 0, K−1W(1) � W(1) � KW(1), with W(1) := V(1) + 〈
z + jz2

x

〉
,

on R+. Consequently one hasW(1)(t) � K e−α1tW(1),0, f or t � 0, whereα1 = 1
K

andW(1),0 := 〈(η0 − ηS)2 +
(v0)2 + (1+ θ0)2(θ0 − θΓ )2 + Ψ (θ̄ 0) + z0 + j (z0

x)2〉.
(3) In the caseθΓ < θI , let us definetR := min{T � 0; θ(x, t) � θI , ∀x ∈ Ω, t � T } and suppose thattR < ∞.

Then, fort � tR , the dynamics of the solution with respect to time is essentially decoupled

DtV (1) + K−1(V (1) + 〈
v2

x

〉)
� 0, DtZ + K−1Z � j K

〈
v2

x

〉
,

K−1V(1) � V (1) � KV(1), K−1‖z − zS‖2
H j (Ω)

�Z � K‖z − zS‖2
H j (Ω)

,

together with the property〈z(·, t)〉 ≡ zS ; moreover, the lower bound holdszS � e−f̄ tR 〈z0〉. Clearly one has

V(1)(t) � K e−α1(t−tR)V(1)(tR),
∥∥z(·, t) − zS

∥∥2
H j (Ω)

� K e−ᾱ1(t−tR)
(∥∥z(·, tR) − zS

∥∥2
H j (Ω)

+ jV(1)(tR)
)
,

for t � tR, with α1 := 1/K andᾱ1 := 1/K1. Hereafter,K, K1 do not depend ontR .

Remark 1. The following inequality holds〈|p̂ − pS | + |ê − e(ηS, θΓ )| + |Ŝ − S(ηS, θΓ )|〉 � K
√

V(1) on �R+
describing theL1(Ω)-behaviour in time for the pressure, the internal energy and the entropy.

Let us give some comments concerning this theorem.

(1) The second condition (10) can be replaced equivalently by more physical ones〈1
2(v0)2+e(η0, θ0)+λz0〉 � N ,

〈S(η0, θ0)〉 � −N, involving the total initial energy and entropy in the left-hand sides.
(2) Condition (8) implies the second condition (11), for sufficiently largeN .
(3) In (12),η andη do not depend on each other.

(4) In fact, we haveL4(Ω)-decay ofθ along withLq(Ω)-decay forη andz (even forj = 0), since

‖θ − θΓ ‖4
L4(Ω)

+ ‖η − ηS‖q

Lq (Ω) � K(q)V(1), ∀q ∈ [2,∞); ‖z‖q

Lq (Ω) � M〈z〉, ∀q ∈ [1,∞).

(5) Bothθ -terms in (13) are essential to garantee the validity of the important Remark 1.
(6) In the caseθΓ > θI , the propertyzS = 0 means that all the fuel is burnt ast → ∞. In the caseθΓ < θI , the

quantity tR is the duration of the chemical reaction. In the latter case (see Theorem 1.3 below) unde
additional assumptions on the data, we show thattR < ∞ in spite of the presence of unburnt fuel (sincezS > 0
for z0 �≡ 0).

(7) In the caseθΓ � θI , the stationary solution (see Proposition 1.1) serves as an example of the nonsta
one, for any 0� zS � 1. Thus any value ofzS = 〈z0〉 ∈ [0, 1] can be implemented in (14).

Our main result describes now theH 1-behaviour of the solution. Let us suppose as above thatj = 0 or 1.

Theorem 1.3.Assume that the data are such that
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N−1 � η0,
∥∥(

η0, v0, θ0)∥∥
H 1(Ω)

+ ∥∥logθ0
∥∥

L1(Ω)
� N, 0 � z0 � 1, j

∥∥z0
x

∥∥
L2(Ω)

� N,

‖g‖L2(Ω) � N,
(
1+ N−1)a

3
θ4

Γ � pS min,

0 < κ1(δ)(1+ θ)q � κ(η, θ),(
κ + |κη| + |κθ | + |κηη|

)
(η, θ) � κ2(δ)(1+ θ)q, ∀η ∈ [

δ−1, δ
]
, θ � 0, ∀δ > 1

for someq � 2, where the derivativeκηη is continuous onR+ × R+.
(1) The following bounds inQ together with theH 1(Ω)-stabilization of the solution hold

‖ηx‖L2,∞(Q) � K and, forj = 1, ‖z‖H 2,1(Q) � K, (15)

sup
�Q

θ � K, ‖v‖H 2,1(Q) + ‖θ‖H 2,1(Q) � K, ‖σ + pS‖V2(Q) + ‖π‖V2(Q) � K, (16)

V(2)(t) := ∥∥(
η(·, t) − ηS(·), v(·, t), θ(·, t) − θΓ

)∥∥2
H 1(Ω)

+ 〈
Ψ

(
θ̄ (·, t)

)〉 → 0 ast → ∞.

See also(14). Moreover, if in additionN−1 � θ0, then0 < θ � θ(x, t) in �Q.

(2) In the caseθΓ > θI , a Lyapunov functionalW(2) can be constructed such that

DtW(2) + K−1W(2) � 0, K−1W(2) � W(2) � KW(2), with W(2) := V(2) + 〈
z + jz2

x

〉
,

onR+. ClearlyW(2)(t) � K e−α2tW(2),0, for t � 0, whereα2 = 1
K

, andW(2),0 := ‖(η0−ηS, v0, θ0−θΓ )‖2
H 1(Ω)

+
〈Ψ (θ̄ 0) + z0 + j (z0

x)2〉. Moreover, in the caseN−1 � θ0, one hasθ = 1
K

.
(3) In the caseθΓ < θI , one hastR < ∞. Moreover, the functionalV (2) :=W(2)|z≡0 satisfies, fort � tR

DtV (2) + K−1V (2) � 0, K−1V(2) � V (2) � KV(2).

Clearly V(2)(t) � K e−α2(t−tR)V(2)(tR), for t � tR , with α2 := 1
K

. For the behaviour ofz, see the claim(3) of
Theorem1.2.

2. Sketch of the proofs

To prove Theorem 1.2, we begin with a combined energy and entropy conservation law together with the
Dt 〈z〉 + 〈f (θ)z〉 = 0, which give starting bounds inQ. Then we prove bounds (12) by applying a techniq
from [6]. Next we derive the key relation

DtV (1) + 〈
β0RρSθΓ ρ(η − ηS)2 + (

θ̃−1 + β1
)
νρv2

x − β0v2 + θΓ ρκ̂θ−2θ2
x

〉

= 〈(
p̂ − p(η, θΓ )

)(
β0(η − ηS) + β1vx

) + λ
(
1− θ̃−1)f (θ)z

〉
,

with V (1) := 〈[(1+ β1)RθΓ + β0νηS]Ψ (η̃) + 1+β1
2 v2 + β0vI (η − ηS) + cV θΓ Ψ (θ̃) + aθ4

Γ η(θ̃4 − 4
3 θ̃3 + 1

3〉, where
β0, β1 are parameters.

By studying this equality first forβ1 = 0 then forβ1 > 0, using the inequalities12Dt 〈(z − 〈z〉)2〉+ d η̄ −2〈z2
x〉 �

〈f (θ)z〉 and, forj = 1, 1
d

Dt 〈(ηs)2〉 + 〈s2
x 〉 � K〈v2

x 〉 + 2f̄ 〈f (θ)z〉, we obtain the remaining part of Theorem 1
for the Lyapunov functionalsW(1) := V (1) + 〈(λ + β̃1)z + j β̄1(ρzx)2〉 andZ := 〈(1 − j)(z − zS)2 + j (ρzx)2〉,
whereβ0, β1, β̃1, β̄1 are suitably chosen constants of “1

K
type”.

To prove Theorem 1.3 we establish sequentially bounds (15), sup�Q θ � K and the remaining bounds (16). F
this purpose we first derive energy-type inequalities for the quantitiesr := v − ν(log η̃)x, σ + pS andπ , applying
techniques borrowed from [12,6]. For the crucial bound sup�Q θ � K, we modify essentially an approach from [
by involving σ + pS andπ . After bounds (15) and (16), we revisit those energy-type inequalities, combine
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with the Lyapunov-type inequalities of Theorem 1.2 and obtain all the required stabilization properties,
Lyapunov functionalW(2) :=W(1) + 〈β2r2 + β3(η(σ + pS)2 + π2)〉, whereβ2, β3 are constants of “1

K
type”.

Remarks.

(1) As in [6], our bounds enable us to prove that under conditions (7), logθ0 ∈ L1(Ω), 0 � z0 � 1 and (8) there
exists a unique strong solution to the problem (1)–(5) with the properties (6) and 0� z � 1.

(2) Our Lyapunov functionals generalize those suggested in [12]; they belong toW1,1(0, T ) for anyT < ∞.
(3) The approach described above can also be applied in the much more involved case of spherically sy

flows, which is of interest in the astrophysical framework of stellar evolution [4].

The full proofs of the above results may be found in [7], for various boundary conditions.
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